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Preface

This volume contains the joint proceedings of the 9th International Conference
on Relational Methods in Computer Science (RelMiCS-9) and the 4th Interna-
tional Workshop on Applications of Kleene Algebra (AKA 2006). The joint event
was hosted by the School of Computer Science at the University of Manchester,
UK, from August 29 to September 2, 2006. RelMiCS/AKA is the main forum
for the relational calculus as a conceptual and methodological tool and for topics
related to Kleene algebras. Within this general theme, the conference series is de-
voted to the theory of relation algebras, Kleene algebras and related formalisms
as well as to their diverse applications in software engineering, databases and
artificial intelligence. This year, special focus was on formal methods, logics of
programs and links with neighboring disciplines. This diversity is reflected by
the contributions to this volume.

The Programme Committee selected 25 technical contributions out of 44 ini-
tial submissions from 14 countries. Each paper was refereed by at least three
reviewers on its originality, technical soundness, quality of presentation and rel-
evance to the conference. The programme included three invited lectures by
distinguished experts in the area: “Weak Kleene Algebra and Computation
Trees” by Ernie Cohen (Microsoft, USA), “Finite Symmetric Integral Relation
Algebras with no 3-Cycles” by Roger Maddux (Iowa State University, USA),
and “Computations and Relational Bundles” by Jeff Sanders (Oxford, UK). In
addition, for the first time, a PhD programme was co-organized by Georg Struth.
It included the invited tutorials “Foundations of Relation Algebra and Kleene
Algebra” by Peter Jipsen (Chapman University, USA), and “Relational Methods
for Program Refinement” by John Derrick (Sheffield University, UK).

As in previous years, the RelMiCS Conference and the AKA Workshop were
co-organized because of their considerable overlap. Previous RelMiCS meetings
were held in 1994 at Dagstuhl, Germany, in 1995 at Parati, Brazil, in 1997 at
Hammamet, Tunisia, in 1998 at Warsaw, Poland, in 1999 at Québec, Canada,
in 2001 at Oisterwijk, The Netherlands, in 2003 at Malente, Germany and in
2005 at St.Catharines, Canada. The AKA Workshop has been held jointly with
RelMiCS since 2003, after an initial Dagstuhl Seminar in 2001.

I would like to thank the many people without whom the meeting would
not have been possible. First, I would like to thank all authors who submitted
papers, all participants of the conference as well as the invited keynote speakers
and the invited tutorial speakers for their contributions. I am very grateful to
the members of the Programme Committee and the external referees for care-
fully reviewing and selecting the papers. I thank my colleagues on the Steering
Committee for their advice and the support for the changes introduced for this
year’s event. Special thanks go to the members of the local organization team
in the School of Computer Science at the University of Manchester for all their



VI Preface

help: the staff in the ACSO office, especially Bryony Quick and Iain Hart, the
staff of the finance office, and the technical staff, as well as Zhen Li and David
Robinson. Moreover, I am extremely grateful to Georg Struth for his tremen-
dous amount of effort—as Programme Chair he helped with every aspect of the
planning and organization of RelMiCS/AKA 2006 and the PhD Programme.
Finally, it is my pleasure to acknowledge the generous support by: the UK En-
gineering and Physical Sciences Research Council (grant EP/D079926/1), the
London Mathematical Society, the British Logic Colloquium, the University of
Manchester (President’s Fund), and the School of Computer Science, University
of Manchester.

Manchester, June 2006 Renate Schmidt
General Chair
RelMiCS/AKA 2006
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Weak Kleene Algebra and Computation Trees

Ernie Cohen

Microsoft, US

Ernie.Cohen@microsoft.com

Abstract. The Kleene algebra axioms are too strong for some program
models of interest (e.g. models that mix demonic choice with angelic or
probabilistic choice). This has led to proposals that weaken the right
distributivity axiom to monotonicity, and possibly weaken or eliminate
the right induction and left annihilation axioms (e.g. lazy Kleene algebra,
probabilistic Kleene algebra, monodic tree Kleene algebra, etc.). We’ll
address some of the basic metatheoretic properties of these theories using
rational trees modulo simulation equivalence.

R.A. Schmidt (Ed.): ReIMiCS /AKA 2006, LNCS 4136, p. 1, 2006.
© Springer-Verlag Berlin Heidelberg 2006



Finite Symmetric Integral Relation Algebras
with No 3-Cycles

Roger D. Maddux

Department of Mathematics
396 Carver Hall
Towa State University
Ames, Towa 50011
U.S.A.
maddux@iastate.edu

Abstract. The class of finite symmetric integral relation algebras with
no 3-cycles is a particularly interesting and easily analyzable class of
finite relation algebras. For example, it contains algebras that are not
representable, algebras that are representable only on finite sets, alge-
bras that are representable only on infinite sets, algebras that are rep-
resentable on both finite and infinite sets, and there is an algorithm for
determining which case holds.

Some questions raised in a preprint by Jipsen [I] are addressed in this paper.
Most of the results in this paper date from 1983, but some were found and
published independently by Comer [2], Jipsen [I], and Tuza [3]. The first four
sections contain background material.

1 Relation Algebras and Their Relatives

A relation algebra is an algebraic structure
9’[:<A7+7 7;7u717>7 (]‘)

where A is a nonempty set, + and ; are binary operations on A, and ~ are
unary operations on A, and 1’ € A is a distinguished element, which satisfies
these equational axioms:

Ri rT+y=y+zx, +-commutativity

R: z+y+2)=(@+y) +2z +-associativity

Rs z4+y+ar+y=nx, Huntington’s axiom
Ry z;(y;2) = (z3y);2, ;-associativity

Rs (x+vy);z=x;2+y;2, right ;-distributivity
Rg ;1 =z, right identity law

R.A. Schmidt (Ed.): ReIMiCS /AKA 2006, LNCS 4136, pp. 2-29] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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R~ I = T, “-involution

Rs (z+y) =2+7, “-distributivity

Rg (z;y)" =92, “-involutive distributivity
Rio xy+y=vy Tarski/De Morgan axiom

RA is the class of relation algebras, and NA is the class of nonassociative
relation algebras, algebras of the form (Il) which satisfy all the RA axioms
except ;-associativity. For every 20 € NA, (A,+, ) is a Boolean algebra by
axioms R;—Rj3 (this fact is due to E. V. Huntington [4J5/6]). Because of this,
(A, =+, ) is called the Boolean part of 2, and standard concepts from the
theory of Boolean algebras may be applied to nonassociative relation algebras
by referring to the Boolean part. BA is the class of Boolean algebras. For any
algebra 24 € NA, the identity element of 2 is 1’, and other operations and
elements, which correspond to intersection, difference, empty relation, diversity
relation, and universal relation, are defined by

-y =r+y, (2)
T—y:=x+y, (3)
0:=1+1, (4)
0:=1, (5)
1i=1+1. (6)

The zero element is 0, the diversity element is 0’, and the unit element
is 1. Every algebra 20 € NA satisfies the cycle law:

Tiz-y=0 iff z;y-2=0 iff z;9-x2=0 (7)
iff y;2.2=0 iff yg;2-2=0 iff Z;x-y=0
and many other laws, a few of which we gather here:

f7 _ 17’ 67 _ 07’ (8)
sz =2, 9)
0;z=2;0=0, (10)
1:1=1. (11)

An algebra 2 € NA is symmetric if it satisfies the equation
I =u. (12)

If A € NA is symmetric then 2 is also commutative, i.e., it satisfies the equation
T3y = Y;T. (13)

WA is the class of weakly associative relation algebras, those algebras in
NA which satisfy the weak associative law

((z-1)51)51 = (2 17);(1;1). (14)
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Finally, SA is the class of semiassociative relation algebras, those algebras
in NA which satisfy the semiassociative law

(z31);1 = x;(1;1). (15)

Clearly NA € WA C SA C RA. Since every NA satisfies 1;1 = 1, the weak
associative law and semiassociative law can be simplified by replacing 1;1 with 1.

The set of atoms of an algebra 2 € NA is At2l. An atom x € At is an
identity atom if z < 1’ and a diversity atom if x < 0’. An algebra 2 € NA is
integral if 0 # 1 (2( is nontrivial) and z;y = 0 implies z =0 or y = 0. If A € NA
and 1’ € At then 2 is integral. The converse holds if 2f € SA. However, it fails
for some A € WA. Around 1940 J. C. C. McKinsey invented a nontrivial WA
with zero-divisors in which 1’ is an atom. This algebra shows that WA D SA. In
fact, all the inclusions are proper (see [7, Cor. 2.6, Th. 3.7] or [8, Th. 450]), so we
have

NA D WA D SA D RA.

2 Representable Relation Algebras

For every set U, let Sb (U) be the set of subsets of U, and let
BI(U) :=(Sb(U),U, ),

where U is the binary operation on Sb (U) of forming the union of any two
subsets of U, and is the unary operation of complementation with respect
to U (so X = U~X, where ~ is the operation of forming the set-theoretic
difference of two sets). BI(U) is the Boolean algebra of subsets of U. For
every equivalence relation F, let

6b (B) :== (Sb(E),U, ,|,”",ldNE), (16)

where | is relative multiplication of binary relations, defined for binary relations
R and S by
R|S :={{a,c) : Fp({a,b) € R, (b,c) € 5)}, (17)

~! is conversion of binary relations, defined for any binary relation R by

R™':={(b,a) : (a,b) € R}, (18)

and |d N E is the identity relation on the field F'd (E) = {z : 3,(zEy)} of E (Id
is the class of pairs of sets of the form (z,z)). &b (E) is the relation algebra
of subrelations of E, and we refer to &b (E) as an equivalence relation
algebra. It is necessary to assume that F is an equivalence relation in order
to ensure that Sb (E) is closed under relative multiplication and conversion.
Sb (U2), the powerset of U2, is the set of binary relations on U. For every
set U, Re (U) is the square relation algebra on U, defined by

Re (U) := &b (U?). (19)
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Every square relation algebra is an equivalence relation algebra, but not every
equivalence relation algebra is a square relation algebra (or even isomorphic to
one). In fact, &b (E) is not isomorphic to a square relation algebra whenever
F is an equivalence relation with two or more equivalence classes. For example,
if U and V are nonempty disjoint sets and £ = U? U V2, then &b (E) is an
equivalence relation algebra which is isomorphic to the direct product of the
two square relation algebras Je (U) and PRe (V). The projection functions from
Gb (E) onto the two factor algebras are nontrivial homomorphisms since U and
V' are not empty. However, nontrivial square relation algebras are simple and
have no nontrivial homomorphisms. Consequently &b (E) is not isomorphic to
any square relation algebra.

We say 2 is a proper relation algebra if there is an equivalence relation F
such that 2 is a subalgebra of Gb (E). An algebra 2l is a representable relation
algebra if it is isomorphic to a proper relation algebra. RRA is the class of
representable relation algebras. We say that p is a representation of 2
over F and that the field of E is the base set of p if E is an equivalence
relation and p is an embedding of A into &b (E). Thus A € RRA iff there
is a representation of 2 over some equivalence relation. We say that p is a
square representation of 2 on U (and that U is the base set of p) if p is a
representation of 2 over U2. Let fRRA be the class of finitely representable
relation algebras, those algebras in RRA which have a representation with a
finite base set.

It is easy to see that RRA is closed under the formation of subalgebras and
direct products. For subalgebras this is immediate from the relevant definitions.
As part of the proof for direct products, note that if E is an I-indexed system
of nonempty pairwise disjoint equivalence relations then they also have disjoint
fields, |J,.; E; is an equivalence relation, and

ZEI HGb

i€l

via the isomorphism which sends each R € Sb (U;c; Ei) to (RNE; :i€I). A
special case of this observation is that if F is a nonempty equivalence relation
then, letting F'd (E)/E be the set of E-equivalence classes of elements in the
field F'd (E) of E, we have

I &)

UEeFd(E)/E

via the isomorphism which sends each R € Sb (E) to (RNU?: U € Fd(E)/E).

Suppose p is a square representation of 2 on a finite set U. Create a system
of pairwise disjoint sets V; and bijections o; : U — V; for every i € w. For every
ac€ A, let

el

Sb (

Gb (E)

1%

)= (J{(i(),00(y)) = (. 9) € pla))},

and set E := J,c,, Vi x V;. Then E is an equivalence relation and 7 is a rep-
resentation of 2 over E. Since 7 has an infinite base set, this shows that if a
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representable relation algebra has a square representation (or, in fact, any repre-
sentation) with a finite base set, then it also has a representation with an infinite
base set (but not necessarily a square representation with an infinite base set).

It is much harder to show that RRA is closed under the formation of homo-
morphic images. This was first proved by Tarski [9], and it has been reproved in
several different ways; see [8I10], Jénsson [I1IT12], and Hirsch-Hodkinson [13]. It
follows by Birkhoff’s HSP-Theorem [14] that RRA has an equational axiomatiza-
tion. However, Monk [I5] proved that RRA does not have a finite equational (nor
even first-order) axiomatization, and Jénsson [12] proved that RRA does not have
an equational basis containing only finitely many variables (see [8, Th.466-7]).

If p is a representation of 2 over an equivalence relation E, then, for all
a,b e A, we have

pla+b) = pla) U p(d), (20)
pla) = E~ pla), (21)
pla-b) = p(a) N p(b), (22)
p(0) =, (23)
pla:b) = p(a)|p(b). (24)
p(@) = (p(a)) ™", (25)
p(I)=1dNE (26)

The concept of weak representation introduced by Jénsson [16] is obtained by
dropping conditions ([20) and (21I). We say that p is a weak representation
of A over E if (ZZ)—-6) hold for all a,b € A. An algebra 2 € NA is weakly
representable if it has a weak representation over some equivalence relation,
and wRRA is the class of algebras in NA that have a weak representation.

3 5-Dimensional Relation Algebras

Let 2 € NA and assume 3 < n < w. A function that maps n? into the universe A
of 2 is called an n-by-n matrix of . Let B,2 be the set of those n-by-n
matrices of atoms of 2 such that, for all ¢,5,k < n, ay < 1, a5 = aj;, and
air < agjiak. Let k1 < n. We say that two matrices a,b € B, agree up
to k if a;; = b;; whenever k # i,j < n, and we say that they agree up to
k,lif a;j = b;; whenever k,l # i,j < n. We say that N is an n-dimensional
relational basis for 2 € NA if

1. 0 # N C B4,

2. for every atom x € At there is some a € N such that ap; = z,

3. iffa e N,i,5,k <n,i,j#Ek, z,y € A, and a;; < z;y, then for some
b€ N, a and b agree up to i, bj, = , and bg; = y.

For example, if U is any set then B,Re (U) is a relational basis for Re (U). An
algebra 20 € NA is a relation algebra of dimension n if 2 is a subalgebra
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of a complete atomic NA that has an n-dimensional relational basis. RA,, is the
class of relation algebras of dimension n. It happens (see [§]) that

SA = RA; D RA =RA; D RA; D RA, = RRA. (27)

The following equation (called (M) in [g]) is true in every RA5. The notational
convention in this equation is that x;; = (z;)".

To1 - (o2 - 03;%32); (T21 - T2a;241) < (28)

2035 (2303001 - ¥325221) 1014 - T323T24 - T30 (X013 %14 - To23T24) ) ;41
Equation (28)) is part of the axiom set in Jénsson [I6] and it is an equational form
of a condition on atoms given by Lyndon [I7]. For a relation algebra 2 € RA,

failure of (28) is a simple test for nonrepresentability that implies something
stronger, namely, nonmembership in RAs.

4 Cycle Structures and Complex Algebras

The cycle structure of % € NA is the ternary relation
Cy®) == {(z,y,2) 1 2,y,2 € AtA, z3y > 2}.
For any atoms z,y,z € At2, let

['r’ y7 Z] = {<x’ y7 Z>7 <j‘7 Z7 y>’ <y7 57 j‘>7 <:(j’ 'i7 2)’ <E’ x’ zj>7 <Z7 :(j7 x>} (29)

The set [z, y, z] of triples of atoms is called a cycle. By the cycle law (@), the cycle
structure of A is a disjoint union of cycles. We say that [z, y, z] is a forbidden
cycle of 2 if [x,y,z] N Cy(A) = 0, that [z,y, 2] is a cycle of A if [z,y,z] C
Cy(2l), that [z,y, 2] is an identity cycle if one (or, equivalently, all) of its
triples contains an identity atom, and that [z, y, 2] is a diversity cycle if all of
the elements in its triples are diversity atoms. In case 2 is symmetric, we say
that [z,y, 2] is a 3-cycle (or 2-cycle or 1-cycle) of A if [x,y, 2] C Cy(A) and
{x,y,z}| = 3 (or 2 or 1, respectively). In case 2 € NA is symmetric and 1’ is an
atom of 2, we say that 20 has no 3-cycles if every 3-cycle is forbidden.
Suppose that T is a ternary relation and U is the field of T, i.e.,

U:={z:3,3,(Tzyz or Tyzz or Tyzx)}. (30)

We will use T to construct an algebra whose universe is Sb (U). First, define a
binary operation ; on the powerset of U, by letting, for any X,Y C U,

XY :={c:3,3(z e X,y e Y, Tayc)}.
Define the binary relation S C U? by

S = {{(a,b) : a,b € U,V,Vy((Tazxy <= Thyx), (Tzay < Tybx))}. (31)
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Note that S must be a symmetric relation because of the form of its definition.
Use S to define X C U for every subset X C U by

X = {b: 3.(Sxb,z € X)}.
Finally, define the subset I C U by
I'={a:a€eUV.Yy((Taxy or Txay) = x =y)}. (32)

The operations ; and ~ along with the distinguished subset I are enough to
define, starting from the Boolean algebra of all subsets of U, an algebra called
the complex algebra of T', namely,

Cm (T) :=(Sb(U),U, ,;,°,I).

The Boolean part of €m (T') is B (U), the complete atomic Boolean algebra of all
subsets of the field of T'. The complex algebra €m (T') is a relation algebra when
certain elementary conditions are satisfied by 7', as stated in the next theorem.

Theorem 1 ([7, Th. 2.2, 2.6]). Suppose T is a ternary relation. Define U, S,
and I by B0), BI), and B2). Consider the following sixz statements.

Vo(la € U = FpSabd), (33)
Vola e U = 3;(i € I, Tiaa)), (34)
VoV Vo Vo Ve (Tayz, Tzab = 3.(Txch, Tyac)), (35)
VoV Vo VoV (Tayz, Tzab = 3.Txch), (36)
VoV Vo Vo Vo (Tayz, Tzab, Ix = 3.Txch), (37)
VoV VoV (Tazz, Tzab, Ix = Tabb). (38)

~

If B3) and B4) then S is an involution, i.e., S : U — U and S(S(x)) =z
for allz € U.
m(T) € NA ff B3) and B4).
m(T) € RA iff B3), B4), and (B3).
m (T) € SA iff B3), B4), and B0).
m (T) € WA iff B3), B4), and either 1) or (B]).

Statement (B3] says that every atom has a converse and statement ([34]) says that
every atom has a left identity element. Statement (B3] expresses ;-associativity
for atoms (and has the same form as Pasch’s Axiom). Statement (B8], which
expresses the semiassociative law applied to atoms, is a strict weakening of (35]),
obtained by deleting one of the conclusions. Statements [B7) and (38) are ob-
tained from (B@) by weakening the hypotheses, and each of them expresses the
weak associative law applied to atoms.

The identity element of the complex algebra of T is an atom just in case
I = {e} for some e € U. Whenever this is the case, ([34]) takes on the following
simpler form,

.Q“*:\?@N

Vo(a € U = Teaa).
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Every square relation algebra on a set is a complex algebra, for if U is an arbitrary
set and T' = {{{a,b), (b,c),{(a,c)) : a,b,c € U}, then the complex algebra €m (T')
is the square relation algebra on U:

Re (U) = €m ({{{a,b) , (b, ), (a,c)) : a,b,c € U}).

Let = (G, o) be a group. Treat the group multiplication o as a ternary relation,
i.e.,
o={{z,y,2):x,y,2€ G, roy=2z},

and define €m (&) to be €m (o). GRA is the class of group relation algebras,
the class of algebras that are isomorphic to a subalgebra of €m (®) for some
group &. If, for every X C G, we let

o(X):={{g,gox): g€ G, ze€X}

then o is a square representation of €m(®) on G. Thus every group relation
algebra is representable:
GRA C RRA. (39)

5 Cycle Structures of Algebras Without 3-Cycles

Let 2 € RA. Define binary relations —, =, and <, on diversity atoms =,y € At
as follows:

1.z —»yiff e #y and z < y;y,
2.z=yiffe=yorax —y,
3. zeyiffr = yand y = x.

For every diversity atom z, let

[z] ={y: 0 >y € At, = & y},
D ={[z]: 0 >z e AtA}.
=] ={(z].[¥]) : 0 = 2,y € AtA, = = y}

The following theorem includes some elementary facts about cycle structures
of finite symmetric integral relation algebras, noticed by those attempting to
enumerate small finite relation algebras, such as Lyndon [17, fn. 13], Backer [1§],
McKenzie [19], Wostner [20], Maddux [7I21], Comer [22]23], Jipsen [24], Jipsen-
Lukécs [2526], and Andréka-Maddux [27], and explicitly mentioned in at least
Jipsen [I, Th. 1] and Tuza [3, Th.2.1].

Theorem 2. Assume 2 € RA, 2 is symmetric, atomic, integral, and has no
3-cycles. Then, for all diversity atoms x,y,z € AtA~{1'}, we have

1. ife—vy,y— 2z, and x # z, then x — z,
2. = 1is reflexive and transitive,
3. either x =y ory = x,
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4. < is an equivalence relation,
5. [=] is a linear ordering of D.

Proof. For part 1, assume x — y, y — 2, and © # 2. Then = # y, z < y;v,
y # z, and y < z;z. Note that y - z = 0 because y and z are distinct atoms and
y;2 <y + z because 2 has no 3-cycles. Hence

z < y5y T —y
<y;(z;2) y—z
= (y52);2 Ry
<(y+2z2);z
=Y;z + 22 Rs
=y+tz+z2;2z

but z-y=0=xz-2,s0 x < z;z. From this and = # z we get x — z.

Part 2 is trivial.

For part 3, first note that if x = y then both y = = and z = y, so we may
assume x # y. Then z -y = 0 since distinct atoms are disjoint and x;y <=z +y
since 2l has no 3-cycles. We must therefore have either z;y-x # 0 or x;y -y # 0,
since otherwise we would have z;y = 0, which implies since 2 is integral that
either z = 0 or y = 0, contrary to the assumption that « and y are (nonzero)
atoms. If z;y -« # 0, then Z;z -y # 0 by the cycle law, hence y < &;x = z;2 by
symmetry and y € At2. In this case, y — z. On the other hand, if z;y -y # 0
then x < y;y and z — y.

For part 4, notice that the relation < is transitive and reflexive by its definition
and part 1, and that < is symmetric just by its definition.

Part 5 follows from parts 3 and 4. O

Assume 2 € RA and 2 is symmetric, integral, and finite. By Th.[2 D is linearly
ordered by =. D is finite since 2 is finite. Let n = |D|. We may choose repre-
sentatives aq,...,a, € At2 from the equivalence classes of diversity atoms so
that

ay — az — az — " — ap—2 — Ap—-1 = An,

[a1]U---Ula,] = AtA~{1"}.

For each i € {1,...,n}, let s; be the number of atoms in [a;] that appear in a
1-cycle of A, and let ¢; be the number of atoms in [a;] that do not appear in a
1-cycle of A, i.e.,

si = |lai] N{a:a < aja}, (40)
t;=|la;]N{a:0=a"a;a}| (41)

We refer to these numbers as the cycle parameters of 2, and define

o= (31070
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Notice that Y ., ¢; is the number of 1-cycles other than [1’,1’,1’], and the
number of diversity atoms of 2 is > 1 (s; + ¢;). In case 2 has no diversity
0
L

Two basic observations, included in the following theorem, are that the
isomorphism type of 2 is determined by Cp(2(), and that (almost) any two
sequences of nonnegative integers with the same length determine a finite sym-
metric integral relation algebra with no 3-cycles.

atoms, we set Cp(2) :=

Theorem 3.

1. If A and B are finite symmetric integral relation algebras with no 3-cycles
and Cp(A) = Cp(B) then A= B.

2. Ifn € w, s1,...,8, €Ew, t1,...,typ €Ew, and 0 < s1 +t1,...,8, + t,, then
there is some finite symmetric integral relation algebra A with no 3-cycles

such that
o 81" Sp
Cp(A) = <t1 tn) :

6 2-Cycle Products of Algebras

Next we describe a special kind of product 2[B] of two finite algebras 2, B € NA
in which the identity element is an atom and both algebras have at least one
diversity atom. Since we only need to describe this product up to isomorphism,
we make the convenient assumption that 1’ is the same atom in both 2 and B,
and that otherwise the sets of atoms of these algebras are disjoint, that is,
{I'} = AtAN AtB. We may then define the 2-cycle product A[B] of A and B
as the complex algebra of the ternary relation 7', where

T:=CyR)UCy(B)U{[a,b,b]:a € AtA~{1},be AtB~{1'}}. (42)

(The name comes from the symmetric case, in which the cycles added to those
of 2 and B are all 2-cycles.) Comer [2] proved that A[B] € RRA iff A, B € RRA,
and A[B] € GRA iff A,B € GRA. This is proved below, but first we note the
connection between this operation and the cycle parameters introduced above.

Theorem 4. Assume 2A,B € NA, A and B are finite, I’ € At2, 1" € At'B,
{T} = AtAN AtDB, AtA~{T} # 0 # AtB~{1'}, and A[B] := Em (T) where T
is defined in @2). If A and B are symmetric, have no 3-cycles, and

/

DR /...
Cp(2) = (ii ijj>, Cp(®B) = (2 Z")

n
where 0 < 81 4+t1,...,8, +tn, sy +t4,...,8, +1,, then
/ /
81... Snsl... Sn
Cp([B]) = .
s = (3113

Next is the part of Comer’s theorem that we need later.
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Theorem 5 (Comer [2]). Suppose A, B € NA, A and B are finite, I’ € At
'€ AtB, {1'} = AtAN AtB, and AtA~{1} # 0 # AtB~{1'}.

1. If o is a square representation of A on U and T is a square representation
of B on V, then there is a square representation ¢ of A[B] on U x V such
that, for all a € AtA~{1} and all b € AtB ~{1'},

(1) = {{{uo, vo) , {u1,v1)) : uo = u1,v0 = v1},
p(a) = {((uo, vo) , (u,v1)) : (uo,u1) € o(a),vo = v1},
@(b) = {((uo, vo) , (u1,v1)) : (vo,v1) € 7 (b)}.
2. If & and 9 are groups with identity elements eq and eg, respectively, o is
an embedding of A into €m (&), and T is an embedding of B into €m (9),

then there is an embedding ¢ of A[B] into Em (B x H) such that, for all
a€ AtA~{1} and all b € AtB~{1},

o(1") ={(ec.en)},
p(a) = o(a) x {en},
o(b) = G x 7(b).

Vo
Vo

Proof. The statement of part 1 describes the action of ¢ on the atoms of A[B].
What remains is to extend ¢ to all elements of A[B] by setting

)= |J  «l),

>c€AtA[B]

and check that the extended ¢ really is a square representation as claimed. Part 2
is handled similarly. |

The 2-cycle product can also be defined for linearly ordered sets of algebras.
Suppose that 2A; € NA and ; is atomic for every ¢ € I, that there is a single
fixed element 1’ which is the identity element and also an atom of 2; for every
i € I, that the sets of diversity atoms of algebras in {2, : ¢ € I} are pairwise
disjoint, and that < is a strict linear ordering of I. Let

T:= U Cy(;) U

i€l
{[ai,aj7aj] ci,j el i< g, a; € At N{].’}7 aj € Athj N{P}}.

Then the 2-cycle product of the <-ordered system (2; : i € I) is €m (T).

7 Algebras with Parameters (g)

The next theorem shows that 21 is group representable if Cp(2) is <(1)>, <§>’

(g) , (é) , . ... The proof shows that 2 can be embedded in the complex algebra
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of an infinite group in every such case. As we shall see, 2 can be embedded in
the complex algebra finite group in the first two cases, but not in any of the
remaining cases.

Theorem 6. Assume A € RA, 2 is complete, atomic, and Cp() = (g) for

some nonzero cardinal o > 0. Then 2 € GRA.

Proof. Let Z = {...,—1,0,1,...} be the integers and let <* be a lexicographical
ordering of Z x « such that, for all a,b € Z and all k, A < «, {(a, k) <* (b, \) iff
a<borelse a =>band k <. Also, (a,k) <* (b,\) iff a <* b and (a, k) # (b, \).
Let G be the set of functions f : Z x e — {0, 1} such that f(a, ) = 0 for all but
finitely many pairs (a, k) € Z X «. Let 0 be the function in G which maps every
pair {(a, k) to 0. The functions in G form a group & under addition modulo 2: if
f,g9 € G then, for all (a,k) € Zx «, (f+9)(a,k) = f(a,k)+29(a, k), where +3 is
addition modulo 2. Thus G is isomorphic to the direct sum of Z x « copies of Zy
(the cyclic group of order 2, with elements {0,1} and operation +5 of addition
modulo 2.). The cardinality of G is a if @ > w and it is w if a < w.

Suppose f € G. Let supp(f) = {(a,k) : f(a,k) = 1}. Note that supp(f) is
finite, so if supp(f) is nonempty, then there is some pair (a, k) € supp(f) which
is smallest with respect to the ordering <*. Let L(f) be this smallest pair. For
every k < a, let G, = {f : f € G, L(f) = }. This yields a partition of G into
the sets {0} and G, for k < a. Note that L(f 4+ g) = L(f) if L(f) <* L(g), and
L(f +9) = L(g) if L(g) <* L(f).

We show next that the partition of G is the set of atoms of a subalgebra of
¢m (®) isomorphic to 2. First, {0} is the identity element in €m (&) since

Goi{0}={f+0:f € G} =G,
so we need only show, for distinct x, A < a, that

GR;G)\ = Gfi U G)w (43)
GG =G. (44)

Suppose f € Gy, g € G, L(f) = (a,x), and L(g) = (b, \). Then L(f) # L(g)
since k # A If L(f) <* L(g), then L(f) = L(f +g), so f + g € G, and if
L(g) <* L(f), then L(g) = L(f+g), so f+g € G. This shows G,.;Gx C G,UG,.

To show G, C G,;Gx when k # A, suppose f € G, and L(f) = (a,k). Let g
be the function in G whose output is 0 at every value with one exception, namely
gla+1,)) = 1.Let h = f+g. Clearly g € G. Also, L(h) = L(f+g) = L(f) since
L(f) ={a,r) <* {a+1,\) = L(g), so h € Gx. Finally, g+ h=g+ (f +9) = [.
Similarly, Gy C G, ;Gx. This completes the proof of ([43)).

To show G C Gg;Gy, consider any g € G with L(g) = (a,)). Let f be
the function in G whose output is 0 at every value with one exception, namely
fla—1,6) = 1. Let h = g+ f. Then f € Gy, L(h) = L(g + f) = L(f) since
(a—1,k) = L(f) <* L(g) = (a,A), hence h € G, and g = f + h. |
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There is exactly one relation algebra with a single atom. In the numbering system
of [8], this is the algebra 1;. Its sole atom is 1’. It has a single cycle, the identity
cycle [1’,1’, 1’]. The cycle parameters of this algebra are

Cp(1y) = (8) .

The algebra 1; is group representable. In fact, it is isomorphic to the complex
algebra €m (Z;) of the one-element group Z;:

11 = Cm (Zl)

The two relation algebras with two atoms are called 15 and 25 in the numbering
system of [8]. The cycles of 15 are just the identity cycles [1’,1',1’] and [1’, 07, 0],
while the cycles of 2 are the identity cycles [1’,1', 1], [1’,0°,0’], and also the
diversity cycle [0°,0’,0’]. The multiplication tables for the atoms of these two
algebras are

1, 70O 2 I 0
r r o r r o
07 07 17 07 07 17 07

The second table illustrates our notational convention of omitting + signs and
avoiding abbreviations by listing all the atoms in a given product, so that, for
example, we put “I’0’” instead of “1” 4+ 0’” or simply “1”. This notational con-
vention is followed in the tables below. The cycle parameters of 1o and 25 are

o) = (V). v = (g).

The algebras 15 and 25 are group representable. In fact, 15 is already the complex
algebra of a group since 1o = €m(Zs). Thus 15 has a square representation
on a 2-element set, but it does not have a square representation on a set of
any other cardinality. Th.[d applies to 25, but we may also embed 25 into the
complex algebra of the cyclic group Z, of order n > 3 (whose elements are
{0,1,2,...,n — 1} and whose operation is +,,, addition modulo n) by mapping
1" to {0} and 0" to {1,2,...,n —1}. Thus, using “>|C” to mean, “is isomorphic
to a subalgebra of”, we have

2, 2|C ¢m(Z,) foralln>3.

Thus 2, has square representations on sets of every cardinality from 3 on up.

There are seven symmetric integral relation algebras with exactly three atoms.
The three atoms are 1, a, and b, and the algebras are 1,-17 in the notational
system of [8]. The cycles of these seven algebras are given in the following table
(in which we write, for example, simply “aaa” instead of “[a,a,a]”):
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'’ Taa 1'bb aaa bbb abb baa

1 rr raa Vb6 --- --- abdb
2; 1’’’ Taa 1’bb aaa --- abb
3; 1'’l" Taa 1'bb --- bbb abb
4, 1’1’ Taa 1'bb aaa bbb abb ---
5 1’y rTaa 1’bb --- --- abb baa
6; 1’’’ Taa 1’bb aaa --- abb baa

7; 1’’’ Taa 1’bb aaa bbb abb baa

Here are the multiplication tables for the atoms of the seven algebras 1;-17.

1 1" a b 2: I’ a b 3 1" a b 4; 1 a b
' 1 a b 71 a b ' 1" a b 1 a b
a al” b a a Pa b a al b a a ’a b
b b b la b b b Ta b b b lab b b b 1ab
57 U a b 67 r a b 77 r a b
17 a b 71T a b ' 1 a b
a a 1'b ab a a 1ab ab a a 1ab ab
b b ab Ta b b ab Ta b b ab Tab

The cycle parameters of algebras 1,—17 are

ot = (7 9). evien= (5 1). ere=(]5). ot =(g ).

o= (5). cven=(3). o= (7).

From Th.[] and Th.Bl we get

17 =~|C em(Z3),
27 2| C Cm (Z3 X Za) = Cm (Zg),
37 ¥|C &m (Zy x Z3) = €m (Zg),

47 =|C €m (Z3)

Next we show that 57, 67, and 77 can be embedded in the complex algebras of
the finite groups Zs, Zs, and Z3, respectively. We have 57 =|C €m (Zs) via p if
p(1) = {{i.i) i € 5},
pla) = {(i,i+5j) :i €5, j € {1,4}},
p(b) ={(i,i+s5j) :i €5, €{2,3}},
67 %|Q Cm (Zg) via 1% if
p(V') ={(i,i) : i € 8},
pla) ={(i,i+sj):1€8,j€{2,3,5,6}},
pb) ={{i,i+sj):1€8,je€{1,4,7}},
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and 77 =|C €¢m (Z3) via p if

p(1) = {{(i,5), (i, 5)) i €3, j €3},

pla) = {{(i,j), (i+s k,j)) : 1,5 €3, k € {1,2}}
UA{{(@,4), (65 +3 k) 0,5 €3, ke {1,2}},

p(b) = 9%~ p(a) ~ p(1).

All these representations of algebras 1;—77 have been known to many mathemati-
cians, beginning with Lyndon [I7]. (However, the representations of 67 and 77
given in Tuza [3] p.680] are incorrect.) We have supplemented Th.[6l by showing
that 2 is embeddable in the complex algebra of a finite group whenever the cycle

parameters of 2 are <8)7 <(1))7 or <(2)> On the other hand, Th.[] below shows

that 2 has no square representation (and no representation) on a finite set if

n > 3and Cp(A) = g) . This was first proved in [21], pp. 65-66] (see [8, Th. 453]

or Tuza [3, Th.2.3]), and is generalized here to cover weak representations of a
larger class of (not necessarily atomic) algebras.

Theorem 7. Let A € NA. Suppose there are distinct nonzero elements a,b,c €
A such that

O=a-I'=b-1=c-1, (45)
c;b-ab<b<c;é, (46)
ajc-b;ce<c<asa, (47)
bia-cia < a<b;b. (48)

Then every weak representation of A must have an infinite base set.

Proof. Suppose p is a weak representation with base set U = Fd(FE). Then
p(a) # 0 since O = p(0), a # 0, and p is one-to-one. Consequently we may choose
some v, w € U such that (v,w) € p(a). If v = w then (v,w) =1dNE = p(1’), so
(v,w) = p(’) N p(a) = p(1" -a) = p(0) = O, a contradiction. Hence v # w. Let
Vi = {v}. Then w ¢ V; and

Vo x {w} € p(a). (49)

Next, from our assumption that a < b;b we conclude that (v,w) € p(a) C
p(0)|(p(b)) ", so there is some z € U such that (v,z) € p(b) and (w,z) € p(b).
We therefore have v # x and w # x since b- 1’ = 0, and

(V1 U{w}) x {z} € p(b). (50)

Note that |V3] = 1. Assume that we have constructed a set V; C U such that
|[Vi| =¢ > 1 and that we have found distinct elements w,x € U ~V; such that

Vi x {w} C pla), (51)
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(Vi U{w}) x{z} C p(b). (52)

From (52) and the assumption that b < ¢;¢, we get (w, z) € p(b) C p(c)|(p(c)) ™",

so there is some y € U such that (w,y) € p(c) and (x,y) € p(c). Note that w # y
and z # y since ¢- 1" = 0. For every v € V;, we have (v,w) € p(a) by (EI) and
(v,) € p(b) by @), 0
(v,y) € pla)lp(c) N p(b)|p(c) = pla;c- bsc).
By the assumption that a;c- b;c < ¢, this gives us (v,y) € p(c), hence v # y
since ¢ - 1> = 0. We have therefore proved that y ¢ V; and
(Vi Ufw, z}) x {y} < p(o). (53)

Letting Viy1 = V; U{w}, we have |Vigq1| = |Vi|+1 =i+ 1, 2,y € U~Viyy,
x # y, and we may restate (52)) and (B3]) as

Vier x {a} C p(b), (54)

(Viar U {a}) x {1} € (o). (55)

By a similar argument, starting from (B4) and (B3 and using the assumptions

c < aja, bja-cj;a < a, and a-1 = 0, we conclude that there is some z €
U ~(Viy1 U{x,y}) such that

(Vigr U{z,y}) x {2z} C p(a). (56)

Let Viio = Vigr U {z}. Then |Viyo| =i+ 2, y,z € U~Viya, y # 2, and from
BH) and ([BE) we have

Viga x {y} C p(c), (57)
(Vig2 U{y}) x {2} C p(a). (58)

By repeating the argument once more, using assumptions a < b;I;, c;b-a;b<b,
and a - 1" = 0, we conclude that there is some u € U ~ V4o such that if V; ;13 =
Vita U{y} then z,u € U~ Vi3, z # u, and

Vigs x {z} € p(a), (59)

(Vies U{z}) x {u} € p(b). (60)
We have now completed a cycle consisting of three similar steps and have used
all the assumptions. Starting from (&Il) and (52)), we found that there are three
distinct y, z,u € U ~V; such that (B9) and (60) hold with V13 = V; U {y, z,u}
and |Viy3| =i + 3. This cycle may be repeated indefinitely, so it follows that U
must be infinite. O

8 A Subvariety of RA

In this section we define a variety whose finite algebras are symmetric integral
relation algebras with no 3-cycles.
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Theorem 8. Let A € NA. Then A satisfies all or none of the following condi-
tions.

zi(z-y) <z+y, (61)
zy <ai(z-y)+z+y, (62)
zy=0 = z;y<z+y. (63)

Proof. Assume 2 satisfies (61]). We show that 2 also satisfies (G2]). By elementary
laws from the theory of Boolean algebras we have
iy =xi(z-y+x-y)

By applying left ;-distributivity, which is easily derived from axioms Rs, R7—Rg,
we obtain
ziy = z;(z-y) +a;(z-y)

To this we apply (€I) and some elementary Boolean algebraic laws to get
iy <wmi(r-y)+ oty

as desired. Next we assume 2 satisfies (62)) and show that 2 also satisfies (G3).
Assume z -y = 0. Then

vy <zi(z-y)+z+y ©2)
=z;0+x+y hypothesis

=z+y (@

Finally, we assume 2 satisfies (62) and show that 2 satisfies (G3). By Boolean
algebra we have z -z -y = 0, so from (G3) we obtain

ri(x-y)<xz+x-y.

But the absorption law of Boolean algebra states that z +x -y = = + y, so we
have
zi(z-y) <z +y,

as desired. O

Following Jipsen [I], we say an algebra 2l € NA is subadditive if it satisfies any
(or all) of the conditions (GI)—(63). Let V be the variety generated by the sym-
metric subadditive integral relation algebras. We proceed to obtain an equational
basis for V.

Theorem 9. Assume A € SA and 2 satisfies
(z-U)Li(y-1)=(z-y - U)li(z-y-1) (64)

Then A is trivial or is a subdirect product of integral algebras in SA.
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Proof. Suppose 2 in nontrivial. By Birkhoff’s Theorem [28], 2 is a subdirect
product of a system (9B, : i € I), where each B; € SA is a subdirectly indecom-
posable homomorphic image of 2 that satisfies (64]) because 2 does so. Every
subdirectly indecomposable algebra in SA is simple (see [8, Th. 386]). Thus, for
every i € I, B; is a simple homomorphic image of 2 that satisfies (64]). A simple
algebra in SA is integral iff 1’ is an atom (see [8, Th. 353]). Therefore, if B; is
not integral, there must be some =,y € B; such that - 1" £ 0, y - 1’ # 0, and
z-y = 0. In a simple SA, v # 0 iff 1;u;1 = 1 (see [8, Th.379]), so, by the
simplicity of 9B;, we have

l=1;(z 1)1, 1=1;(y-I);L (65)

Many special cases of the associative law hold in every SA (see [29, Th. 25] or [8]
Th. 365]). Associativity may be freely applied to any relative product in which
one of the factors is 1. We therefore get

1=1;1
= (1;(z- 1");1);(15(y - 1)31) (©5)
=1;((z - 1);15(y - 1'));1 semiassociativity
=1L((x-y-1);15(x-y-1));1 ()
=1;(0;1;0);1 z-y=0
0

contradicting the simplicity of 9B; (simple algebras have at least two elements).
It follows that 9B, is actually integral. ad

Corollary 1. The subvariety of SA generated by the integral algebras in SA has
the following equational basis: R1-Rs, (I8), RsRio, ©4).

Proof. If an algebra satisfies the equations, then by Th.[l it is in the variety
generated by the integral algebras in SA. For the converse, suppose 2l € SA is
integral. Then 1’ is an atom of 2, so for all z,y € A, either x- 1" =0orz-1" =17,
and either y- 1" =0or -1’ = 1". In all these cases, (64) is satisfied. a

Corollary 2. V has the following equational basis: Ri-Rio, (I2), ©2), ©4).

9 Classifying Finite Algebras

Now we take up the problem of classifying finite algebras in V. The next theorem
says that several otherwise distinct classes coincide on finite algebras in V. A
finite algebra 2 € V is the direct product of finite simple algebras in V, each of
which is integral and has no 3-cycles because of subadditivity. The next theorem
shows that such an algebra is either very representable (in GRA) or very non-
representable (not in RAj). The equivalence of (b) and (f) in part 1 appears in
Tuza [3| Th. 2.2], while part 2 is in Tuza [3, Th. 2.3].
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Theorem 10. Let 2 be a finite symmetric integral RA with no 3-cycles. Suppose
o 81 .« .. Sn

1. The following statements are equivalent:

(a) A € GRA,

(b) 2 € RRA,
(c) A € wRRA,
(d) 2A € RA;,
(e)
(1)

A satisfies (28],
for everyi € {1,...,n}, if t; >0 then s; +t; < 2.
2. If (a ) (f) hold, then the following statements are equivalent:
g) A is representable over a finite set,

(
(h) for everyi e {1,...,n}, if s; =0 then t; < 2.

Proof. Part 1: (a) implies (b) by ([B9).

(b) implies (c) since RRA C wRRA (every representation is a weak represen-
tation).

(b) also implies (d) by (7). To prove that RRA C RA;, the key step is to
check that if E is an equivalence relation, then BsG&b (E) is a 5-dimensional
relational basis for &b (E).

(¢) and (d) imply part (e), and the proofs are closely related. First, one should
check that (28] holds in every equivalence relation algebra &b (E). If (c) holds
then 2 has a weak representation mapping 2 into some &b (F). A weak rep-
resentation preserves all the operations involved in (28), so (28) holds in 2. If
(d) holds then 2 is a subalgebra of a complete atomic algebra that has a 5-
dimensional basis. The proof that (28) holds in every RRA can be translated
into a proof that (28) holds in every algebra with a 5-dimensional relational
basis. For details, see [8, Th. 341].

To show that (e) implies (f), assume that (f) fails, that is, there is some
i € {1,...,n} such that ¢; > 0 and s; +t; > 3. These hypotheses imply there are
distinct diversity atoms a,b,c € AtA~{1'} such that a-a;a =0and a & b < c.
We will show that 28)) fails when xo; = ¢, ko2 = b, xo3 = b, T32 = a, x21 = ¢,
ZTo4 = a, and x47 = a. First, we have b-b;a =0, c-a;a = ¢, and ¢ - b;c = ¢ since
a—b,¢c—a,and b — ¢, so

xo1 - (Toz2 - To3;232); (21 - T2g;x41) = ¢+ (b-bja);(c-aza) =c-b;e=c.
By subadditivity we have

bic-as;e<(b+c¢)-(a+c)=c
c;a-bja<(c+a) (b+a)=a

SO

2035 (2303001 - ¥325221) 1014 - T323T24 - T30 (X013 %14 - To23%24) ) ;T41
= b;((b;c-a;c);a ~aja-b;(c;a- b;a));a
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<b; (c;a -a;a - b;a) a
<b; (a . a;a) a
=10;0;a
=0.
Thus the left side of (28)]) evaluates to ¢, while the right side is 0. But ¢ £ 0, so
([28)) fails. This shows that (e) implies (f).
Finally, we show that (f) implies (a). By Th.[dl 2 is the 2-cycle product of

algebras B; where Cp(B;) = (i’) for 1 < ¢ <n. By (f), Cp(B;) appears in the

() () () (2)-6)-6)-6)- () o

From Th.[6 and the remarks that follow Th.[6l we know that B; € GRA for
1 <i < n. By Th.Bl we may conclude that 2 € GRA.

For part 2, note that if Cp(%;) is one of the first six cases in (6], then 9B,
can be embedded in the complex algebra of one of the finite groups Zi, Zs, Zs,
Zs, Zs, or Z3, and hence B, has a square representation on a set of cardinality
1,2,3, 5,8, or 9. Since (h) rules out all but the first six cases of (G6]), it follows
that (h) implies (g) whenever (a)—(f) hold. Finally, if (a)—(g) hold then by Th.[7
Cp(B;) must be one of the first six cases in (60), i.e., (h) must also hold. O

following list.

Theorem 11. There is an algorithm for classifying each finite algebra in V as
either in fRRA, in RRA ~fRRA, or in SA~RA;.

Proof. Let 2 be a finite algebra in V, specified by its cycle structure T' = Cy(2)
in the sense that €m (7) = 2. Divide the atoms of 2 (the field of T') into
equivalence classes with respect to the equivalence relation

E:={{z,y): 3.(z € Fd(T),(z,y,2) € T)}.

(That E is an equivalence relation follows from 2 € SA.) Then the complex al-
gebra €m (T') is isomorphic to the direct product of the complex algebras of the
FE-equivalence classes, each of which is a simple homomorphic image of 2, i.e.,

m(T)= [ em(Tnc?). (67)

CeFd(T)/E
Each factor in (7)) is integral by Th.[0 because it satisfies the equation (64), is
symmetric by ([I2)), and is subadditive by (62]). Therefore each factor in (7)) has

no 3-cycles and it has a list of cycle parameters. Compute this list of parameters,
and proceed as follows.

1. Provisionally classify 2 as representable on a finite set:
2A € fRRA. (68)

In some order, check each column that appears in the list of cycle parameters
of a factor in (G1). The are two things to check, and they can be done in
either order.
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2. If the column indicates 3 or more atoms with all their 1-cycles, i.e., the

column is one of these: (g), (g), ..., then the factor in (@7 (and 2 it-

self) cannot have a representation on a finite set. Change the provisional
classification of 2 to representable but not on finite sets,

A € RRA ~ fRRA, (69)

and CONTINUE.
3. If the column indicates at least 3 atoms and at least one missing 1-cycle,
i.e., it is one of

000 ()66 () 6)-6)

then the factor in (G7]) does not satisfy (28], and 2 is not in RAs (nor in
RRA, GRA, or wRRA). Change the classification of  to

2 € SA~RAs, (70)

and STOP.

If no column summing to 3 or more is met, then (G8)) remains in force at the
end. The algorithm stops and the classification of 2 is changed to (70) if (2])
fails at some column. If that does not happen, then the ultimate classification
is one of two types of representability. (G8) holds unless a column is found that
shifts the classification to (6. |

Now we apply the algorithm to the symmetric integral relation algebras that
have no 3-cycles and either four or five atoms. (The data on finite algebras
in this paper and in [§] have been checked or obtained with [30].) There are 65
symmetric integral relation algebras that have four atoms. They are the algebras
1656565 in the numbering system of [8]. The atoms of these algebras are 1’, a,
b, and c. The algebras in this set of 65 which have no 3-cycles are 145—24¢5. Here
are their cycles.

aaa bbb ccc abb baa acc caa beec cbb

lgs -+ -+ --- abb - ace --- bee
265 aaa -+ -+ abb --- acc --- bcc
365 -+ bbb --- abb --- acc --- bcc
465 aaa bbb --- abb --- acc --- bee
565 -« ccc abb -+ acc --- bee
665 aaa --- ccc abb --- acc --- bce
765 -+- bbb ccc abb --- acc --- bee
865 aaa bbb ccc abb --- acc --- bce
965 e abb baa acc --- bee
1065 aaa --- --- abb baa acc --- bee

115 aaa bbb --- abb baa acc --- bee
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aaa bbb
1265 -+ -
13¢5 aaa ---
1l4¢5 aaa bbb
1565
1665 aaa - --
1765 bbb
1865 aaa bbb
195 aaa ---
20g5 aaa bbb
2165
2265 aaa - - -
2365 aaa bbb
2465 aaa bbb

cce
cce
cce
cce

cce
ccce

cce

abb  baa
abb  baa
abb  baa
abb  baa
.- baa

baa

baa

baa

baa
.- baa
abb  baa
abb  baa
abb  baa
abb  baa

acc
acc
acc
acc
acc
acc
acc
acc
acc
acc
acc
acc
acc
acc

caaqa

caa
caa
caa
caa
caa
caa
caa
caa
caaq
caaqa

bee
bce
bce
bce
bece
bce
bece
bce
bce
bce
bece
bece
bee
bee

23

cbb

chb
chb
cbb
cbb

Next are the multiplication tables for the atoms of algebras 15—24¢5. (By the
way, the table for the nonrepresentable relation algebra 215 given in Tuza [3]
p. 683] is incorrect; it is instead the table for an algebra in SA~ RA.)

17
1’

15
17
a

b

C

a b C 265 T
a b ¢ r v
I b ¢ a a
b la c b b
c ¢ LTab c c
a b ¢ 565 1’
a b ¢ r v
T'a b ¢ a a
b T'ab ¢ b b
c ¢ Tab c c
a b c 865 1
a b c r v
r b c a a
b l'ab ¢ b b
¢ ¢ Tabc c c
a b C 1165 r
a b ¢ v
Tab ab ¢ a a
ab Ta c b b
c ¢ lab c c
a b C 1465 T
a b c v
T'ab ab ¢ a a
ab 1a ¢ b b
c ¢ Tabc c c

a b
T'ab ab

ab Tab

c ¢

C
Cc
Cc

Tabe

365
17
a

b

1565
1’

> Q

o

a b c
'a b ¢
al b ¢
b blab c
cc ¢ Vab
' a b ¢
' a b ¢
ala b ¢
b b T'a ¢
c ¢ c¢ Tabe
' a b ¢
' a b ¢
a 1'bab ¢
b ab I'a ¢
c ¢ ¢ Lab
' a b ¢
1 a b c
a 1’b ab ¢
b ab I'a ¢
c ¢ c¢ Tabc
' a b ¢
' a b ¢
a 1I'bc a ac
b a I ¢
c ac c lab
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1665 r a b C 1765 I a b C 1865 U a b C
' ' a b ¢ I ' a b ¢ I I a b ¢
a a labc a ac a a 1'bc a ac a a labc a ac
b b a 1 ¢ b b a 1'b c b b a 1b c
c ¢ ac c lab ¢ ¢ ac ¢ Lab c ¢ ac ¢ lab
1965 r a b C 2065 r a b C 2165 1 a b C
' ' a b c ' ' a b c r 1" a b c
a a l'abc a ac a a labc a ac a a 1'bc ab ac
b b a 1 ¢ b b a 1b ¢ b b ab Tac be
c ¢ ac c Labe ¢ ¢ ac c¢ Labe c ¢ ac be Tab
2265 r a b C 2365 r a b C 2465 r a b C
I I a b c ' I a b c ' 1" a b c
a a labc ab ac a a labc ab ac a a labc ab ac
b b ab Tac be b b ab 1abc be b b ab 1abc be
c ¢ ac be Tab c ¢ ac bc Tab c ¢ ac bc 1 abe
000 100 010 110
001 101 011 111
00 10 20 01
Cp(96s5) = 9 1) Cp(1065) = 11 Cp(1le5) = 01 Cp(1265) = 90
11 21 00 01
10 11 02 12
0 1 2 3
Cp(2165) = 3> Cp(2265) = 2> Cp(2365) = 1) Cp(2465) = 0)

Applying the algorithm of Th.[IT] to algebras 1¢5—24¢5 produces the following
results.

1. Algebras 1g5-20¢5 are group representable relation algebras that have square
representations on finite sets.

2. Algebras 2145—23¢5 fail to satisfy equation (28], and hence are nonrepre-
sentable relation algebras that are also not in RAs and are not weakly rep-
resentable.

3. The algebra 24¢5 is a representable relation algebra that has no square rep-
resentation on a finite set.

There are 3013 symmetric integral relation algebras that have five atoms.
They are the algebras 15913-823013 in the numbering system of [§]. The atoms
of these algebras are 1’, a, b, ¢, and d. Among these algebras, the ones that have
no 3-cycles are 13913-823013. Their cycles and cycle parameters are given in the
following tables.
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aaa bbb ccc ddd abb baa acc caa add daa bee ¢bb bdd dbb cdd dee

13013 - ceeve o-oabb -+ acc --- add --- bee --- bdd - - - cdd -

23013 AAA -+ e e abb -+ acc -+ add --- bee -+~ bdd - - edd - - -
33013 - bbb - .- abb -+ acc -+ add --- bee -+~ bdd - - edd - - -
43013 aaa bbb - - - - -- abb --- acc --- add --- bec ---bdd --- cdd ---
Bags < - cec -+~ abb -+ acc -+ add --- bee -+~ bdd - - edd - - -

63013 aaa --- ccc -+ abb --- acc --- add --- bee --- bdd -+ edd - --
73013 -+ bbb ccc --- abb --- acc --- add --- bec --- bdd --- cdd - - -
83013 aaa bbb ccc --- abb --- acc --- add --- bee --- bdd --- cdd - --
Q5013 « ¢ v v e- dddabb cevace -+ add --- bee ---bdd - -- edd - - -
103013 aaa -+« - - - ddd abb --- acc --- add --- bee --- bdd --- cdd - - -
113013 -+ bbb --- ddd abb --- acc --- add --- bec --- bdd --- cdd - - -
125013 aaa bbb - - - ddd abb --- acc --- add --- bec --- bdd --- cdd - - -
133013 -+ - - cce ddd abb --- acc --- add --- bee --- bdd -+ cdd - --
143013 aaa - -+ ccc ddd abb --- acc --- add --- beec --- bdd --- cdd - - -
153013 - -+ bbb ccc ddd abb --- acc --- add --- bee --- bdd --- cdd - - -
163013 aaa bbb ccc ddd abb --- acc --- add --- bee --- bdd --- cdd - - -

173013 - R abbbaaacc eevadd -+ bee ---bdd -+ edd - -
183013 aaa - -+ - -+ - - abb baa acc --- add --- bec --- bdd - - cdd ---
1935913 aaa bbb - - - - -- abb baa acc --- add --- bec --- bdd - - cdd - - -
203013 - - ccc - -+ abb baa acc --- add --- bee --- bdd - -- cdd - - -

213013 aaa --- ccc - -+ abb baa acc --- add --- bee -+ bdd -+ edd - - -
223013 aaa bbb ccc - -+ abb baa acc --- add --- bee -+ bdd - - edd - - -

233013 v v v ddd abb baa acc --- add --- bcc --- bdd --- cdd - - -
243013 aaa - -+ - - - ddd abb baa acc --- add --- bcc --- bdd --- cdd - - -
253013 aaa bbb - - - ddd abb baa acc --- add --- bee --- bdd --- cdd - - -
263013 v - cce ddd abb baa acc --- add --- bee --- bdd - -- cdd - - -

273013 aaa - - - ccc ddd abb baa acc --- add --- bee -+ - bdd -+ edd - - -
283013 aaa bbb ccc ddd abb baa acc --- add --- bee --- bdd - -+ cdd - - -

203013 <+ +o+ -+ -+ -+ baa acc caa add --- bee -+ bdd -+ edd - -
303013 aaa -+ -+- --+ --- baa acc caa add --- bee --- bdd --- cdd - --
3130913 < -+ bbb -+ oo e baa acc caa add --- bec --- bdd --- cdd - --
323013 aaa bbb - - - .- baa acc caa add --- bec --- bdd --- cdd - - -
333013 aaa --- ccc - - - baa acc caa add --- bec --- bdd --- cdd - --
343013 aaa bbb ccc - -+ - -- baa acc caa add --- bee --- bdd --- cdd - --
353013 v oceeoc e ddd - -- baa acc caa add --- beec --- bdd - - cdd - - -
363013 aaa - - - - ddd - -- baa acc caa add --- bee --- bdd --- cdd - -

373013 -+ bbb --- ddd --- baa acc caa add --- bee --- bdd --- cdd - - -
383013 aaa bbb - - - ddd - - - baa acc caa add --- bee --- bdd - -- cdd - - -
393013 aaa - - - ccc ddd - - - baa acc caa add --- bee --- bdd - - cdd - --
403013 aaa bbb ccc ddd - - - baa acc caa add --- bee --- bdd - -+ cdd - - -

413013 “ .. P “ . “ . “ .. baa “ .. Caa add daa bcc “ .. bdd “ . Cdd “ e
423913 aaa -+ -+ +-+ -+ baa --- caa add daa bce --- bdd --- edd - --
433013 -+ bbb <o oo e baa --- caa add daa bee --- bdd - - edd - --

443013 aaa bbb - -+ - - baa --- caa add daa bec --- bdd --- cdd - - -
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aaa bbb ccc ddd abb baa acc caa add daa bee ¢bb bdd dbb cdd dee

453913 -+ - cce ot baa --- caa add daa bee --- bdd - - - cdd -

463013 aaa - -- ccc - - baa --- caa add daa bee --- bdd - -- cdd - - -
473013 -+ bbb ccc -+ --- baa --- caa add daa bee --- bdd - -+ cdd - --
483913 aaa bbb ccc --- - -- baa --- caa add daa bee --- bdd --- cdd - - -
493913 aaa - -+ - - - ddd --- baa --- caa add daa bee --- bdd --- cdd - - -

503013 aaa bbb --- ddd - -- baa --- caa add daa bee --- bdd - - edd - - -
513013 aaa - -- ccc ddd - - - baa --- caa add daa bee --- bdd - -+ cdd - - -
523013 aaa bbb ccc ddd - - - baa --- caa add daa bee --- bdd --- cdd - - -

533013 v e e abb baa acc caa add --- bee cbb bdd - - cdd ---
543013 aaa -+ - - abb baa acc caa add --- bee ¢bb bdd - - - cdd - - -
553013 aaa bbb - - - - - - abb baa acc caa add --- bee ¢bb bdd - - - cdd - - -
563013 aaa bbb ccc - - - abb baa acc caa add --- bee ¢bb bdd - - - cdd - - -
573013 - -+ -+~ ddd abb baa acc caa add --- bce ¢bb bdd - - - cdd - - -
583013 aaa - -+ - -- ddd abb baa acc caa add --- bce ¢bb bdd - - - cdd - - -

593013 aaa bbb - - - ddd abb baa acc caa add --- bee ¢bb bdd - - - edd - - -
603013 aaa bbb ccc ddd abb baa acc caa add --- bee ¢bb bdd - - - edd - - -

613013 - - baa --- caa adddaa bee ¢bb bdd - - - cdd - - -
623013 aaa «v «++ - baa -+ caa add daa bee ¢bb bdd - - - edd - - -
633013 - - bbb - oo e baa --- caa add daa bee ¢bb bdd - - - cdd - - -
643013 aaa bbb - - - .- baa --- caa add daa bee cbb bdd - - - cdd - - -
653013 -+ bbb ccc - - .- baa --- caa add daa bee cbb bdd - - - cdd - - -
663013 aaa bbb ccc --- - -- baa --- caa add daa bee cbb bdd - - - cdd - - -
673013 aaa - - - - - ddd --- baa --- caa add daa bee ¢bb bdd - - - cdd - - -

683013 aaa bbb - -- ddd --- baa --- caa add daa bee cbb bdd - - - cdd - - -
693013 aaa bbb ccc ddd - - - baa --- caa add daa bee ¢bb bdd - - - edd - - -

703013 * - +oc e v abb baa --- caa add daa - -- cbb bdd dbb cdd - - -
Tl3013 aaa@ « -+ -+ «-- abb baa - - - caa add daa --- cbb bdd dbb cdd - - -
723013 aaa bbb - -+ - -- abb baa - - - caa add daa - -- cbb bdd dbb cdd - - -
733013 "+ - - ccec -+ - abb baa --- caa add daa --- cbb bdd dbb cdd - - -

743013 aaa - - - ccc --- abb baa --- caa add daa --- cbb bdd dbb cdd - - -
753013 aaa bbb ccc --- abb baa - - - caa add daa - -- cbb bdd dbb cdd - - -
763013 aaa bbb - - - ddd abb baa - - - caa add daa - -- cbb bdd dbb cdd - - -
773013 aaa bbb ccc ddd abb baa --- caa add daa --- cbb bdd dbb edd -

783013 - ce o+ - abb baa acc caa add daa bcc cbb bdd dbb cdd dcc
793013 aaa - -+ -+ «-- abb baa acc caa add daa bee cbb bdd dbb cdd dec
803013 aaa bbb - -- - - abb baa acc caa add daa bee ebb bdd dbb cdd dec

813013 aaa bbb ccc - -+ abb baa acc caa add daa bee ¢bb bdd dbb cdd dec
823013 aaa bbb ccc ddd abb baa acc caa add daa bee ¢bb bdd dbb cdd dec

0000 1000 0100
Cp(13013) = 1111 Cp(23013) = 0111 Cp(3s013) = 1011
1100 0010 1010
Cp(43013) = 0011 Cp(53013) = 1101 Cp(63013) = 0101
0110 1110 0001

Cp(73013) = 1001 Cp(83013) = 0001 Cp(93013) = 1110
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Cp(103013) = (1) (1) (1) (1) Cp(1L5013) = (1) (1) (1) (1) Cp(125013) = (13 (13 (1) (1)
Cp(133013) = ? (1) (1) (1) Cp(143013) = (1) (1) (1) (1) Cp(153013) = ? (1) (1) (1)
Cp(163013) = (1) (1) (1) (1) Cp(173013) = g (1) (1) Cp(18s013) = 1 (1) (1)
Cp(193013) = (2) (1) (1) Cp(203013) = g (1) (1) Cp(213013) = 1 (1) (1)
Cp(223013) = 3 (1) (1) Cp(233013) = 2 (1) (1) Cp(24s013) = i (1) (1)
Cp(253013) = (2) (1) (1) Cp(263013) = g (1) (1) Cp(273015) = 1 (1) (1)
Cp(283013) = g (1) (1) Cp(293013) = (1) (2) (1) Cp(303013) = (1) } (1)
Cp(313013) = é g (1) Cp(323013) = (1) } (1) Cp(333013) = ? 3 (1)
Cp(343013) = (1) g (1) Cp(353013) = (1) (2) (1) Cp(363013) = (1) 1 (1)
Cp(373013) = é g (1) Cp(383013) = (1) } é Cp(39s013) = ? 3 é
Cp(403013) = (1) g (1) Cp(413013) = (1) (1) g Cp(423013) = ? (1) 1
Cp(433013) = (1) (1) (2) Cp(443013) = (1) (1) 1 Cp(453013) = (1) (1) (2)
Cp(463013) = ? (1) } Cp(473013) = (1) (1) g Cp(485013) = é (1) 1
Cp(493013) = ? (1) g Cp(503013) = (1) (1) (2) Cp(513013) = ? (1) (2)
Cp(523013) = é (1) (2) Cp(533013) = g (1) Cp(543013) = ; (1)
Cp(553013) = ? (1) Cp(563013) = ?) (1) Cp(573013) = g (1)
Cp(583013) = ; (1) Cp(593013) = i (1) Cp(603013) = g (1)
Cp(613013) = (2) (2) Cp(623013) = (2) } Cp(633013) = 1 g
Cp(643013) = 1 } Cp(653013) = g g Cp(663013) = (2) 1
Cp(673013) = (2) g Cp(683013) = i g Cp(693013) = (2) (2)
Cp(703013) = ? g Cp(713013) = (1) ; Cp(723013) = ? ?
Cp(733013) = (1) g Cp(Thso13) — (1) ; Cp(753013) = (1) f

03 13 0
Cp(763013) = 10 Cp(773013) = 00 Cp(783013) = 4>
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1 2 3
Cp(793013) = 3 Cp(803013) = (2> Cp(813013) = <1)
4
Cp(823013) = 0

Applying the algorithm of Th.[IT] to algebras 13913-823013 gives the following

results.

1.

2.

Algebras 130913523013 and 613913693013 are group representable relation al-
gebras that have square representations on finite sets.

Algebras 533013553013, 573013593013, 703013753013, and 783013813013 fail
to satisfy equation (28], and hence are nonrepresentable relation algebras
that are also not in RA5 and are not weakly representable.

Algebras 563013, 603013, 763013, 773013, and 823013 are representable relation
algebras that have no square representation on a finite set.
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Abstract. We explore the view of a computation as a relational section
of a (trivial) fibre bundle: initial states lie in the base of the bundle
and final states lie in the fibres located at their initial states. This leads
us to represent a computation in ‘fibre-form’ as the angelic choice of
its behaviours from each initial state. That view is shown to have the
advantage also of permitting final states to be of different types, as might
be used for example in a semantics of probabilistic computations, and of
providing a natural setting for refinement of computations.

However we apply that view in a different direction. On computations
more general than code the two standard models, the relational and the
predicate-transformer models, obey different laws. One way to under-
stand that difference is to study the laws of more refined models, like
the semantics of probabilistic computations. Another is to characterise
each model by its laws. In spite of their differences, the relational model
is embedded in the transformer model by a Galois connection which
can be used to transfer much of the structure on transformers to the
relational model. We investigate the extent to which the conjugate on
predicate transformers translates to relations and use the result to mo-
tivate a characterisation of relational computations, achieved by using
fibre-forms.

1 Introduction

The binary-relation and predicate-transformer models of (sequential) programs
have different flavours and different properties but each satisfies all the laws re-
quired of programs. Indeed consistency of the two models is maintained by the
wp-based Galois connection between them. But the extension from programs to
more general commands, specifications, or ‘computations’ as we shall call them,
includes arbitrary (not merely finite) demonic nondeterminism and its ‘dual’,
angelic nondeterminism. Thus whilst programs may not terminate, computa-
tions may (dually) not be enabled. In this extension the equivalence of the two
semantic models is lost: the Galois connection does not preserve angelic nonde-
terminism.

Differences in the way sequential composition interacts with the two forms
of nondeterminism (demonic and angelic) are, for arbitrary computations, sum-
marised in Fig. [l Recall that in the relational model demonic nondeterminism

R.A. Schmidt (Ed.): ReIMiCS /AKA 2006, LNCS 4136, pp. 30-62] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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(UR)gS = U{RgS|ReR} (1)
Sg(UR) = U{SgR|ReR} if R nonempty (2)
(NR)gS C N{RsS|ReR}, = if S is injective (3)
Ss(NR) € N{SgR|REeR} = if § is predeterministic (4)
(ANT)ou = A{toul|te T} (5)
uo(AT) < A{uot|te T}, = if u is positively conjunctive (6)
(VT)ou = V{tou|te T} (7
uo(VT) > V{uot|te T}, = if u is disjunctive. (8)

Fig. 1. Differences between the relational model—Laws () to (@)—and the transformer
model—Laws (@) to (§)—for arbitrary computations. In the former, demonic choice,
angelic choice and refinement are respectively U, N and D, whilst in the latter they are
A, V and <. Only the first Laws (({l) and (&) and last () and (§)) coincide.

M is given by union, angelic nondeterminism LI by intersection and refinement MM
by containment O, whilst in the transformer model demonic nondeterminism is
given by pointwise conjunction A, angelic nondeterminism by pointwise disjunc-
tion V and refinement by pointwise implication <. In the following we translate
the laws of Fig. [l from semantic to algebraic (i.e. M, L, ) notation.

Thus the two models agree, for general computations, on only two of the
four laws. Firstly, by Laws () and (&), sequential composition distributes initial
demonic nondeterminism

(MA)sB = M{AgB|Ae A}

Operationally it might be reasoned that the demon resolving the nondetermin-
ism (having memory but not prescience) does so initially on both sides hence,
confronted with the same choices, produces the same behaviours.

Distribution of final demonic nondeterminism is valid in the relational model
(Law ([2))) but in the transformer model is valid in only one direction (Law (@)

Bg(MA) C n{BgA|AecA}.

Operationally, the demon has more choice the later it acts. Thus on the right,
where the choice is made initially, there are fewer choices and so fewer behaviours
than on the left. However the choices coincide if execution of B results in no
further choices for the demon: if B is free of angelic choice or, in other words,
forms a program (i.e. lies in the range of the Galois embedding wp and is thus
positively conjunctive as a transformer).

And secondly the two models agree, by Laws (@) and (8), on the refinement
in which sequential composition distributes final angelic nondeterminism

Bg(UA) O3 U{BgA|AecA}.
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Operationally, angelic choice is dual to demonic choice: the angel resolving the
choice has prescience but not memory. Thus on the right the angel has an initial
choice, and hence the entire computation of B in which to make it; but on the
left it makes a choice after B, with fewer alternatives and so fewer resulting
behaviours. Equality holds if execution of B offers no further demonic choice by
which the angel might profit: from each initial state computation B is either un-
enabled, aborts or is deterministic (i.e. is predeterministic and is thus disjunctive
as a transformer).

Distribution of initial angelic choice is valid in the transformer model (Law
(@) (operationally, the angel has the same choices on each side) but in the
relational model is valid in only one direction (Law (3])) unless computation B
terminates from distinct initial states in distinct final states.

For theoretical purposes, a richer model is better and for that reason most
semantic study has taken place inside the transformer model. For instance the
operational justification of the laws just outlined comes from the angel/demon
game interpretation supported by the transformer model [ByW9§]. One vital
feature of that model has been its involution underlying the duality mentioned
above, which conflates the two simulation rules for data refinement which in the
relational model are distinct, with the result that one rule alone is complete in
the transformer model though two are required in the relational model.

But what of the system designer who is committed to formal methods only
to be confronted by an inconsistency in the laws satisfied by what he might
regard as the most intuitive model (binary relations) and the more studied model
(transformers)? The distinction may become apparent as soon as a refinement is
attempted from specification to code. Or what of the implementor who wishes to
document her clever implementation more abstractly for comparison with others;
does she allow demonic choice to ‘look ahead’? It would be perverse of specialists
in formal methods to confront practitioners of their subject with an inconsistent
array of techniques. And the laws of computations become important as soon as
derivation of code from specification is practiced. How should a software engineer
be expected to express a preference between the relational and transformer laws?
And what exactly are the consequences of that distinction, anyway?

One way to understand better the difference between those models of com-
putations more general than programs is to investigate stronger paradigms of
computation. For example inclusion of a binary combinator ,&® for probabilistic
choice leads to more subtle behaviours, even of the standard combinators, and
so to more detailed relational and transformer models. It provides, for example,
insight into memory and prescience of demon and angel.

But in this paper we take an alternative approach and characterise what it
means for a model of computation to ‘look relational’. By starting with the laws
satisfied by the binary-relation model we adopt a fibre-wise approach that en-
ables us to express a computation in terms of its fibres and hence to construct
an isomorphism—that preserves computational structure—between a model of
those laws and the relational model itself. A model that looks relational actu-
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skip no op
abort divergent computation
T := e assignment
A< b B Dbinary conditional
AgB sequential composition
wF recursion
AN B  demonic choice

AC B refinement: AMMB=A

Fig. 2. Syntax for the space (gcl.X,C) of programs over state space X

ally is relational; given a state space, the laws of relational computations are
categorical.

The underlying ingredient in our approach is the fibre-wise view of computa-
tions. To express it, we recall the definition of a (discrete) bundle from differential
geometry and topology, and consider the structure it offers for a theory of com-
putation. But first we need to recall the relational and transformer models of
computations and the Galois connection between them (Section [3)); and before
that we must recall the notion of computation itself and the special case of
programs (Section [2]).

Notation
This paper uses the following general notation.

If f is a function then f.z denotes its application to argument z. Function
application binds to the left.

For any set X, the set of all subsets of X is denoted P.X, the set of all finite
subsets of X is denoted F.X and the set of all predicates on X is denoted Pr.X.
The cardinality of a set E is denoted #E.

The set of all relations between sets X and Y is denoted X « Y. If its field
is evident from the context we write id for the identity relation; when the field A
requires emphasis we write id.A. The converse of relation r is written ™. The
image of set E by relation r is written r.( £ |). To express a relation r pointwise
we use infix notation: z r y.

2 Programs and Computations

2.1 The Space of Programs

As space of programs we adopt a commonly-used mild extension gcl.X of Dijk-
stra’s guarded-command languageE that is closed under nonempty finite infima

! Extended to contain recursion rather than merely iteration; and syntactically dif-
ferent by replacing general conditional with binary conditional and explicit binary
demonic choice.
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(gel.X,C) is a complete partial order with min abort 9)
A = W{AQzeF>abort | FeF.X} (10)
Ag(BgC) = (A3B)sC (11)
Agskip = A = skipg4 (12)
abort 3A = abort = Agabort (13)
(MA)ygB = M{AgB|Aec A} if A nonempty finite (14)
Bg(MA) = nN{BgA|Aec A} if A nonempty finite (15)

Fig. 3. Laws concerning order and sequential composition for the space gcl.X of (re-
lational) programs with state space X

(representing demonic nondeterminism) and suprema of directed sets (represent-
ing common refinement). Since it also contains a least element, abort, it forms a
complete partial order: Law ([@). The compact elements are those programs that
abort off some finite set of initial states, and each program is the supremum
of the directed set of its approximating compacts (cf. Law (), which states a
special case in which the approximations from any initial state reflect the full
behaviour of the computation there).

Each assignment z := e is assumed to be terminating and deterministic; in
other words the expression e provides a total function on state space X. A
demonically-nondeterministic assignment (like z := +./y) is expressed using
demonic choice (i.e. (z := /y) M (z := —y/y)). Nondefinedness (like z := 1/y) is
achieved using conditional (e.g. 1/y < y # 0 > abort).

Sequential composition is associative, Law ([[II), with skip a left unit and a
right unit (Law (I2])) and abort a left zero and a right zero (Law (I3))). However
sequential composition is distributed, on either side, only by the M of nonempty
(finite, of course) sets: Laws ([4]) and (). Indeed an empty M would be a greatest
element of (gel.X,C), a program refining every program, and no such program
exists. (In fact, it is the more general computation magic of Laws (31I) and (32]).
It provides an alternative description of nondefinedness: 1/y <1 y # 0 > magic.)

Laws for conditional and assignment appear in Fig. @ In this paper we sup-
press the treatment of recursion (least fixed point) and local block (var y :
Y. Arav).

2.2 The Space of Computations

The more comprehensive space Gel. X of computations includes that of programs
(i-e. gcl.X); see Fig. [l 1t is closed under the combinators of gel. X but also under
arbitrary infima and hence also (by a standard general result) under arbitrary
suprema. It thus forms a complete lattice: Law (27)).
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Adtruer B = A (16)
Adb>B = B<g-br> A (17)
Adb>A = A (18)

(Ab>B)<dc>C = A< bAc> (Bacr O) (19)
A<b>(Bace>C) = (AQbp>B)<dcec> (Adbr> C) (20)
(Ab>B)gC = (AgC)<br> (BgC) (21)
AN(B<b>C) = (ANB)<br>(ANCQ) (22)
z:=z = skip (23)
(z:=e)g(z:=f) = z:=(e;f) (24)
(z:=e)b>(z:=f) = z:=(e<b> ) (25)
(z:=e)g(Ab>B) = (z:=¢e)gA (26)

< e; b >

(z:=¢)gB

Fig.4. Laws concerning conditional and (terminating deterministic) assignment for
the space gcl.X of (relational) programs over X

gcl.X  programs and their combinators

magic always-unenabled computation
MA  arbitrary demonic choice
LA arbitrary angelic choice

Fig. 5. Syntax for the space Gcl.X of (general) computations over state space X

The empty M, the greatest element of Gel.X , is called magic. The least
element of (Gel.X,C) remains the least element, abort, of (gcl.X,C); it is
the empty L. A computation is compact iff there is some finite set of states off
which it aborts (and on which—state by state—it is either unenabled or exhibits
arbitrary behaviour). Again, each computation is the LI of the directed set of its
compact approximations (cf. Law (28))). The difference between Laws (I0) and
([28) is that the latter may display unenabled behaviour at some initial states.

The following shorthand is standard and convenient. For any subset E of state
space, z :€ E denotes the demonic choice M{z := e | e € F}. If E is nonempty
and finite it is a program; otherwise it is just a computation, which if £ is empty
is magic.

2.3 Termination, Enabledness and Determinism

The important computational concepts of termination, enabledness and
determinism are expressed algebraically (using conditionals) as follows. More
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(Gel.X,C) is a complete lattice with min abort and max magic (27)

A = WA<QzeFp>abort | FeF.X} (28)
abort3A = abort (29)
Agabort = abort if A always enabled (30)
magic3 A = magic (31)
Agmagic = magic if A terminating (32)

AU(B<b>C) = (AuB)<b>(AUC) (33)
(MA)sB = nN{AgB|Aec A} (34)
Bg(MA) = nN{BgA|Ae A} if A nonempty (35)
(WA)sB I U{dgB|Aec A}, (36)

U{AgB|Aec A} if B is injective (37)
Bg(UA) O U{BgA|Ac A}, (38)
= U{BgA|Aec A} if B is predeterministic (39)

Fig. 6. Laws concerning order and sequential composition for the space Gcl. X of rela-
tional computations over X

succinct equivalents will be available after introduction of the fibre notation in
Sec. @11

Suppose that A is a computation and zg: X is a state. Then A is said to abort
at xp iff it might not (equivalently ‘will not’ in the standard (Hoare/Dijkstra)
model we adopt) terminate there:

(A <z =1 > abort) = abort.

Computation A is said to be enabled at xp iff it may (equivalently ‘does’) begin
there

(A <z =19 > magic) # magic.
That inequality is equivalent (in view of Laws ([B0) and ([IJ)) to the identity
(A < z = 29 > magic) gabort = (abort < z = 7y > magic).

And computation A is said to terminate at zy iff it does not abort whenever
it is enabled there. In defining termination to permit non-enabledness, the con-
cern has been foremost to ensure Law (@) holds and secondarily to maintain
consistency with the transformer characterisation of termination.

Computaton A is ‘deterministic’ at g iff it is enabled there and ‘terminates
in only a single final state’. To define that term: computation A is co-atomic at
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7o iff the computation (A < z = zp > magic) is co-atomic: namely magic is
the only computation that strictly refines it:

(A < z =29 > magic) # magic
A\
VB:Gcl.X - (A< xz=u1 > magic) C B = B = magic.

Then A is defined to be deterministic at zp iff (A < = = 2 > magic) is co-
atomic. Finally A is predeterministic at xy iff either it does not terminate or is
deterministic at zp, whenever it is enabled at zg .

A computation is terminating [always-enabled, deterministic, predeterminis-
tic] means that it is terminating [enabled, deterministic, predeterministic] at
each initial state zp. Code is always enabled; and the celebrated loop rule en-
sures termination of code in the form of an iteration. But magic, for example,
is not enabled and (hence is) terminating.

Laws for sequential composition are more subtle for Gel. X than gel. X, be-
cause of partially-enabled computations like coercions; see Laws ([B0), (3I) and

32).

2.4 Assertions and Coercions

For any predicate b on state space the assertion at b is the program that skips at
initial states satisfying b and otherwise aborts. Its definition and basic properties
are summarised as follows; the proof is routine from the axioms above.

Lemma (assertions). The assertion function from predicates to assertions

ass : (Pr.X, <) — (gcl. X,C)
ass.b = skip < b > abort

is injective and satisfies

1. ass.true = skip;

ass.(b A c¢) = (ass.b) g (ass.c) and, in particular, assertions commute;

3. for any finite nonempty set B of predicates, ass.(AB) = M{ass.b|b € B}
and, in particular, ass is monotone;

4. for any finite set B of predicates, ass.(VB) = U{ass.b | b € B} and, in
particular, ass.false = abort .

[\

Conditional is regained from assertions using angelic choice:
(ass.bgA)U (ass.mbgB) = A< b> B. (40)

For any predicate b on state space the coercion at b is the computation, coer.b ,
that skips at initial states satisfying b and otherwise is magic. In the transformer
model (see Sec. B.2)) assertions and coercions are dual. In the current context,
that duality manifests itself in the following analogue of the ‘assertions’ Lemma.
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Lemma (coercions). The coercion function from predicates to coercions

coer : (Pr.X,<) — (Gel.X,E)
coer.b = skip < b > magic

is injective and satisfies

1. coer.true = skip;

coer.(b A ¢) = (coer.b) g (coer.c) and, in particular, coercions commute;

3. for any finite nonempty set B of predicates, coer.(AB) = U{coer.b | b € B}
and, in particular, coer is antitone;

4. for any finite set B of predicates, coer.(VB) = M{coer.b | b € B} and, in
particular, coer.false = magic.

[\

Conditional is regained from coercions by the daul of [@0):
(coer.bg A)M(coer.—bgB) = A<br> B. (41)
Moreover the two are dually interdefinable using the laws above:

skip U (ass.—b g magic)

coer.b

ass.b = skip M (coer.—b g magic) .

We must be careful not to allow such simply duality to raise our hopes concerning
the degree to which there is a transformer-like dual on the space of (relational)
computations.

3 Models

In this section we recall the relational and transformer models of computations
(and programs in particular) and the Galois connection between them. In the
remainder of the paper, our interest will be primarily relational. That is why
when, in the previous section, we have had to choose between laws satisfied by
the relational and transformer models, we have opted for the former.

Definition (computation structure). A (relational) computation structure
is a model satisfying the laws of Gecl.X namely those of Fig. [B without Law
([@3)), and those of Figs. @ and[6l (Note that Law (I4) is superseded by Law (34])
and so need not be explicitly suppressed.) A (relational) program structure is a
model of the laws of gel. X, namely those of Figs. Bl and [l

3.1 Relational Semantics

In the presence of both demonic nondeterminism and divergence, the relational
model of computation employs a virtual state L, distinct from each (actual)
state in X, to encode divergence. Thus state space becomes X; = X U{Ll}.
If A is a computation then its relational semantics [4]x is a binary relation on
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[abort]r = wi
[magiclr = {}.
[skip]r = id
[z:=elr = {(z,e.x): X1 XX, | e.x terminates} e finitary
[AgBlr = [Alr 8 [B]r
[A<b> Blr = {(z,y) | z[Alry < b.z > z[Blry}
[ANBlr = [Alr U[B]r
[AUBlr = [A]r N[Blr
[WFlr = U{r:Rel.X |F.r=r}, F monotone on (Rel.X, D)
AC B = [A]r 2 [B]r

Fig. 7. Relational semantics [A]r of computation A: Gel. X

X that relates: the virtual state L to each state in X, ; an initial state z: X
to L if computation A may diverge from z; and initial = to a final state y: X if
execution of A from z may terminate in y. For convenience, if s is a relation on
X, we let s; denote the relation on X, that relates L to everything but on X
behaves just like s (i.e. 251y = z =1V zsy).

Definition (relational model). The relational model of computations is the
(relational) computation structure Rel.X whose elements are the binary rela-
tions on X that are strict (i.e. L 7 L) and upclosed with the flat order on X
(ie.zrL = r(z] = X.), and with the computations and combinators
identified in Fig.[ll The relational model of programs is the (relational) program
substructure rel.X of Rel.X consisting of the set of relations 7 on X, that are
also finitary: r.(z|) # X, = 0< #r.(z) < .

The fact that those really are computation structures, i.e. satisfy the appropriate
laws, seems largely to be folklore [H87]:

Theorem (relational model). The semantic function [—]g : Gel.X — Rel. X
of Fig.[is a bijection, confirming that Rel.X is a (relational) computation struc-
ture and rel. X is a (relational) program structure.

3.2 Transformer Semantics

If A is a computation then its predicate-transformer semantics is a function [A]7
on predicates over X that maps a postcondition ¢ to the weakest precondition
at which termination of A is sure to hold in a state satisfying gq.

Definition (transformer model). The transformer model of computations
is the space 7.X of monotone functions on the space of predicates over X with
implication ordering, and with the computations and combinators identified in
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[abort]r = false
[magic|r = true
[skip]z = {(q,9) | ¢ € Pr.X}
v = clr.qc = g(ea) (= gle/a)
[AgBlr = [A]T o[BlT
[A<b> Blr = [Alr <« b > [Blr
[AnBlr = [Alr A[BlT
[AUB]r = [Alr V[B]r
wF|lr = Nt:T.X | F.t=t}, F monotone on 7.X
ACB = [A]T < [B]T

Fig. 8. Transformer semantics [A]7 of computation A: Gel. X

Fig. Bl The transformer model of programs is the subspace consisting of strict,
positively conjunctive and continuous transformers.

The fact that 7.X models the appropriate laws is of course standard and well
documented [D76, [H92] [N89]. The transformer semantics is given in Fig. 8l But
for implicit consistency with the relational semantics we prefer to deduce it—
as much as is possible—from the Galois connection between the relational and
transformer models (in the next section). For now, we record:

Theorem (transformer model). The semantic function [—|7 : Gel. X —
T.X of Fig. Bl is a bijection, confirming that 7.X satisfies the laws of Fig. Bl
without the last three (([[3)), (@4), [@H)), the laws of Fig. @ and the laws of
Fig. 6l with Laws (35, (36), (37) replaced by Laws (@) and (7). Furthermore the
subspace corresponding to programs satisfies the laws of Figs. Bl and @l

Perhaps the most important distinction between the relational and transformers
models is that the latter has a notion of dual, whilst the former does not.

Definition (transformer duality). Duality is defined on predicate trans-
formers by t*.q = —t.—q, and is readily shown to be well-defined on the sub-
space 7.X of monotone transformers.

The fundamental properties of transformer duality [BvWO98] are established by
straightforward calculation:

Theorem (transformer duality). The duality function on predicate trans-
formers is a bijection satisfying

vt = tCu* (42)
(touw)" = tou” (43)
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o=t (44)

skiply = [skip]7 (45)
[abort]; = [magic]r (46)
(tNw)* = t"Uu* (47)
(tUw)" = ¢t"Nu” (48)
(t<b>uw) =tr<sb>u” (49)
[ass. by = [coer.b]r (50)

It is easily shown that there is no dual on relations having those properties. For
example the best-behaved candidate, the translation of * using the Galois con-
nection (see Sec.[33)) between relations and transformers (i.e. 77 = rp.((wp.r)*)),

satisfies (@2), @3)), @5), [@Q), 1), @9), (B0) although it fails to be bijective and

satisfies merely 7t O r and (NR)T D URT.

3.3 Galois Connection

Recall that the function wp : Rel.X —7.X is defined, for relational computation
r: Rel. X, postcondition ¢:Pr.X and state z: X :

wp.r.gr = Vy: X, -zry=(y#L A qy).

With the relational and transformer interpretations already given, that says:
wp.r.q holds at just those states from which termination is ensured, and in a
state satisfying q.

Since wp is universally (U, >)-junctive (i.e. from (Rel.X,C) to (7.X,>)), it
has an adjoint which we call the relational projection, rp. For t:7.X , rp.t is the
binary relation on X, defined to be strict and to satisfy, for z: X and y: X, ,

z(rpt)y = Vq:Pr.X - t.gr=quy
(where, by definition, —¢. 1). Adjunction means
t<wpr = rCrpt (51)

so that the functions wp and rp form a Galois connection between the relational
and transformer spaces with their orders reversed: from (Rel. X, C) to (7.X,>).
Standard theory [O44] shows that the Galois connection preserves much of the
structure on the two semantics models, except for angelic nondeterminism. Gath-
ering the (elementary) properties we need:

Theorem (Galois connection). The Galois connection (GII) satisfies

wp.(rgs) = (wp.r)o (wp.s) (52)
wp.(id. X)), = id.(7.X) (53)
rp.(tou) = (rp.t)g(rp.u) (54)



42 J.W. Sanders

mp.id (T.X) = (id.X). (55)
YUCT.X -rpVU = Nrp.(U) (56)
YVUCT.X -rp.ANU = Urp.(U) (57)

VS C Rel.X - wp.(US) = Awp.(5) (58)
VS C Rel.X - wp.(NS) > Vwp.(S). (59)

Trivial consequences, which it is helpful to have stated explicitly, are:

Corollary (Galois connection). The Galois connection (BII) also satisfies

rCs = wp.T > wp.s (60)
t>u = rp.t C wp.u (61)
rpowp = id.(Rel.X) (62)
id(7T.X) < wporp (63)
rp.true = {}L (64)
rp.false = X xX| (65)
wpwy = false (66)
wp{}1L = true. (67)

The fact that inequality (B9) may be strict indicates why the embedding wp
cannot be used to lift angelic nondeterminism from relations to transformers.
(For example, with r = [z := 0Nz := 1]g and s = [z := 1Nz := 2]g we
have wp.(rN's) = [z := 1z > (wp.r) V (wp.s), as can be seen by evaluating
each side at the postcondition z = 1.) Otherwise, the transformer semantics is
obtained from the relational semantics (Fig. [[) under the Galois embedding wp,
as summarised in Fig. &

Theorem (Semantics). With the exception of angelic choice, the denotations
in Fig. B equal those obtained from lifting the R-semantics from Fig. [1 via the
Galois embedding wp: for every computation A: Gel.X not containing angelic
choice,

[Alr = up.[Alx .
In particular the semantics of code A : gel. X is given by that formula.

Proof. To indicate the nature of the calculations involved, consider the cases
of skip and demonic choice. For the former, we reason with postcondition ¢ and
(proper) state z: X ,

wp.[skip|r.q.x
= definition of wp

Vy:X1 - z[skiplry = (y #L A q.y)
= Fig. [

Vy: X1 -z=y = (y#L A qy)
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calculus

Il =
8

definition of id
id.(Pr.X).q.z,

as claimed in Fig. 8 For demonic choice, we reason:

wp.[AN B]g
= Fig. [
wp.([A]Jr U[B]r)
= Law (B8]
wp.[Alr A wp.[Blr
= induction
[Al7 A [Blz,

as required by Fig. B ]

4 Fibre Bundles

In this section we adapt the standard concept of a ‘fibre bundle’ [S51] to the
context of computations. It enables us to consider a computation initial-state
by initial-state without the need for a homogeneous model in which initial and
final states have the same type.

4.1 Bundles and Sections

Definition (fibre bundle). Let X and E be sets. Then F forms a fibre bundle
over base X with projection w : E — X if 7 is a surjection. For each z: X the
inverse-image set 7~.( x |) is called the fibre at . Note that the composition
7~ followed by 7 equals the identity relation on X whilst in the reverse order it
equals the universal relation on each fibre:

m¥gm = id.X (68)
e(mrgn™)e = (re=m.e). (69)
Definition (section). By a (relational) section of a fibre bundle we mean a

relation s : X < F that relates a base point z only to members of the fibre at
x, namely

sgmCid.X.

See Fig. [l In the standard theory of fibre bundles s is required to be a function;
we consider relations in order to represent nondeterministic computations from
initial states in X to final states in the fibre at z. The standard definition also
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Fig.9. The fibre bundle E over X with projection 7 and (relational) section s. The
fibre at base element z:X consists of the set of bundle elements ©~.(z|).

requires the previous inclusion to be an equality; we allow inclusion to permit
unenabled computations: sections that are only partial. If the base and fibres
are the same then the result is a homogeneous model of computation. One of the
strengths of the bundle setting is its appropriateness also for nonhomogeneous
models.

In this setting, the concept of fibre bundle is merely a notational convenience
since with no structure on the base (traditionally either topological, differential
or geometric) its local structure is identical to its global structure. Instead we
derive from the spirit of the definition.

4.2 Examples

Examples of bundles E are obtained by instantiating fibres 7~.( 2 |) and imposing
healthiness conditions on sections s : X < E as follows.

1. In the relational model (Sec. B1l), the base and fibres both consist of the
extended state space X so that #~.(z|) = X, . A section is interpreted as
taking an element of the base—an initial state—to an element of its fibre—a
final state; thus it is required to be strict and pointwise upclosed (unenabled
initial states lie outside its domain). This example is homogeneous; the sim-
pler nonhomogeneous alternative in which the base is simplified to just X is
not viable because initial L is required to ensure Law (29]).

2. In the predicate-transformer model (Sec. B2]), the base and fibres consist
of predicates over state space X so that #~.( z |) = Pr.X. A section is
interpreted as taking a postcondition [resp. precondition] to a weakest pre-
condition [resp. strongest postcondition]. Thus a section representing a com-
putation is required to be a monotone function, and a section representing a
program is required also to be strict, positively conjunctive and continuous.
This model is, like the relational model, homogeneous.

3. In the probabilistic relational model [HSM97, IMMO5], the base consists of
state space X but fibres are sets of sub-distributions (i.e. probability distri-
butions that sum to at most 1 over X) so that

Ve:X -7¥(z) = {f: X —=[0,1] | X f <1}
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Divergence from initial z is represented as f.z = 0 so that no virtual state is
needed in this model. Sub-distributions are ordered pointwise (i.e. f < g =
Vz:X - f.xr < g.x). A section is interpreted as taking an initial state to a
demonic choice of sub-distributions. Thus a section s is required, pointwise,

to be convex:

frges(z)Apel0,1] = pxf+(1-p)xges.(z];

<-upclosed:

fes(zh)rf<g = ges(z);

and, if state space X is infinite] topologically closed: each s.( z |) is a
topologically-closed subset of the product space [0, 1]#X . This model is not
homogeneous (and requires the obvious (Kleisli/linearity) construction to
make it so).

4. In the multirelational model [RO6], the base consists of state space X and
fibres are sets of states: 7~.(z|) = P.X. A section s is interpreted as relating
an initial state to an angelic choice of sets of possible (demonically chosen)
final states; it is thus required to be C-upclosed pointwise:

Ve:X - Qes(z)AQCQ = Q €s.(z).

Under its angelic refinement ordering, this model might be embedded in the
previous model, by identifying a subset @ of a finite state space with the
characteristic function of @ scaled by the number of states (which results in
a uniform demonic choice of final state in ). A Galois embedding ¢ is

eRa = {(#X) g | 2R Q)

where £ denotes the characteristic function of @ (upclosure is not required
on the right-hand side since it follows from that of R).

5. The ezpectation-transformer model [MMO05] is a simple extension of the
predicate-transformer model in which predicate transformers are replaced
by expectations (i.e. non-negative-real-valued functions on state space) with
the lifted ordering. (A predicate, like a pre or post-condition, may be viewed
as a {0, 1}-valued expectation.) Thus base and fibres consist of expectations
over X, so that 7~.(z]) = X — R0, A section s is interpreted as taking a
post-expectation (i.e. a state-dependent expected profit) to a greatest pre-
expectation (i.e. state-dependent least expected profit) and is required to be
sublinear: for all expectations f, g and all non-negative reals a, b, c,

(a(s.f)+b(s.g))©¢c < s.((af +bg) ©c)

where 2 ©y = (z—y) max0 and c is the constant function Az: X - c.

2 If X is finite this property follows automatically; indeed s.(z|) is then the (closed)
convex hull of its (finitely many) extreme points.
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6. The quantum model [SZ00] is a simple restriction of the expectation trans-
former model in which state space consists of the space of quantum registers
over the standard space X of the problem

{x: X—=C | X,ex|xz?= 1}

A section is required to be the result of only unitary state transformations
(which in particular maintain the sum-square invariant).

Further examples appear in Sec. B} more may be drawn from the various
computing paradigms, like process algebra, or from particular semantic for-
malisms, like [HH9S].

4.3 Morphisms and Refinement

Definition (morphism). We define a morphism of fibre bundles 7 : £ — X
and ' : B’ — X' to consist of a pair (x,¢) in which x is a relation from X to X’
and ¢ is a relation from E to E’ which together maintain consistency of fibre:

x: X < X'
e:FE— FE
egm C mwgx.

By (68)) and (@J), the fibre-consistency condition is equivalent to

T~ ge C xgm™.
Definition (refinement). Given sections s : X < F and ¢’ : X' « FE’
we define a refinement to be a morphism (x, ) of fibre bundles that acts as a
simulation

xgs C sge. (70)

(The alternative condition, s'se™ C x™3s, is equivalent to ({0 if both x and ¢ are
injective, which is not often the case.) The advantage of this definition over the
standard definitions of simulation [dRE9S] is that it permits non-homogenous
semantics of computations, of the kind demonstrated by the previous examples.

4.4 Examples

1. The special case of operational, or algorithmic, refinement in the relational
model—in which the state space is unaltered but each result of the concrete
computation is a result of the abstract—is captured by taking X’ = X
E'=FE, x=1id.X and € = id .F so that inclusion (70) becomes:

s’ C s.

The same holds in the probabilistic relational model. In the predicate trans-
former model the roles of s and s’ are reversed (so that at each postcondition
the refining computation has weaker precondition).
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2. The important case of data refinement in the relational model—by a down-
wards simulation relation between abstract and concrete states—is captured
by taking x : X < X’ to be the simulation and € : £ « E’ its fibre-wise
lifting: ¢ = wgxgn'™. Then inclusion (T0) becomes:

xgs C sgmgxgm’™ or xgs'sm C sgmgx

as expected.

5 Computations Fibrewise

Reasoning about computations is by tradition a curious blend of algebraic rea-
soning (using refinement laws) and semantic reasoning (using validity in a se-
mantic model). In this section we promote to the level of algebra the kind of
semantic reasoning that enables a computation to be investigated initial-state
by initial-state or, as we shall say, fibre-wise.

We introduce another interpretation of fibre bundles as computations, focus-
ing on the fibre as a collection of computations rather than a set of final states
(the view of Sec. L2). It is this interpretation that we use in the remainder of
the paper.

5.1 Computation Fibres

Motivated by that diversion into fibre bundles we now consider a computation
A, an initial state zp and define the fibre [co-fibre] of 4 at zp to be the compu-
tation that is magic [aborts] off xy, where it behaves like A. In other words the
fibre [co-fibre] of A at z consists of the coercion [assertion] x = xy followed by A.

Definition (fibre and co-fibre). For A: gcl.X and E C X, the fibre of A4 at
Eis

A+ E = (A <z € E > magic)
and the co-fibre of A at E is

AeE = (A< z € E > abort).

For simplicity, A * {zo} and A e{zp} are written A * 2y and A ez respectively.
Also, if b is a predicate on state space we abuse notation by writing A % b and
A e for the fibre and co-fibre at the set {z:X | b.z}.

Fibres and co-fibres are distributed by the computation combinators. The proofs
follow directly from the laws of Gel.

Lemma (fibre distribution). For 4, B: Gcl. X, xp,21: X and predicate b on
X,

magic * 7y = magic (71)

(A<b> B)xxzg = (Axx) < b > (B 1) (72)
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(AgB)*ap = (Axm)sB (73)
(AN B)xxy = (A*xp) M (B *ap) (74)
(AUuB)xzy = (A*x) U (B * ) (75)
Axxg)xx = (A*1) < 29 =11 > abort (76)
= (Axx)*xap. (77)
Proof.
Law ([1):
magic * 1
= definition of *
magic < z = 79 > magic
= Law m)
magic.
Law ([72):
(A< br> B)x

= definition of *

—~

A< b> B) <z =1 > magic

Laws (I7) and (20)

A <z =z > magic) < b > (B < z = z9 > magic)

—~

definition of *

(A*$0)<1 b[>(B*£L‘0)

Law ([73):
(Ag B) * 1

= definition of *

—~

A3 B) < z = 19 > magic

Laws (3I) and (1))

—~

A <z =19 > magic) 3 B
definition of *

—~
N
*

~

Law ([74):
AN B) x x

—~

definition of x

—~

AN B) <4 z = 15 > magic

Laws (1), (I2) and @1)
(skip < z = 7y > magic) (AN B)
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= Law (m)
(skip < z = 29 > magic)3 A M (skip < z = 7 > magic) 3B
= Laws 1)), (I2)) and () again

A <z =19 > magic) M (B <z =1 > magic)

—~

definition of *

(A*l‘o) [l (B*Io)

Law (75):

(AU B) % a9

= definition of *

—~

AUB) < z = 15 > magic

Laws 2I)), (I2)) and (31)

skip < z = 7y > magic) 3§ (AU B)

—~

Law (39)
skip < z = 7y > magic)3 A U (skip < z = 1y > magic) § B
Laws (2I)), (I2)) and (3] yet again

A <z =19 > magic) U (B <z =1 > magic)

—~

—~

definition of *

(A*l‘o) (] (B*Io)

Law ((70):

(A xxp) * 11
= definition of x*

—~

A <z =1z > magic) < z = 1, > magic

= Law ([I3)
A< xz=u1y=u1z > (magic < z = 2; > magic)
— Law(]:@)
A <z =1y =1 > magic

Law (I8)
A< z=u1y=uz > (magic < 29 = z; > magic)
— LaW(IIgI)

—~

A <z =1y > magic) < 2y = 71 > magic
definition of *

(A% x9) < 29 = 21 > magic.

Law (7)) is immediate from Law (76]). O

The ‘co-fibre distribution’ lemma is proved analogously.
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Lemma (co-fibre distribution). For A, B: Gcl. X, 9,21 : X and predicate b
on X,

abort ez = abort (78)

(A< br> B)exy = (Aexy) < b> (B exp) (79)
(A5B)em = (Aez)3 B (30)

(A B)exy = (Aexy) M (B euy) (81)
(AUB)exy = (Aexy) (B exy) (82)
(Aexy)ex; = (Aexy) < axy=ux > abort (83)

= (Aexy)ex. (84)

The means for constructing fibres and co-fibres from point fibres and point co-
fibres are established similarly:

AxFE
AeFE

M{Axe|ecFE} (85)
L{Aeec|ee€ E}. (86)

In the transformer model with duality available, ‘co-fibre distribution’ follows
from ‘fibre distribution’ by duality:

(AxE)* = (A%) oE. (87)

5.2 Fibre Representation

Theorem (fibre representation). A computation is both the demonic choice
of its fibres and the angelic choice of its co-fibres: for each A: Gel. X,

A=T{Axx | 10 € X} (88)
=U{Aex | 7€ X} (89)

(in spite of the fact that the right-hand side of (89) does not form a directed set).

In particular refinement is decided fibre-wise and co-fibre-wise:

ACB = Vzy: X - Axx9 C Bx* 1 (90)
= Vag: X - AeagC Beuy. (91)
A powerful property of (singleton) fibres is this. If a predeterministic compu-

tation refines the point fibre of a demonic choice then it refines (at least) one of
the point fibres: if D is predeterministic then

(ANB)exzyED = (AexyC D)V (Bexy C D). (92)

Soundness is immediate (in either the relational or transformer model). Property
([@2) fails for larger fibres and for computations D that are not predeterministic,
as simple examples demonstrate.
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1. Suppose that zy and z; are distinct states. With
A=(z:=0ex)MN(z:=1e1x) and B=(z:=2ex)MN(z:=3ex)

we find AMMB E D where D = (z := 0 ex9) M (z := 3 ex), although D
is predeterministic but refines neither A nor B. Thus the result does not

extend to larger fibres.
2. With

A=(z:=0MNz:=1)ez and B=(z:=1Nz:=2)ex

we find AN B C D where D = (2 := 0Nz := 2), although D refines neither
A nor B. Thus the result does not extend to non-predeterministic D.

We also use (in Sec. [B]) a special case of property (@2)): if the demonic choice
of two computations at the same fibre aborts, then (at least) one of the fibres
aborts.

(AN B) exy = abort = (A exy = abort)V (B ezy = abort) (93)

5.3 Fibre Normal Forms

In the transformer model, the operational angel-versus-demon view of a compu-
tation results in a normal form in which any monotone predicate transformer is
the sequential composition of an angelic choice (of ‘intermediate postcondition’
which the computation is certain to achieve from its initial state) followed by a
demonic choice (of state satisfying that condition); see [BvW9g|, Theorem 13.10.

Since relational computations are embedded by wp as the positively conjunc-
tive predicate transformers, that normal form specialises to relations, loc. cit.,
Theorem 26.4, to show that any relational computation is the sequential com-
position of an assertion (with predicate equal to the domain of the relation)
followed by a demonic choice (of related state). Thus relational computations
are ‘generated’ by assertions, assignments, demonic choice and sequential com-
position. In our setting, with emphasis on point fibres, the relevant normal form
is this (in which E denotes the complement of set E).

Theorem (fibre normal form). In the relational model any computation is
the demonic choice of point fibres, each of which is a demonic choice: for any
computation A there is a partial function o : X + P.X whose domain consists
of those states from which A does not diverge and for which

A = {(z :€ a.mp) * 20 | 2 € dom .} Mabort * dom .c. (94)

Proof. We forego a brief proof in the relational semantics (by explicit con-
struction for an arbitrary healthy relational) because we wish the form to hold
in any (relational) computation structure and to use the extra information pro-
vided by an algebraic proof by structural induction over computations. In each
case the required partial functions are defined as follows.
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abort {}

magic Az:X -{}

z:=e Az:X-e

ANB Az:dom.aogNdom.ap - ag.zUag.z

Ne)
Ut

A~~~ A~~~ —~
NeoliNe]
~N

—_— Y — —

o ©
© o

AUB Az :dom.ay Udom.ap - ax.x Nap.x
AgB Az :dom.oy Ndom.ap -
{t: X|3u:X -u€azx A tepu} (100)

]

Observe that a.zp = { } for those states zy at which A is unenabled; and if 4 is
a program then the range of « consists of only nonempty finite sets.

The dual of the ‘fibre normal form’ Theorem expresses each computation as
the angelic choice of point co-fibres of a demonic assignment; it thus requires
both forms of nondeterminism. However it does not require the ‘correction’ term
for divergence.

Corollary (co-fibre normal form). In the relational model any computation
is the angelic choice of point co-fibres, each of which is a demonic choice:

A = L{(z :€ axp) @19 | 79 € dom .} (101)

Those normal forms refine Laws (I0) and (28) and the ‘fibre representation’
Theorem by showing that all computations are ‘generated’ by demonically non-
deterministic assignments and either point coercions and demonic choice, or
point assertions and angelic choice.

Corollary (basis). The space (Gel.X,C) of relational computations is ‘gen-
erated’ by the set of (total deterministic) assignments, demonic choice and either
point coercions, or point assertions and angelic choice.

6 Assertions Algebraically

In view of the importance placed on assertions and coercions by the fibre-wise
approach to computations, the purpose of this section is to characterise them
algebraically. But we wish to use this algebraic characterisation in any relational
computational structure, so we prove it using the relational laws of Gcl. X, since
a semantic proof would apply to just Rel.X. (For an elegant characterisation in
the context of Kleene Algebra see [vW04].)

6.1 An Algebraic Property

We begin by formalising the observation that if ass.b refines a computation B
then B aborts off b and so the assertion followed by B equals B:

ass.b3B = B<br> B = B.
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Theorem (assertions). If A:Gcl.X is an assertion then
VB:Gel.X -BC A = As3B=20B. (102)

Proof. Suppose that for some predicate b on state space, A = ass.b, and that
B: Gel.X. We begin by proving that if the antecedent of (I02) holds then B
aborts off b.

BC A

= Law (&) (as monotonicity of — eb) and definition of A
Be-b L (skip < b > abort) e—b

= Laws ([3), (Id), (G), (I7) and [I8)
B e—=b C abort

= Law 7))
B e—b = abort

= Leibniz
(BebllBe—b) = (Bebl abort)

= Laws ({Q) and (21)

Bab>B = Beb
= Law (I8]) and definition of e

B = B < br abort.

So we reason

AgB
= definition of A
(skip <1 b > abort) g B

= Law (1)
(skipg B) < b > (abort 3 B)

= Laws (I2)) and (I3)
B <1 b > abort

= above
B.

6.2 Algebraic Characterisation

The previous result is interesting because the condition it embodies is strong
enough to characterise assertions algebraically.

Theorem (assertions algebraically). If A: Gel.X satisfies condition (I02)
then A is an assertion.

Proof. We define a predicate b on X pointwise: b holds at a point iff compu-
tation A skips there:
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~

b.xo (A exy = skip e1yp).

To show that A is the assertion ass.b, however, we must show that if it does not
skip at a point then it aborts there:

Aexy#skipery = Aexy=abort. (103)

We use a succession of lemmas each of which inherits the assumptions to date.
The first lemma shows that A is always enabled.

Lemma (A). If A:Gel.X satisfies (I02) then
Vag: X - Aexy # magiceun.

Proof.

= Implication (I02) with B = abort, by Law (27

= Law (@1
Vag: X - (A exy)gabort = abort ex
= Law (m)
Vag: X - (A ex)gabort = abort
= otherwise contradicts Law (31
Vig: X - Aexy # magic ex.

[}

The second lemma shows that there is some assignment which refines A at g .

Lemma (B). If A:Gel.X satisfies both (I02) and the antecendent of implica-
tion (I03)) then

o : X \{zo} - Aexg C (z:=ux1) 01p.

Proof. Since A is enabled at zpy (Lemma A) either A aborts from zp or it
terminates, taking some value (perhaps demonically). We write z :€ E for the
demonic choice of z to a member of E C X (i.e. M{z := ¢ | e € E}). Thus if
E is empty it is magic; if E is finite and nonempty it is a program; and if F is
infinite it is a computation more general than code.

Writing A in co-fibre representation (with the dependence of E on xy made
explicit)

A = U{(z:€ E(x)) a0 | 10 € X},

we infer that the two cases of divergence and termination are, respectively,

1 abort e 1
[ ] =
. (z :€ E(xp)) @1
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where by assumption, { } # E(x) # {20} . But in the first case the result holds
for any @ # 1o whilst in the second it holds for any 2; € E(x) \ {0}, a choice
possible by the antecedent of (I03]). m|

Now we introduce an artifact,
Y = abortxz; (= abort <z = 1; > magic),

whose use will become apparent in the final step of the proof. For the moment
we observe that Y does not abort at g :

Y exy # abort. (104)

That is indeed evident since

Y e
= definition of e

Y <z = x9 > abort
= definition of Y

(abort < z = z; > magic) < z = 1y > abort
= calculus, since z9 # x1 by Lemma B

magic < z = 79 > abort
4

abort .

What we really want of Y is this:

Lemma (C).
(Aexy)g(AMY) = abort. (105)
Proof. We reason
(Aezg)3(ANY)
C Law (B3] (as monotonicity of §_)
(A OZL‘()) S Y
C Lemma B and Law (34) (as monotonicity of _g)

T:=x1) 0153 Y
= definition of Y

z:=m1) 81y 3 (abort < z = z; > magic)

= definition of e ; Laws 1)), (I3)), @6)), (I6) and (1)
abort e 1,

- Law (78)

abort

from which equality follows by Law (27). |



56 J.W. Sanders

For the final step of the proof we recall that we are trying to establish the
consequent of ([I03). To do so we set B = AM Y and observe that AMY C A.

Hence by (I02))
Ag(ANY) = AnY. (106)
Thus

true

= Lemma C

(A3(ANY)) exy = abort

= by (08
(ANY)ex = abort
= Law (33)
(Aexy)M (Y exy) = abort
= Law (@3]
(A exy) =abort V (Y ex) = abort
= Law (04
A ezy = abort

and so the proof of the theorem is complete. a

6.3 Coercions

The analogous result for coercions is this; we omit the proof, which mimics that
above.

Theorem (coercions). Computation C': Gcl.X is a coercion iff
VB:Gcl.X - CCB = (Cy3B=B. (107)

Note. A proof of the ‘coercions’ Theorem from the ‘assertions Theorem’ is
available in the transformer model simply by taking duals, using the ‘transformer
duality’ Theorem. It goes like this.

VB:GelX - CCB = CgB=2B

= 7T semantics and * bijective (‘transformer duality’ Theorem)
Vt:T.X - [Clr <t* = [Clrot*=1t*

= Laws @2), @3) and @)
Vi:T.X -t <[Cly = [Clrot=t

= ‘assertions’ Theorem
30:Pr.X - [Cly = [ass.b]T

= Law (M)
30:Pr.X - [C]r = [skip < b > abort]

= 7 semantics and Law ([49)



Computations and Relational Bundles 57

30:Pr.X - [C]r = [skip]} < b > [abort]}
= 7T semantics, Laws (5] and (0]
3b:Pr.X - [Clr = [skip]r < b > [magic|r
= definition of coercion

30:Pr.X - [Clr = [coer.b]r.
m

Unfortunately the discussion in Sec. shows that a similar proof, using a
relational dual in place of *, is not possible in the relational model.

7 Representing Computation Structures

The purpose of this section is to prove that a structure satisfying the relational

laws of Gel. X is actually isomorphic to the space of relational computations over

X, and similarly for the program substructure gcl.X and relational programs.
But first we need the appropriate notion of isomorphism.

7.1 Morphisms of Computation Structures

Definition (computation morphism). If X and X’ are (relational) compu-
tation structures (i.e. models of (relational) computation space Gel.X) then a
function T from the ‘programs’ of X to those of X' is a computation morphism
iff it preserves sequential compositions, infima and suprema:

T(A3B) = (T.A)¢ (T.B) (108)
T.NA = NT.(A) (109)
T.VA = V'T.(A). (110)

Function T is a program morphism iff it preserves sequential compositions and
finite nonempty infima. A computation [resp. program] isomorphism is a bijec-
tive computation [resp. program| morphism.

Recall that the Galois embedding wp is not (N,V)-junctive (Law (B9)) and so

wp does not preserve angelic choice (suprema). Indeed, in view of Fig. [I} the

relational and transformer models of computation are not isomorphic.
Evaluation of the trivial cases shows:

Lemma (morphed structures). A program morphism preserves the identity
for sequential composition (7.1 = 1) and is monotone (A < B = T.A <’ T.B),
and a computation morphism also preserves minimum, maximum and atomic el-
ements (7.T =T’ and T.1 = 1') and is isotone (A < B< T.4A <’ T.B).

It is vital that the definition of isomorphism, although it focuses on only sequen-
tial composition and order, preserves also assertions and coercions as a result.
For by the ‘basis’ Corollary, preservation of other computations follows.



58 J.W. Sanders

Lemma (morphed assertions). A program isomorphism preserves asser-
tions, point assertions, coercions and point coercions.

Proof. Suppose that T : X — X’ is an isomorphism, where X and X’ are
as above. Since the proof of the ‘assertions algebraically’” Theorem used only
properties of relational computation structures, we use it to reason:

a is assertion in X

= ‘agsertions algebraically’” Theorem
Vy:Y -y<a = agy=y

= ‘morphed structures’ Lemma
Vy:Y - Ty<'Taa = Tagd Ty=T.y
= T bijective
Vy: Y y<'Tua = Tagdy=y
= ‘assertions algebraically’ Theorem

T.a is assertion in X’.

Preservation of point assertions now follows (by the ‘morphed structures’
Lemma) since an assertion is a point assertion iff it is atomic, by the ‘assertions’
Lemma. The proof for coercions is similar. o

7.2 Representing Computation Structures

As an axiom system, Gel has models of each infinite cardinality, one for each
choice of state space. Thus there are computation structures which are not iso-
morphic. Considering first models with a given state space X, we have:

Theorem (computation representation). Any (relational) computation
structure with state space X is isomorphic to Rel.X.

Proof. Suppose that the computation structure is R.X and define a putative
isomorphism T fibrewise

T:R.X — Rel. X
TAQxO\) = {yX ‘ A.xogx;: y}7

provided A e 25 # abort, in which case T.A.(zp|) = X,. (Observe that if
the defining set is empty, for example A is not enabled at zy, then T.A is not
enabled at zy.) We must show that T is a bijective computation morphism. The
definition follows two cases, depending on abortion or not. Verification of the
former case is routine; we focus on the latter.

Firstly T is injective, since

T A=T.B

= relational calculus

ViL'():X- TA(I(L‘OI) = TB(I(L‘OD
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= definition of T
Vag,y: X - AexpyCx:=y < BergLr:=y

= definition of co-fibre and Law (28]
Vag: X - Aexg = B exy

= LaW(M)
A=B.

Secondly T is surjective, since if R: Rel.X with R.(zp|) = Yy, for some zp-
dependent Y,, C X, defining A: R.X fibrewise

Vag: X - Aexyg = (2:€ Yy,) e1p,

we find that by definition 7.4 = R.
Thirdly T preserves sequential composition, since

T(A S B)q X0 D

= definition of T

{y:X | (A3B) omy C 1 := y}

— Law (Z3)

{y: X | (Aex)gBC z:=y}

= hypothesis, ‘co-fibre normal form’ Corollary and (I0Q)

T.B({y:X|Aexg Cz:=y})
= definition of T
T.B.(T.A(x))
= relational calculus

(T-A4) 5 (T-B))-( ).

Fourthly T preserves demonic nondeterminism, since
T.(ANB).(x))
= definition of T
{y: X | (ANB) ez Cz:=y}
— Law (22)
{y: X | (Aexg Cz:=y)V (BexLa:=y)}
= set theory
{y: X |AexyCz:=ytU{y:X | BexyCz:=y}
= definition of T
T Aexy)M(T.Aexp)
= Law (&)
(T ANT.A) ex.

Finally T preserves angelic nondeterminism, since

T.(AUB).(2)
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= definition of T
{y: X | (AUB) ez C z:= y}
= Law (82)
{y: X | (Aex)U (B exy) Cz:=y}

= definition of supremum
{y: X [(AergCz:=y)A(Boz L=y}

= set theory
{y: X |AexyCz:=y}N{y:X | BexyCz:=y}

= semantics, Fig. [7]

(T.AUT.B).(a).
O

Corollary (program representation). Any (relational) program structure
with state space X is isomorphic to rel.X.

Considering next models with different state spaces, we have:

Theorem (state-space representation). Two models of (relational) com-
putations but with possibly different states spaces are isomorphic iff there is a
bijection between their state spaces.

Proof. The proof establishes a bijective correspondence between isomorphisms
T:R.X — S.Y and bijections ¢t : X —» Y. For the forward direction, given T
we define a relation ¢ : X < Y by

oty = T.(ass.zp) = ass.yo - (111)

Relation t is well defined because, by the ‘morphed assertions’ Lemma, T pre-
serves point assertions. It is surjective by similar reasoning and the fact that T
is surjective. It is readily shown to be a function (because if two point assertions
are equal then their points coincide) and injective (because T is injective).
Conversely, given bijection ¢ : X »» Y, define T from R.X to S.Y firstly on
assertions by (IIIJ), then to preserve M and U and finally on assignments by

T(x:=e€) = y:=t.e

where ¢ maps expressions (recall our assignments are total and deterministic)
over X to expressions over Y by ‘translation’ (or trivial simulation):

tey = t.(e.(t™.y)).
Thus T.(z :€ E) = y :€ t.(F)) and in co-fibre normal form we find

T.(U{(z :€ amp) @19 | 70 € dom.a}) =
L{(y :€ t.c.y0) o yo | yo € dom .(t.c)}

wherein ¢ acts on fibre-form functions « as it does on expressions.
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Then T is well defined and injective by existence and uniqueness of co-fibre
normal form. It is surjective since if

B =1{(y:€ t.B.90) ®y0 | yo € dom .5}
then by the definition of T we find
T.(U{(z :€ amp) @10 | 29 € dom .a}) = B.

Finally, since T preserves M and LI by definition, it remains to show that it
preserves g. But that follows from a routine calculation using (I00). O

8 Conclusion

By taking the slightly unusual view that computations are sections of fibre bun-
dles we have emphasised the fibre-wise nature of a computation. That has en-
abled us to treat assignment initial-state-by-initial state and to use powerful
refinement laws like Law (02) that fail more generally. The result has been the
fibre normal form for a (relational) computation and the isomorphism of any (re-
lational) computation structure with the binary-relation model of computation.
Although that isomorphism is based on the order and sequential composition
combinators of the structure, by characterising assertions and coercions in those
terms we have shown that the isomorphism also preserves them, and hence by
the ‘fibre normal form’ Theorem truly is an isomorphism of computations. The
laws of (relational) computation are categorical to within cardinality of state
space.

Further work consists of capturing the transformer model similarly and of
clarifying the extent to which, as remarked only in passing here, the transformer
dual may be lifted to relations via the Galois connection between relations and
transformers. It would also be of some interest to pursue the bundle approach
to refinement, particularly in the non-homogeneous setting.
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Abstract. The formal analysis of programs with arrays is a notoriously
difficult problem due largely to aliasing considerations. In this paper we
augment the rules of Kleene algebra with tests (KAT) with rules for the
equational manipulation of arrays in the style of schematic KAT. These
rules capture and make explicit the essence of subscript aliasing, where
two array accesses can be to the same element. We prove the soundness
of our rules, as well as illustrate their usefulness with several examples,
including a complete proof of the correctness of heapsort.

1 Introduction

Much work has been done in reasoning about programs with arrays. Arrays re-
quire more complex modeling than regular variables because of issues of subscript
aliasing, where two array accesses can be to the same element, for example, A(x)
and A(y) when z = y. Proving equivalence of programs with arrays often in-
volves intricate read/write arguments based on program semantics or complex
program transformations.

Reasoning about arrays dates back to seminal work of More [I] and Downey
and Sethi [2]. Much research has also been based on early work by McCarthy on
an extensional theory of arrays based on read/write operators [3]. A standard
approach is to treat an array as a single variable that maps indices to values
[45]6]. When an array entry is updated, say A(7) := s, a subsequent access A(j)
is treated as the program if (i = j) then s else A(j). Several other approaches
of this nature are summarized in [7], where Bornat presents Hoare Logic rules
for reasoning about programs with aliasing considerations.

More recently, there have been many attempts to find good theories of ar-
rays in an effort to provide methods for the formal verification of programs
with arrays. Recent work, including that of Stump et al. [§], focuses on deci-
sion procedures and NP-completeness outside the context of any formal system.
Additionally, the theorem prover HOL has an applicable theory for finite maps

In this paper we augment the rules of Kleene algebra with tests (KAT) with
rules for the equational manipulation of arrays in the style of KAT. Introduced

R.A. Schmidt (Ed.): ReIMiCS /AKA 2006, LNCS 4136, pp. 63-[T7] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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n [I0], KAT is an equational system for program verification that combines
Kleene algebra (KA), the algebra of regular expressions, with Boolean algebra.
KAT has been applied successfully in various low-level verification tasks involv-
ing communication protocols, basic safety analysis, source-to-source program
transformation, concurrency control, compiler optimization, and dataflow analy-
sis [TOTTIT2IT3IT4UTHIT6]. This system subsumes Hoare logic and is deductively
complete for partial correctness over relational models [I7].

Schematic KAT (SKAT), introduced in [I1], is a specialization of KAT involving
an augmented syntax to handle first-order constructs and restricted semantic
actions. Rules for array manipulation in the context of SKAT were given in [12],
but these rules were (admittedly) severely restricted; for instance, no nesting of
array references in expressions was allowed. The paper [12] attempted to provide
only enough structure to handle the application at hand, with no attempt to
develop a more generally applicable system.

We extend the rules of [I2] in two significant ways: (i) we provide commuta-
tivity and composition rules for sequences of array assignments; and (ii) we allow
nested array references; that is, array references that can appear as subexpres-
sions of array indices on both the left- and right-hand sides of assignments. The
rules are schematic in the sense that they hold independent of the first-order
interpretation.

In Section 2l we provide a brief introduction to KAT and SKAT. In Section [3]
we give a set of rules for the equational manipulation of such expressions and
illustrate their use with several interesting examples. These rules capture and
make explicit the essence of subscript aliasing. Our main results are (i) a sound-
ness theorem that generalizes the soundness theorem of [I2] to this extended
system; and (ii) a proof of the correctness of heapsort, presented in Section [B

2 Preliminary Definitions

2.1 Kleene Algebra with Tests

Kleene algebra (KA) is the algebra of regular expressions [I8/[19]. The axiom-
atization used here is from [20]. A Kleene algebra is an algebraic structure
(K, +, -, *, 0, 1) that satisfies the following axioms:

p+q)+r = p+(qg+7) (1) (pq)r = plqr) (2)
p+q = q+p (3) pl =1p = p (4)
p+0 =p+p = p (5) Op =p0 = 0 (6)

plg+7) = pg+ pr (7) (p+qr = pr+gqr (8)
L+pp* < p* (9) g+pr<r — pg<r (10)
1+p*p < p* (11) g+rp<r — gp* <r (12)

This a universal Horn axiomatization. Axioms (1)-(8) say that K is an idem-
potent semiring under +,-,0, 1. The adjective idempotent refers to (5). Axioms
(9)-(12) say that p*q is the <-least solution to ¢+ px < z and gp* is the <-least
solution to ¢ + xp < x, where < refers to the natural partial order on K defined

def
byp<qg&E>p+q=q.
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Standard models include the family of regular sets over a finite alphabet, the
family of binary relations on a set, and the family of n x n matrices over another
Kleene algebra. Other more unusual interpretations include the min,+ algebra,
also known as the tropical semiring, used in shortest path algorithms, and models
consisting of convex polyhedra used in computational geometry.

A Kleene algebra with tests (KAT) [10] is a Kleene algebra with an embedded
Boolean subalgebra. That is, it is a two-sorted structure (X, B, +, -, *, , 0, 1)
such that

— (X, +, -, *, 0, 1) is a Kleene algebra,
- (B, +,, ,0,1)is a Boolean algebra, and
- B CX.

Elements of B are called tests. The Boolean complementation operator is de-
fined only on tests.

The axioms of Boolean algebra are purely equational. In addition to the Kleene
algebra axioms above, tests satisfy the equations

BC = CB BB = B
B+CD = (B+C)(B+D) B+1 =1
B+C = BC BC = B+C
B+B =1 BB = 0
B =B

2.2 Schematic KAT

Schematic KAT (SKAT) is a specialization of KAT involving an augmented syntax
to handle first-order constructs and restricted semantic actions whose intended
semantics coincides with the semantics of flowchart schemes over a ranked alpha-
bet X [11]. Atomic propositions represent assignment operations, = := ¢, where
x is a variable and ¢ is a X-term.

Four identities are paramount in proofs using SKAT:

zi=sy:=t = y:=tlz/sx:=5s (y &€ FV(s)) (13)
ri=sy:=t = x:=sy:=tlx/s] (x & FV(s)) (14)
z:=s;x:=1t = x:=t[x/s] (15)
pla/thez:=t = z:=t¢ (16)

where z and y are distinct variables and F'V (s) is the set of free variables occur-
ring in s in (I3) and ([I4). The notation s[x/t] denotes the result of substituting
t for all occurrences of x in s. Here ¢ is an atomic first order formula. When x
is not a free variable in ¢ or in ¢, we get the commutativity conditions

r=s5y:=t = y:=tix:=s (y¢ FV(s),x € FV(t)) (17)
pizi=t = z:=1tp (x g FV(p))  (18)
Additional axioms include:
ri=x =1 (19)
ri=s;x =5 = x=s[z/s] (20)
s=tx:=s5 = s=tz:=t (21)
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Using these axioms, one can also reason about imperative programs by trans-
lating them to propositional formulas [2I]. One can translate program constructs
as follows:

rT=s=a
r=s=A
if B then p else ¢ = Bp + Bq

while B do p = (Bp)*B

where a, is an atomic proposition and A is a Boolean test. With this translation,
we can use propositional KAT to do most of the reasoning about a program
independent of its meaning. We use the first order axioms only to verify premises
we need at the propositional level.

3 Arrays in SKAT

Arrays have special properties that create problems when trying to reason about
program equivalence. The axioms ([3)-(Z1]) do not hold without some precondi-
tions. We want to identify the conditions under which we can apply these axioms
to assignments with arrays.

Consider the statement

A(A(2)) :==3;A(4) := A(2)
We would like to use an array-equivalent version of (I3]) to show that
A(A(2)) :=3;A(4) .= A(2) = A(4) := A(2); A(A(2)) :=3 (22)

With simple variables, this sort of equivalence holds. However, in (22), if A(2) =
2, the two sides are not equal. The left-hand side sets both A(2) and A(4) to
3, while the right-hand side sets A(2) to 3 and A(4) to 2. The problem is that
A(2) = A(A(2)).

One solution is to limit array indices to simple expressions that contain no
array symbols, the approach taken by Barth and Kozen [12]. Let ¢ and j be
expressions containing no array symbols. For an expression e, let ez, ey, and ey
denote e[z/A(i)], ely/A(j)], and e[x/A(i),y/A(])], respectively. The following
axioms hold when expressions s and ¢ contain no array symbols and i # j:

A1) = 805 A(J) =tay = A(J) = ty[z/sa]; A(i) = s (23)
A(i) = 823 A(J) =tay = A(9) 1= 553 A(]) 1= ty[z/s4] (24)
A1) =845 A1) :=t, = A(Q) := t[x/s,] (25)
ely/tyl; A(G) ==ty = AQ) :==ty; 0 (26)

where y & F'V(s) in (23) and = € FV (s) in ([24).
These rules place some strong limitations on the programs that one can reason
about, although these limitations were acceptable in the context of reasoning in
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Barth and Kozen’s paper. These axioms allow no more than two array references
(in most cases, only one) in a sequence of two assignment statements, which
eliminates many simple program equivalences such as

A(3) = A(4); A(3) == A(B) = A(3) := A(5)

Our goal is to generalize these rules so we can have more than one array reference
in a sequence of assignments and so we can allow nested array references.

In attempting to adapt ([3) to arrays in a general way, we first note that an
array index contains an expression that must be evaluated, which could contain
another array variable. Therefore, we need to perform a substitution in that
subterm as well:

Ai) = 5 A() =t = A(jA()/s]) := t[A(i) /s]; A7) := s (27)

This rule poses several questions. First of all, what is meant by t[A(i)/s]? We
want this to mean “replace all occurrences of A(7) by s in the term ¢.” However,
this statement is somewhat ambiguous in a case such as

t=A@B)+A2+1)

where i is 3. We could either replace A(7) (i) syntactically, only substituting s for
A(3) in t, or (ii) semantically, replacing both A(3) and A(2 + 1). Besides being
undecidable, (ii) is somewhat contrary to the sort of static analysis for which
we use SKAT. Moreover, implementing these sorts of rules in a system such
as KAT-ML [22] could be difficult and costly, requiring the system to perform
evaluation.

However, (i) is unsound. For example,

A(2) :=4;A3) := A(2) + A(1+ 1) (28)
= AB) =4+ A1 +1);A(2) =4

is not true if A(2) # 4 before execution.

Our solution is to identify the preconditions that ensure that this sort of sit-
uation does not occur. The preconditions would appear as tests in the equation
to which the axiom is being applied. While it is true that establishing these
preconditions is as difficult as replacing occurrences of array references semanti-
cally, it is more true to the style of SKAT, separating out reasoning that requires
interpreting expressions in the underlying domain.

Let Arr(e) be the set of all array references (array variable and index) that
appear in the term e and let ¢/ = e[A(7)/s]. We also define

Arrs(e, A, i, s) o Arr(e') — ((Arr(s) — ((Arr(e) — {A(i)}) N Arr(s)) N Arr(e’)
The appropriate precondition for ([27) is

Yk, A(k) € (Arrs(j, A, i,8) U Arrs(t, A,i,8)) = k #£1
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The condition looks complex, but what it states is relatively straightforward:
any array reference that occurs in j' or ¢ must either not be equal to A() or it
must have been introduced when the substitution of s for A(i) occurred.

For example, the transformation in (28)) would be illegal, because Arrs(A(2)+
A(1+1),A,2,4) is {A(1+ 1)}, and 1 4+ 1 = 2. However,

A2) :=A2)+1;A(3) == A(2) +4

A(B)=A(2)+1+4A12) = A(2)+1
would be legal, since Arrs(A(2) +4,A,2,A(2) + 1) is the empty set.
With this and a couple additional preconditions, we can use the syntactic

notion of replacement as we do in all other axioms. The complete set of axioms
corresponding to (I3)-(0) is:

Afi) = 5, AG)
if i#£j
Vk, A(k) € Arr(s) U Arr(i) = k # §'
Vk, A(k) € Arrs(j) U Arrs(t) = k # 4

t

(29)

A(i) =8 A(j) ==t = A(i) == s;A(G) =t
if Vk,A(k) € Arr(s) UArr(i) =k #i
Yk, A(k) € Arrs(j) U Arrs(t) = k # i

(30)

A(i) =8 A() =t = A(§') =t (31)
if i=j

Vk, A(k) € Arrs(j) U Arrs(t) = k # 4

iAW) =5 = Al) =59 (32)
if Vk,A(k) € Arr(p) =k #1

We also have axioms for the interaction between assignments to array variables
and to regular variables.

x:=s8A) =t A(jlx/s]) == t[z/s];z = s (33)
if Vk,A(k) € Arr(s) = k # jlz/s$]

A() == sy =1t

y:=t;A®):=s

(34)
if y& FV(s)UFV(i)
Vk, A(k) € Arrs(t) =k #1
x:=s8A() =t x = s; A(j[z/s]) = t[x/s] (35)
if ¢ FV(s)

A() =sjy:=t = A(i):=s;y =t (36)
if Vk,A(k) € Arr(s) U Arr(i) = k #i

Vk, A(k) € Arrs(t) =k #i
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In contrast to many other treatments of arrays, we prevent aliasing through
preconditions instead of using updated arrays for subsequent accesses. In ap-
proaches such as those found in [BI6l[7], a program A(i) := s; A(j) := t is trans-
lated to A(i) := s;[A(i)/s](j4) := t, where [A(i)/s] represents the array A with
element ¢ assigned to the value of s. Additionally, all occurrences of A in j and
t must be replaced by [A(i)/s]. The replacement amounts to changing all array
accesses A into the program if (i = j) then s else A(j).

Such a translation is not well suited to SKAT, where we want assignment
statements to be atomic propositions. Using the if-then-else construct still re-
quires checking all of the preconditions we have; they are captured in the test for
equality of 7 and j. However, our precondition approach allows one to test these
conditions only when doing program transformations using the axioms. Array
accesses outside these transformations need not be changed at all. Since consid-
erations of subscript aliasing primarily come up in the context of reasoning about
program equivalence, it makes sense to consider aliasing through preconditions
within that reasoning.

These same axioms can be extended to multidimensional arrays. Consider an
array B with n indices. Each condition requiring array references to be different
in the one-dimensional array case must be true in the multi-dimensional case
as well. In order for two array accesses of the same array to be different, they
must differ on at least one of the indices. Formally, we can state the axiom
corresponding to (29) as

B(it,...,in) == 8;B(1,...,jn) =t = B(1,...,Jn) =t ;B(i1...1,) := s

if i # 4’ and:

ki, .o kn, Ak, k) € Arr(s)U | Arr(ia) = 301 <0< A Gy # ke
a=1

Vki, ... kn, A(k1,... kn EUAT’TS]a =W1<L<nAkp# iy
a=1

Vi, ... kn, A(k1,... kn)Arrs(t )éﬂ(.lﬁﬁﬁn/\k}#iz

4 Soundness of Axioms

We have proven soundness for all these rules using a technique similar to the one
used in [I1]. We highlight the technique for the proof in this paper. For a more
complete proof, see [23]. We consider interpretations over special Kripke frames
called Tarskian, defined with respect to a first order structure D of signature
X, States are valuations, assigning values in D to variables, denoted with Greek
letters @ and 7. For a valuation 6, 0[x/s] is the the state that agrees with 6
on all variables except possibly x, which takes the value s. An array variable is
interpreted as a map D — D, as defined in [12]. We use 6(A(4)) to represent
6(A)(0(3)).

First, we need to relate substitution in the valuation and substitution in a
term. This relation corresponds to the relation between the substitution model
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of evaluation and the environment model of evaluation. For simple terms, this

is easy:
O(tlx/s]) = 0[z/6(s)](t)

which was shown in [I1]. For arrays, we have the same difficulties of aliasing we
have in the definition of our rules. The corresponding lemma for array references
requires a precondition:

Lemma 1. A000))
i
O(t[A( =40 t
atacyssh = |55 | o
if
VA(k) € Arrs(t, A,i,s),i # k
where 6 [Agi)] is the valuation that agrees with 6 on all variables except possibly

the array variable A, where A(i) now maps to s. The proof is by induction on ¢.

With this lemma, we can prove the soundness of (29) - (B6). We show the
proofs for (29) - 32)), as [B3) - ([BH) are just special cases of these. For example,
for the axiom, we prove

Theorem 1. A(i) := s; A(j) :=t = A(J[A(i)/s]) := t[A(i)/s]; A(i) := s if

it (37)
Vk, A(k) € Arr(s) U Arr(i) = k # j[A(1)/s] (38)
Vk, A(k) € Arrs(j4, A, i,8) U Arrs(t, A,i,8) = k #4 (39)

Proof. We need to show that for any Tarskian frame D,

[A() := 5; A(j) :=t]p = [A(j[A(:)/s]) == t[A(3)/s]; A(4) := s]p
From the left-hand side, we have

[A(i) == s; A(j) :==t]p

= [A(4) := s]p o [A(j) :==t]p

:{9,9[‘4%?)] |9eVazD}o{n7n[A<’7<j))} neValD}

_ A(6(1))
‘{""’[ o )
Now consider the right-hand side.
[A(i[A(@2)/s]) == t[A(i)/s]; A(d) := s]p
= [A([A(#)/s]) := t[A(i)/s]]p o [A(3) == s]p
(0(i[A(#)/s])) u A(n
= {00 ["itacryon | 1o vaofednn [
oot [A“’[A(e‘??ﬁ(i?ﬁn )]
R O(t[A(i)/s]) [ 9[A<0<J[A< i)/s] J

o(t[ A(%)/S])

S))] |ne ValD}
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where 0 € Valp.
Therefore, it suffices to show for all § € Valp,

o [100] [46[%]o] _, A0/ (A6 [ ] o]
Lo ] [ o[siy]o |
We start with the right-hand side

A(6( [A(O/S]))
g [40GLam ] [ACLGEEE/ D T _ g raeGam/sn] [aean] 4, GR)
0(t[A(4)/s]) Q[Age((tg[mg;)//ss )) } () 0(t[A(i)/s]) 0(s) y
A ] [AGGIAG/s)
9[ 0(s) ][ 0(1s[[ﬁ((;2/>5)]}) ] by 1)
a@an] [4C€L o J6D
9[ 0(s) ] [ o [400] (0 by Lemmal[T]

O

The proofs for the remaining rules are similar.

With these new axioms, we can prove programs equivalent that contain arrays.
In all examples, fragments of the statements that changed from one step to the
next are in bold.

The following two programs for swapping array variables are equivalent, as-
suming that the domain of computation is the integers, x # y, and @ is the
bitwise xor operator.

t:= Ay); A(z) == A(z) © A(y);
A(y) == A(z); Aly) == A(z) @ A(y);
Ax) :=1; A(z) = Az) @ A(y);
t:=0 t:=0

The program on the left uses a temporary variable to perform the swap while
the program on the right uses properties of xor and the domain of computation
to swap without a temporary variable. We set the variable ¢ to 0 so that the two
programs end in the same state, though we could set ¢ to any value at the end.
By (@), we know that the right-hand side is equivalent to

Alz) == A(z) ® Ay); Ay) := A(z) © A(y);
A(x) == A(x) @ A(y);t := A(x);t:=0

By (34), this is equivalent to

A(z) := A(z) ® Ay); Ay) == A(z) © A(y);
t:=A(x) ® A(y); A(z) := A(x) ® A(y);:=0

We then use (B8] to show that this is equal to

A(z) := A(r) © Ay); Aly) == (
t:=Az) © Ay); A() = t;t :=

) @ A(y);
0
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Using (34)) and (B3)), this is equivalent to
Az) = A(z) ® A(y); t := A(y); A(y) := A(z) @ t; A(z) :==t;1:=0
By (33)), this is equivalent to
tim A(y) A() = A(x) © 1 Aly) = A(x) & t; A@@) = ;1= 0

By (29), where we need the condition that z # y, commutativity of xor, and the
fact that x & = @ y = y, this is equal to

t:=A(y); A(y) := A(x); A(z) := A(z) B t; A(z) :=t;t:=0
Finally, by (31), we end up with the left-hand side,

t:=A(y); A(y) = A(z); A(z) :=¢t;t:=0

5 Proving Heapsort Correct

We can prove heapsort on an array correct using these new axioms and the axioms
of SKAT to get some basic assumptions so that we can reason at the propositional
level of KAT. The proof is completely formal, relying only on the axioms of KAT
and some basic facts of number theory. Most proofs of this algorithm are somewhat
informal, appealing to a general examination of the code. An exception is a formal
proof of heapsort’s correctness in Coq [24]. In this section, we provide an outline
of the major steps of the proof. For the proof in its entirety, see [23].

We adapt the algorithm given in [25, Ch. 7]. Consider the function heapify(A,i),
which alters the array A such that the tree rooted at index ¢ obeys the heap prop-
erty: for every node ¢ other than the root,

A(par(i)) = A(i)
where
par(i) = |i/2]
We have the following property for these operators
i>1= (t=par(j) = rt@i) =7 VIt@i) = j4) (40)
which states that node 7 is a child of its parent, where

1t(i) = 2i
rt(i) = 2i + 1

The code for the function is as follows, where the letters to the left represent
the names given to the assignments and tests at the propositional level of KAT:
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heapify(A,root)
{
a: i := root;
B: while(i !'= size(A) + 1)
{
b: 1 :=1t(i);
c: r :=rt(i);
C: if (1 <= size(A) && A(1) > A(Q))
d: lgst =1
else
e: lgst = 1
D: if(r <= size(A) && A(r) > A(1lgst))
f: lgst :=r
E: if(1gst != i)
{
g: swap(A,i,lgst);
h: i := 1gst
}
else
j: i := size(A) + 1
}
}
where
swap(A,i,j)
{
t := A[i];
Alil := A[j1;
A1 =t
}

The variable size(A) denotes the size of the heap rooted at A(1) while length(A)
is the size of the entire array.

We wish to prove that the heapify function does in fact create the heap prop-
erty for the tree rooted at index r. First, we express the property that a tree
indexed at r is a heap, except for the trees under the node i and greater:

', Y1<r<i=>
(It(r) < size(A) = (A(r) > A(lt(r)) A Hxlél,lt(r),i))/\
(rt(r) < size(A) = (A(r) > A(rt(r)) A H;Mt(r)’i))

Now, we can easily define what it means to be a heap rooted at node r:
de
HA;T <:; Hzlﬁl,r,size(A)
We also define the test

Pari ©i>1=1t(i) < size(A) = A(par(i)) > A(lt(i
rt(i) < size(A) = A(par(i)) > A(rt(i
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We wish to prove that
root > 1; HA,lt(root); HA,Tt(TOOt); heapify (Aa ’f’OOt) = heapify (Aa TOOt); HA,root

First, we need a couple of lemmas. We show that swapping two values in
an array reverses the relationship between them and that swapping two values
maintains the heap property.

The majority of the proof is spent showing the loop invariant of the while
loop in the heapify function.

Lemma 2.
(Z > ]-)a PA,root,i; H‘il,root,i; HA,lt(i); HA,rt(i);
(B;b;c; (C;d+ Cse)(D; f + D)(E; g;h + E; )
= (Bybyc; (C;d+ Cse)(D; f + D)(E5 95 h + E; )%
(Z 2 1)7 PA,root,i; H,lq’root’i; HA,lt(i); HA,rt(i)

Proof. The proof proceeds by using commuting our invariants through the pro-
gram and citing distributivity and congruence. O

Now, we can prove the original theorem.
Theorem 2.
(TOOt > ]-)a HA,lt(root); HA,rt(root); heapzfy(A, T‘OOt) = heapzfy(Av TOOt); HA,root

Proof. The proof proceeds by commuting our the tests through the heapify func-
tion. O

Now that we have properties for the heapify function, we can show that the
function build-heap(A), which creates a heap from the array A, works correctly.
The program is

build-heap (A)

{
a: size(A) = length(A);
b: root := floor(size(A)/2);
B: while(root >= 1)
{
c: heapify(A,root);
d: root := root - 1
}
}

We show that the invariant of the loop (B;c;d)* is Vj > root, Ha ;. It suffices
to show that it is true for one iteration of the loop, i.e.

Lemma 3.

(Vj >root,Ha ;); B;c;d = B;c;d; (Vj > root, Hy ;)
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Proof. We define a predicate to represent the ancestor relationship:
ch(i, j) < i = par(j) V ch(i, par(j))

We then define our other properties in terms of this one and use Theorem [2,
Boolean algebra rules, and (@) to prove the lemma. |

Now we need to show

Theorem 3.
a;b; (B;c;d)*; B = a;b; (B;c;d)*; By Ha

Proof. We use the definition of H 4, o0t and reflexivity. O

Finally, we can prove that the function heapsort works. The function is defined
as:

heapsort (A)
{
a: build-heap(4);
B: while(size(A) != 1)
{
swap(A,1,size(A));
c: size(A) := size(A) - 1;
d: heapify(A,1);
}
}

Theorem 4.
heapsort(A) = heapsort(A); (Vj, k,1 < j < k <length(A4) = A(j) < A(k))
Proof. To prove this, we prove that the invariant of the loop is

(size(A) < length(A) = A(size + 1) > A(size(A)));
(Vj, k,size(A) < j < k <length(A) = A(k) > A(j)); Ha1

We use commutativity and Theorem O

Therefore, we know that the heapsort function sorts an array A.

6 Conclusions and Future Work

We have presented an axiomatization of arrays for use with KAT. Through the
use of preconditions, we are able to capture the essence of aliasing considerations
and consider them only where they are needed: when reasoning about program
transformation. The axiomatization presented here applies to arrays. However,
we believe it could be extended to pointers, since pointer analysis suffers from
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many of the same complications with aliasing as arrays. Providing a framework
such as KAT for reasoning about pointers could be very valuable.

We would also like to implement these axioms in KAT-ML [26]. These exten-
sions would be helpful in proving and verifying properties about everyday pro-
grams in an easily-transferable way. Arrays being so ubiquitous in programming
today makes such an extension necessary to make the system useful. Inevitably,
KAT and its implementation KAT-ML could provide an apparatus for verifying
properties of programs written in a variety of languages.
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Abstract. Most previous work on the semantics of programs with lo-
cal state involves complex storage modeling with pointers and memory
cells, complicated categorical constructions, or reasoning in the presence
of context. In this paper, we explore the extent to which relational se-
mantics and axiomatic reasoning in the style of Kleene algebra can be
used to avoid these complications. We provide (i) a fully compositional
relational semantics for a first-order programming language with a con-
struct for local variable scoping; and (ii) an equational proof system
based on Kleene algebra with tests for proving equivalence of programs
in this language. We show that the proof system is sound and complete
relative to the underlying equational theory without local scoping. We
illustrate the use of the system with several examples.

1 Introduction

Reasoning about programs with local state is an important and difficult prob-
lem that has attracted much attention over the years. Most previous work in-
volves complex storage modeling with pointers and memory cells or complicated
categorical constructions to capture the intricacies of programming with state.
Reasoning about the equality of such programs typically involves the notion of
contextual or observable equivalence, where two programs are considered equiv-
alent if either can be put in the context of a larger program and yield the same
value. Pitts [I] explains that these notions are difficult to define formally, because
there is no clear agreement on the meaning of program context and observable
behavior. A common goal is to design a semantics that is fully abstract, where
observable equivalence implies semantic equivalence, although this notion makes
the most sense in a purely functional context (see for example [2/3]).

Seminal work by Meyer and Sieber [4] introduced a framework for proving
the equivalence of ALGOL procedures with no parameters. Much attention has
focused on the use of denotational semantics to model a set of storage locations
[BU6I7IR]. The inability to prove some simple program equivalences using tradi-
tional techniques led several researchers to take a categorical approach [9TO/TT].
See [12] for more information regarding the history of these approaches.

R.A. Schmidt (Ed.): ReIMiCS /AKA 2006, LNCS 4136, pp. 78-[0] 2006.
© Springer-Verlag Berlin Heidelberg 2006



Local Variable Scoping and Kleene Algebra with Tests 79

More recently, several researchers have investigated the use of operational
semantics to reason about ML programs with references. While operational se-
mantics can be easier to understand, their use makes reasoning about programs
more complex. Mason and Talcott [I3JT4JT5] considered a A-calculus extended
with state operations. By defining axioms in the form of contextual assertions,
Mason and Talcott were able to prove the equivalence in several examples of
Meyer and Sieber. Pitts and Stark [IIT6/T7II8] also use operational semantics.

Others have looked at using game semantics to reason about programs with
local state [L9I20121122]. Several full abstraction results have come from using
game semantics to represent languages with state.

In [23], we presented a fully compositional relational semantics for higher-
order programs, and showed how it could be used to avoid intricate memory
modeling and the explicit use of context in program equivalence proofs. We
showed how to handle several examples of Meyer and Sieber [4] in our frame-
work. However, in that paper, we did not attempt to formulate an equational
axiomatization; all arguments were based on semantic reasoning.

In this paper we consider a restricted language without higher-order programs
but with a let construct for declaring local variables with limited scope:

let z =1t in p end. (1)

In the presence of higher-order programs, this construct can be encoded as a
A-term (Az.p)t, but here we take (1) as primitive. The standard relational seman-
tics used in first-order KAT and Dynamic Logic involving valuations of program
variables is extended to accommodate the let construct: instead of a valuation,
a state consists of a stack of such valuations. The formal semantics captures the
operational intuition that local variables declared in a let statement push a new
valuation with finite domain, which is then popped upon exiting the scope.

This semantics is a restriction of the relational semantics of [23] for interpret-
ing higher-order programs. There, instead of a stack, we used a more complicated
tree-like structure called a closure structure. Nevertheless, it is worthwhile giving
an explicit treatment of this important special case. The let construct interacts
relatively seamlessly with the usual regular and Boolean operators of KAT, which
have a well-defined and well-studied relational semantics and deductive theory.
We are able to build on this theory to provide a deductive system for program
equivalence in the presence of let that is complete relative to the underlying
equational theory without let.

This paper is organized as follows. In Section [2] we define a compositional
relational semantics of programs with let. In Section[Bl we give a set of proof rules
that allow let statements to be systematically eliminated. In Section Hl, we show
that the proof system is sound and complete relative to the underlying equational
theory without local scoping, and provide a procedure for eliminating variable
scoping expressions. By “eliminating variable scoping expressions,” we do not
mean that every program is equivalent to one without scoping expressions—
that is not true, and a counterexample is given in Section B—but rather that
the equivalence of two programs with scoping expressions can be reduced to the
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equivalence of two programs without scoping expressions. We demonstrate the
use of the proof system through several examples in Section [l

2 Relational Semantics

The domain of computation is a first-order structure 2 of some signature X. A
partial valuation is a partial map f : Var — |2|, where Var is a set of program
variables. The domain of f is denoted dom f. A stack of partial valuations is called
an environment. Let o, 7, ... denote environments. The notation f :: ¢ denotes an
environment with head f and tail o; thus environments grow from right to left.
The empty environment is denoted €. The shape of an environment f; :: --- =
frnisdom f; :: --- :: dom f,,. The domain of the environment f; :: -+ 1 fp is
U7, dom f;. The shape of € is € and the domain of ¢ is @. The set of environments
is denoted Env. A state of the computation is an environment, and programs will
be interpreted as binary relations on environments.

In Dynamic Logic and KAT, programs are built inductively from atomic pro-
grams and tests using the regular program operators +, ;, and *. In the first-order

versions of these languages, atomic programs are simple assignments = := t,
where = is a variable and ¢ is a Y-term. Atomic tests are atomic first-order
formulas R(t1,...,t,) over the signature X.

To accommodate local variable scoping, we also include let expressions in the
inductive definition of programs. A let expression is an expression

let 1 =t1,...,2, = t, in p end (2)

where p is a program, the x; are program variables, and the ¢; are terms.

Operationally, when entering the scope (), a new partial valuation is cre-
ated and pushed onto the stack. The domain of this new partial valuation is
{z1,...,2,}, and the initial values of xi,...,x, are the values of ti,...,tn,
respectively, evaluated in the old environment. This partial valuation will be
popped when leaving the scope. The locals in this partial valuation shadow any
other occurrences of the same variables further down in the stack. When evaluat-
ing a variable in an environment, we search down through the stack for the first
occurrence of the variable and take that value. When modifying a variable, we
search down through the stack for the first occurrence of the variable and mod-
ify that occurrence. In reality, any attempt to evaluate or modify an undefined
variable (one that is not in the domain of the current environment) would result
in a runtime error. In the relational semantics, there would be no input-output
pair corresponding to this computation.

To capture this formally in relational semantics, we use a rebinding operator
[x/a] defined on partial valuations and environments, where x is a variable and
a is a value. For a partial valuation f : Var — ||,

f(W), ify € dom f and y # =,
flz/a)(y) = { a, if y € dom f and y = =,
undefined, if y ¢ dom f.
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For an environment o,

flz/a] 7, if o= f::7 and « € dom f,
olz/a] =< fu7[z/al,if o= f:7and x & dom f,
£, if o =e.

Note that rebinding does not change the shape of the environment. In particular,

elz/al =e.
The value of a variable z in an environment o is
f(x), ifo=f:7andz€dom f,
o(x) = 7(2), ifo=f:7and z ¢dom f,

undefined, if 0 = €.

The value of a term ¢ in an environment o is defined inductively on ¢ in the usual
way. Note that o(t) is defined iff € dom o for all z occurring in ¢.

A program is interpreted as a binary relation on environments. The binary
relation associated with p is denoted [pl. The semantics of assignment is

[z :=t1 = {(o,0[z/0(t)]) | o(t) and o(z) are defined}.

Note that both x and ¢ must be defined by ¢ for there to exist an input-output
pair with first component o.
The semantics of scoping is

[let x1 =t1,...,2, =t, in p end]
= {(o,tail(7)) | o(t;) is defined, 1 <i <n, and (f ::0,7) € [p1}, (3)

where f is the environment such that f(z;) = o(t;), 1 <i < n.

As usual with binary relation semantics, the semantics of the regular program
operators +, ;, and * are union, relational composition, and reflexive transitive
closure, respectively. For an atomic test R(t1,...,t,),

I[R(tla s 7tn)]]
={(0,0) | o(t;) is defined, 1 < i <n, and A, 0 F R(t1,...,tn)}.

where F is satisfaction in the usual sense of first-order logic. The Boolean oper-
ator ! (weak negation) is defined on atomic formulas by

CR(t1, ..., tn)]

={(0,0) | o(t;) is defined, 1 < i <n, and A, 0 F ~R(t1,...,ts)}.
This is not the same as classical negation =, which we need in order to use
the axioms of Kleene algebra with tests. However, in the presence of !, classical

negation is tantamount to the ability to check whether a variable is undefined.
That is, we must have a test undefined(z) with semantics

Lundefined(z)1 = {(o,0) | o(x) is undefined}.
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Example 1. Consider the program

let =1

in x:=y+ z;
lety=xz+2iny:=y+2z2;2:=y+1 end;
Y=z

end

Say we start in state (y = 5,z = 20). Here are the successive states of the com-
putation:

After. .. the state is. ..
entering the outer scope (x=1):(y=5,z=20)
executing the first assignment (x =25) :: (y =5,z = 20)
entering the inner scope (y=27):: (x=25) :: (y =5,z = 20)
executing the next assignment (y = 47) :: (x = 25) :: (y = 5,z = 20)
executing the next assignment (y = 47) :: (x =25) :: (y =5,z = 48)
exiting the inner scope (x =25) :: (y =5,z = 48)
executing the last assignment (x =125) :: (y =25,z=48)
exiting the outer scope (y =25,z =48)

Lemma 1. If (o,7) € [p], then o and T have the same shape.

Proof. This is true of the assignment statement and preserved by all program
operators. o

The goal of presenting a semantics for a language with local state is to allow
reasoning about programs without the need for context. A context C'[-] is just
a program expression with a distinguished free program variable. Relational
semantics captures all contextual information in the state, thus making contexts
superfluous in program equivalence arguments. This is reflected in the following
theorem.

Theorem 1. For program expressions p and q, [LC[pl] = LC [q]] for all con-
texts C'[-] iff [p] = [q¢].

This is a special case of a result proved in more generality in [23]. The direction
(—) is immediate by taking C'[-] to be the trivial context consisting of a single
program variable. The reverse direction follows from an inductive argument,
observing that the semantics is fully compositional, the semantics of a compound
expression being completely determined by the semantics of its subexpressions.

3 Axioms and Basic Properties

In this section we present a set of axioms that can be used to systematically elimi-
nate all local scopes, allowing us to reduce the equivalence problem to equivalence
in the traditional “flat” semantics in which all variables are global. Although the
relational semantics presented in Section[2]is a special case of the semantics pre-
sented in [23] for higher-order programs, an axiomatization was not considered
in that work.
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Axioms

A. If the y; are distinct and do not occur in p, 1 < ¢ < n, then the following
two programs are equivalent:

let 1 =t1,...,2, =, in p end

let y1 =t1,...,yn =ty in plz;/y; | 1 <i <njend

where plx;/y; | 1 < i < n] refers to the simultaneous substitution of y;
for all occurrences of x; in p, 1 < i < n, including bound occurrences and
those on the left-hand sides of assignments. This transformation is known as
Q-conVersion.

B. If y does not occur in s and y and x are distinct, then the following two
programs are equivalent:

let x=sinlety =1 in pendend
let y =t[z/s] inlet z = s in p end end

In particular, the following two programs are equivalent, provided = and y
are distinct,  does not occur in ¢, and y does not occur in s:

let x =sinlety =1 in pend end
let y=1tinlet z = s in p end end

C. If z does not occur in s, then the following two programs are equivalent:

letx=sinlety =t in p end end
let z = s in let y = t[z/s] in p end end

This holds even if x and y are the same variable.

D. If 27 does not occur in to, ..., t,, then the following two programs are equiv-
alent:
let xy =t1,...,2, = t, in p end
let x4 =ty inlet 22 =to,..., 2, =1, in p end end

E. If t is a closed term (no occurrences of variables), then the following two
programs are equivalent:

skip  let z =t in skip end

where skip is the identity function on states.
F. If z does not occur in pr, then the following two programs are equivalent:

p;letx =tingend;r letx =1in pgr end
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If  does not occur in p and ¢ is closed, then the following two programs are
equivalent:

p+letz=tingend letx=tinp+ qend

The proviso “t is closed” is necessary: if value of ¢ is initially undefined, then
the program on the left may halt, whereas the program on the right never
does.

If x does not occur in ¢, then the following two programs are equivalent:

(letz=tinpend)™ letz=ain (z:=t;p)* end

where a is any closed term. The proviso that = not occur in ¢ is necessary,
as the following counterexample shows. Take ¢ = x and p the assignment
y := a. The program on the right contains the pair (y = b,y = a) for b # q,
whereas the program on the left does not, since x must be defined in the
environment in order for the starred program to be executed once.

If = does not occur in ¢t and a is a closed term, then the following two
programs are equivalent:

letx=tinpend letx=ainzxz:=t;pend
If x does not occur in ¢, then the following two programs are equivalent:

letz=sinpend;z:=t x:=s;p;x:=t

Theorem 2. Azioms[AH] are sound with respect to the binary relation seman-
tics of Section [3.

Proof. Most of the arguments are straightforward relational reasoning. Perhaps
the least obvious is Axiom [H] which we argue explicitly. Suppose that z does
not occur in t. Let a be any closed term. We wish to show that the following two
programs are equivalent:

(letz=tinpend)* letz=ain (z:=t;p)* end

Extending the nondeterministic choice operator to infinite sets in the obvious
way, we have

(let z =t in pend)* = Z (let x =t in p end)”
n
let z=ain (x:=t;p)* end=let x = a in Z (x:=1t;p)" end

n
:Z let z =ain (z:=t;p)" end
n

the last by a straightforward infinitary generalization of Axiom [Gl It therefore
suffices to prove that for any n,

(letx=tinpend)” =letx =ain (z:=1t;p)" end
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This is true for n = 0 by Axiom [El Now suppose it is true for n. Then
(let 2 =t in p end)" !

= (letz=tinpend)”;let x =t in p end

=letx=ain (z:=t;p)" end;let z =t in p end (4)
=letx=ain (v :=1t;p)";z:=tpend (5)
=letz=ain (z:=t;p)"" end

where () follows from the induction hypothesis and (B) follows from the identity
letz=aingend;letz=tinpend = letz=aingqgz:=t;pend (6)

To justify (@), observe that since x does not occur in ¢ by assumption, p is
executed in exactly the same environment on both sides of the equation.

When proving programs equivalent, it is helpful to know we can permute local
variable declarations and remove unnecessary ones.

Lemma 2.

(i) For any permutation 7 : {1,...,n} — {1,...,n}, the following two programs
are equivalent:

let x1 =t1,...,2, =t, in p end
let Zr(1) = tx(1)s -+ Tx(n) = tx(n) in p end.

(ii) If = does not occur in p, and if t is a closed term, then the following two
programs are equivalent:

p letx=tinpend.

The second part of Lemma [2is similar to the first example of Meyer and Sieber
[4] in which a local variable unused in a procedure call can be eliminated.

4 Flattening

To prove equivalence of two programs p, ¢ with scoping, we transform the pro-
grams so as to remove all scoping expressions, then prove the equivalence of the
two resulting programs. The transformed programs are equivalent to the origi-
nal ones except for the last step. The two transformed programs are equivalent
in the “flat” semantics iff the original ones were equivalent in the semantics of
Section 21 Thus the process is complete modulo the theory of programs without
scope. The transformations are applied in the following stages.

Step 1. Apply a-conversion (Axiom [A]) to both programs to make all bound
variables unique. This is done from the innermost scopes outward. In particular,
no bound variable in the first program appears in the second program and vice-
versa. The resulting programs are equivalent to the originals.
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Step 2. Let x1,...,x, be any list of variables containing all bound variables that
occur in either program after Step 1. Use the transformation rules of Axioms
[AH] to convert the programs to the form let x1=a,...,z,=a in p end and
let x1=a,...,x,=a in g end, where p and ¢ do not have any scoping expressions
and a is a closed term. The scoping expressions can be moved outward using
Axioms [EHHl Adjacent scoping expressions can be combined using Axioms
and [Dl Finally, all bindings can be put into the form z=a using Axiom [l

Step 3. Now for p, g with no scoping and a a closed term, the two programs

let x1=a,...,z,=a in p end

let z1=a,...,xp,=a in g end
are equivalent iff the two programs

T =@} Ty = QA;P; T =G5+ Ty 1=

Ty =@} Ty ' =Q;Q;T] =G Ty 1= Q

are equivalent with respect to the “flat” binary relation semantics in which states
are just partial valuations. We have shown

Theorem 3. Azioms [AH] of Section [3 are sound and complete for program

equivalence relative to the underlying equational theory without local scoping.

5 Examples

We demonstrate the use of the axiom system through several examples. The
first example proves that two versions of a program to swap the values of two
variables are equivalent when the domain of computation is the integers.

Ezample 2. The following two programs are equivalent:

let t==x T:=xdy;
in z:=y; Yy =xDYy;

y:=t rT:=xDy
end

where @ is the bitwise xor operator. The first program uses a local variable to
store the value of x temporarily. The second program does not need a temporary
value; it uses xor to switch the bits in place. Without the ability to handle local
variables, it would be impossible to prove these two programs equivalent, because
the first program includes an additional variable ¢. In general, without specific
information about the domain of computation and without an operator like &,
it would be impossible to prove the left-hand program equivalent to any let-free
program.
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Proof. We apply Lemma [2] to convert the second program to

let t=a

in z:=x®uy;
y=rdy;
r=rDy

end

where a is a closed term. Next, we apply Axiom [[lto the first program to get

let t=ua
in t:=u;
TiI=Y;
y:=1i
end

From Theorem [3 it suffices to show the following programs are equivalent:

t:=a; t:=a;
t:=ux; T:=xDY;
T =Y y=zdy;
Y=t =2 DYy;
t:=a t:=a

We have reduced the problem to an equation between let-free programs. The
remainder of the argument is a straightforward application of the axioms of
schematic KAT [24] and the properties of the domain of computation. O

The second example shows that a local variable in a loop need only be declared
once if the variable’s value is not changed by the body of the loop.

Ezample 3. If the final value of = after exectuing program p is always a, that is,
if p is equivalent to p; (x = a) for closed term a, then the following two programs
are equivalent:

(let x = a in p end)* let z = a in p* end.
Proof. First, we use Axiom [Hl to convert the program on the left-hand side to
let z =a in (z :=a;p)™ end.
It suffices to show the following flattened programs are equivalent:
r=a;(x:=a;p)" 2 :=a r:i=a;p" = a.

The equivalence follows from basic theorems of KAT and our assumption p =
p; (z = a). O

The next example is important in path-sensitive analysis for compilers. It shows
that a program with multiple conditionals all guarded by the same test needs
only one local variable for operations in both branches of the conditionals.
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Ezample 4. If x and w do not occur in p and the program (y = a); p is equivalent
to the program p; (y = a) (that is, the execution of p does not affect the truth
of the test y = a), then the following two programs are equivalent:

let x=0,w=0
in (if y=a then x :=1 else w :=2);p;if y =a then y:=z else y :== w
end

let z=0
in (if y=athen z:=1else z:=2);p;y ==z
end

Proof. First we note that it follows purely from reasoning in KAT that (y = a);p
is equivalent to (y = a);p; (y = a) and that (y # a);p is equivalent to p; (y # a)
and also to (y # a);p; (y # a).

We use laws of distributivity and Boolean tests from KAT and our assumptions
to transform the first program into

let =0,w=0
in (y=az:=Lpy=ay:=2)+(y #aw:=2;p;y # a;y :=w)
end

Axiom [D] allows us to transform this program into

let =0

in let w=0
in (y=aqz:=Lpy=ay:=2)+ Yy #aw:=2py#ay:=uw)
end

end

By two applications of Axiom [G] we get

let =0 let w=0
in y=a,z:=Lipy=ay:=z|+|in yFaw:=2;p;yFa;y:=w
end end

Using a-conversion (Axiom [A]) to replace w with x, this becomes

let =0 let =0
in y=ar=Lpy=agy=c |+ |in yFar=%LpyFay=c
end end

This program is equivalent to

let =0
in (y=ar=Lpy=ay:=1)+y#aur:=2py#ay =71
end

by a simple identity

letx=ainp+qgend = letx=ainpend+letx=ain gend
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It is easy to see that this identity is true, as both p and g are executed in the

same state on both sides of the equation. It can also be justified axiomatically

using Axioms[A] [D] and [G] and a straightforward application of Theorem
Finally, we use laws of distributivity and Booleans to get

let =0
in (ify=athen x:=1else z:=2);p;y:==x
end
which is what we wanted to prove. O

6 Conclusion

We have presented a relational semantics for first-order programs with a let con-
struct for local variable scoping and a set of equational axioms for reasoning
about program equivalence in this language. The axiom system allows the let
construct to be systematically eliminated, thereby reducing the equivalence ar-
guments to the let-free case. This system admits algebraic equivalence proofs for
programs with local variables in the equational style of schematic KAT. We have
given several examples that illustrate that in many cases, it is possible to rea-
son purely axiomatically about programs with local variables without resorting
to semantic arguments involving heaps, pointers, or other complicated semantic
constructs.
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Abstract. We model groups as relational systems and develop relation-
algebraic specifications for direct products of groups, quotient groups,
and the enumeration of all subgroups and normal subgroups. The lat-
ter two specifications immediately lead to specifications of the lattices
of subgroups and normal subgroups, respectively. All specifications are
algorithmic and can directly be translated into the language of the com-
puter system RELVIEW. Hence, the system can be used for constructing
groups and for computing and visualizing their lattices of subgroups and
normal subgroups. This is demonstrated by some examples.

1 Introduction

A number of mathematical structures are generalizations of lattices. Especially
this holds for relation algebra [I6JI4], which additionally possesses operations
for forming complements, compositions, and transpositions. Its use in Computer
Science is mainly due to the fact that many structures/datatypes can be modeled
via relations, many problems on them can be specified naturally by relation-
algebraic expressions and formulae, and, therefore, many solutions reduce to
relation-algebraic reasoning and computations, respectively.

As demonstrated in [I4], relation algebra is well suited for dealing with many
problems concerning order relations in a component-free (also called point-free)
manner. Taking ordered sets as a starting point for introducing lattices (instead
of algebras having two binary operations M and LI), lattices are nothing else
than partial order relations with the additional property that every pair z,y
of elements has a greatest lower bound x My and a least upper bound z LI y.
This suggests to apply the formal apparatus of relation algebra and tools for
its mechanization for lattice-theoretical problems, too. A first example for this
approach is [4], where relation algebra and the computer system RELVIEW [13]
are combined for computing and visualizing cut completions and concept lattices.

The material presented in this paper is a continuation of [4]. We combine again
relation algebra and RELVIEW to compute and visualize the lattices of subgroups
and normal subgroups of groups by means of appropriate algorithmic relation-
algebraic specifications. These lattices are a powerful tool in group theory since
many group theoretical properties are determined by the lattice of (normal)
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subgroups and vice versa. As an example we mention that a finite group is cyclic
iff its subgroup lattice is distributive. A lot of further results in this vein can
be found in the monograph [15]. Fundamental for our approach is the modeling
of groups as relational systems. As a consequence, construction principles on
groups should be conducted within this framework, too, since frequently groups
are presented as compositions of other ones. In this paper we treat two important
principles, viz. the construction of direct products of groups and of quotient
groups modulo normal subgroups. Again this is done by developing appropriate
algorithmic relation-algebraic specifications.

2 Relational Preliminaries

We write R : X < Y if R is a relation with domain X and range Y, i.e., a
subset of X x Y. If the sets X and Y of R’s type X < Y are finite and of size
m and n, respectively, we may consider R as a Boolean matrix with m rows
and n columns. Since this Boolean matrix interpretation is well suited for many
purposes and also used by RELVIEW to depict relations, in the following we
often use matrix terminology and matrix notation. Especially we speak about
the rows and columns of R and write R, , instead of (z,y) € R or x Ry.. We
assume the reader to be familiar with the basic operations on relations, viz. R"
(transposition), R (complementation), RU S (union), RN S (intersection), and
RS (composition), the predicate R C S (inclusion), and the special relations O
(empty relation), L (universal relation), and | (identity relation).

By syq(R,S):= RTS N R'S the symmetric quotient syq(R,S):Y < Z of
two relations R: X < Y and S : X < Z is defined.

We also will use the pairing (or fork) [R,S] : Z < XxY of two relations
R:Z < X and §: Z < Y. Component-wisely it is defined by demanding for
all z € Z and u = (u1,ug) € X XY that [R, S|, iff R, 4, and S u,. (Throughout
this paper pairs u are assumed to be of the form (uj,us).) Using identity and
universal relations of appropriate types, the pairing operation allows to define
the two projection relations m : X XY < X and p : XXY < Y of the direct
product X x Y as 7 :=[I,L]" and p:= [L,1]". Then the above definition implies
forallu e XxY,z € X,and y € Y that 7, iff uy = x and p, 4 iff up = y. Also
the parallel composition (or product) R® S : XxX' < Y XY’ of two relations
R:X <Y and §: X' < Y’ such that (R ® S),,, is equivalent to Ry, ., and
Susw, forallu € X x X’ and v € Y xY’, can be defined by means of pairing. We
get the desired property if we define R ® S := [7R, pS], where 7 : X x X' «— X
and p: Xx X’ < X' are the projection relations on X x X'.

There are some relational possibilities to model sets. Our first modeling uses
vectors, which are relations v with v = vL. Since for a vector the range is
irrelevant we consider in the following mostly vectors v : X < 1 with a specific
singleton set 1 = { L} as range and omit in such cases the second subscript, i.e.,
write v, instead of v, ;. Such a vector can be considered as a Boolean matrix
with exactly one column, i.e., as a Boolean column vector, and represents the
subset {z € X | v,} of X. A non-empty vector v is said to be a point if voT C I,
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i.e., v is injective. This means that it represents a singleton subset of its domain
or an element from it if we identify a singleton set with the only element it
contains. In the Boolean matrix model a point v : X < 1 is a Boolean column
vector in which exactly one component is true.

As a second way to model sets we will apply the relation-level equivalents of
the set-theoretic symbol €, i.e., membership-relations M : X « 2% on X and its
powerset 2. These specific relations are defined by demanding for all z € X and
Y € 2¥X that Mgy iff € Y. A Boolean matrix implementation of M requires
exponential space. However, in [I2/5] an implementation of M using reduced
ordered binary decision diagrams (ROBDDs) is given, the number of nodes of
which is linear in the size of X.

Finally, we will use injective functions for modeling sets. Given an injective
function ¢ from Y to X, we may consider Y as a subset of X by identifying it
with its image under 2. If Y is actually a subset of X and 2 is given as relation
of type Y < X such that 2, , iff y = x for all y € Y and € X, then the
vector 2L : X « 1 represents Y as subset of X in the sense above. Clearly, the
transition in the other direction is also possible, i.e., the generation of a relation
inj(v) : Y < X from the vector representation v : X < 1 of Y C X such that
for all y € Y and = € X we have inj(v), . iff y = z.

A combination of such relations with membership-relations allows a column-
wise enumeration of sets of subsets. More specifically, if v : 2% « 1 represents a
subset & of the powerset 2% in the sense defined above, then for all z € X and
Y € & we get the equivalence of (M inj(v)T)Ly and z € Y. This means that
S := Minj(v)" : X < & is the relation-algebraic specification of membership
on G, or, using matrix terminology, the elements of & are represented precisely
by the columns of S. Furthermore, a little reflection shows for all Y, Z € & the
equivalence of Y C Z and ST S y z. Therefore, STS : & < & is the relation-
algebraic specification of set inclusion on &.

3 Relational Modeling of Groups

Assuming that the reader is familiar with the fundamental notions of groups
(otherwise see e.g., [I1]), in this section we introduce our relational model of
groups and show how to construct direct products and quotient groups within
this framework. As usual, we denote a group (G, -, ~1, 1) simply by its carrier set
G and write zy instead of z - y.

3.1 Basics of the Approach

Suppose G to be a group. Our relational modeling of G is rather simple. We use
a multiplication relation R : GXG < G for the binary operation - : G x G —
G, an inversion relation I : G « G for the unary operation ~! : G — G, and a
neutral point e : G < 1 for the neutral element 1, i.e., demand for all u € G x G
and z,y € G the following equivalences to hold:

Ry, <= wus ==z I, < x_lzy ey, <— x=1
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Fig. 1. Relational Model of the Kleinian group Vi

As a small example we consider the well-known Kleinian group Vj. Its car-
rier set consists of four elements e, a, b, ¢ and the group structure is completely
determined by demanding that e is the neutral element and that aa = bb = e.
The pictures of Fig. [l show the multiplication relation and inversion relation of
V4 as depicted by RELVIEW as Boolean matrices and the point for the neutral
element e as depicted by RELVIEW as Boolean vector. For reasons of space, the
multiplication relation is shown in transposed form.

Instead of the relational system (R, I,e), the multiplication relation R on its
own can be used to model a group G. This is due to the fact that the inversion
relation I and the neutral point e relation-algebraically can be specified using
R. Let 7, p: GXG < G be the projection relations on G x G. Then we have:

e=p’ (TNR)L I=7"(pN Rel)
We only prove the first equation. For all x € G we calculate as follows:

pT(TNR)L , < —Ju:p,, A (TNR)L,
= Yu:pyue — (TN R)L)y
= Vu:ug=z— 3y :myy ARyy ALy
= Vu:ug=a—3y:u1 =yARyy
<— Yu:us =T — ujus = Uy

This shows that pT (7 N R)L represents the (right) neutral element of G.

Furthermore, it should be mentioned that the usual first-order group axioms
can be translated into equivalent relational inclusions so that they can be checked
by means of RELVIEW. But we do not want to go into details here.

3.2 Construction of Product Groups

Let G and G’ be two groups. Then the direct product G x G’ becomes a group
if we define the binary operation component-wisely. The inverse of a pair is the
pair of inverses and as neutral element we have the pair of neutral elements.

Now, suppose the relational systems (R, T,e) and (R’,I’,¢’) to be relational
models of G and G, respectively, as introduced in Section [31l In the following
we develop a relational model of the direct product of G and G'.

Due to the equations of Section Bl it suffices to develop a relation-algebraic
specification of the multiplication relation of G x G’. To this end we assume that
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7 :GXG < Gand p: GXG' < G’ are the projection relations on G x G'. Then
we are able to calculate for all pairs u,v,w € G x G’ as follows:

w = {ujv1, U2V2)

w1 = U1V A\ Wa = UgV2

(Fz:ur =21 Avy =20 Az120 = wp) A

(z:ug =21 Ava = 29 A 2129 = wa)

(32 ey ATwzy A Ry ) A (325 puzy Apozy AR )
( ( )( ,u},z/\Rz,wl)/\(ElZ: (p®p)<u,v>z/\Rz w2)
((m & T)R) (u,0), w1 ((p®p)R’)<u,v>,wz
[(m@m)R, (p® p)R]u,

III[M 11

If we remove the two subscripts (u,v) and w from the last expression of this cal-
culation following the definition of relational equality, we arrive at the following
relation-algebraic specification of the multiplication relation of G x G':

Pmrel(R,R') = [(r @ ™R, (p® p)R'] : (GXG)x(GXG") « GxG’

Likewise but more easily, we are able to develop the relation-algebraic specifi-
cation [71, pI'] : GXG' — GxG’ of the inversion relation of G x G’ from the fact
that v = vt iff v; = ufl and vy = u;l for all u,v € G x G’. Also the neutral
point of the product group G x G’ can be computed from the neutral points of
G and G’, respectively. Here we arrive at me N pe’ : Gx G < 1. Compared with
the computations of the inversion relation and the neutral point of G X G’ from
the multiplication relation of G x G’ as shown in Section B.I] the computations
using [n], pI'] and me N pe’ are much more efficient in that they use the projec-
tion relations m, p of the direct product G x G’ instead of the much larger direct
product (GXG’) x (GX@G") as the equations of Section [B1] do.

3.3 Construction of Quotient Groups

Besides direct products, forming the quotient group (or factor group) G/N of a
group G modulo a normal subgroup N C G is a further important construction
on groups. Here G/N denotes the set of all equivalence classes (called right
cosets) of the equivalence relation E : G «— G, that is defined component-wisely
by the equivalence of E, , and zy~! € N for all z,y € G. The set G/N becomes a
group if the binary operation is defined by means of the classes’ representatives.
Then the inverse of an equivalence class [z] is the class [x71] and the neutral
equivalence class is the class [1], which coincides with the normal subgroup N.
Again we assume that G is modeled by the relational system (R,I,e) and
m,p: GXG < G are the projection relations on G x G. Furthermore, we suppose
that the normal subgroup N C G is represented by the vector n : G < 1 in the
sense of Section 21 Fundamental for obtaining a relational model of G/N is the
following calculation, where x,y € G are arbitrarily chosen group elements:
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leN <= FJu:ui=zAus=y "Auus € N
— Ju:myus A(pl )uy/\EIZ'uluzzz/\zeN
<— Ju: wuw (pD)uy NIz Ry An, as [ =17
< Ju:my A (pDuy NIz Ry A(nl),,y
<~ Ju:m , A(pI N Rnl)y,
< (7" (pI N RnL)),,

In combination with the definition of relational equality the last expression of
this calculation yields the relation-algebraic description E = 7' (pl N RnL).

Next, we apply a result of [2] saying that the relation M inj(syq(M, S)L)" is a
column-wise enumeration of the set of all equivalence classes of an equivalence
relation S in the sense of Section [21 If we replace in this expression the relation
S by ©T(pI N RnL) and use the corresponding membership-relation M of type
G < 2% we get a relation-algebraic specification of the canonical epimorphism
f: G — G/N, where f(z) = [z], as follows:

Cepi(R.I,n) = Minj(syq(M, 7" (pI N RnL))L)T :G < G/N

Now, we are almost done. Define C' := Cepi(R.I,n). Then we have for all
equivalence classes a,b,c € G/N the following property:

ab=c < Fu:|vi]=aA[vz] =bAc=[v1v2]
— Fu:[n]=aAv]=bATz: [zl =cAviva ==z
< Fov: (7C)yp,a A (p )vb/\EIx:C'x,c/\vax
<= Jv: [1C, pCly (a,py N (RC)y e
— Ju:[xC,pC], (o N (BC)ue

— (IC, pC]"RC) 4

A consequence is the following relation-algebraic specification of the multiplica-
tion relation of the quotient group G/N:

Qmrel(R,I,n) = [rC, pC]"RC : (G/N)x(G/N) < G/N

As in the case of direct products, also the inversion relation and the neutral
point of the quotient group G/N can be specified relation-algebraically using
the relational model (R, I,e) of the group G only. Doing so, we obtain CTIC :
G/N « G/N for the inversion relation of G/N and CTe : G/N « 1 for the
neutral point of G/N. However, contrary to direct products, now these “direct”
specifications are less efficient than the specifications based on the multiplication
relation of G/N. The reason is that the direct product (G/N) x (G/N) usually
is much smaller than the direct product G x G.

! Tt should be mentioned that [2] also contains an efficient relational programm for
the column-wise enumeration of the equivalence classes, that avoids the use of a
membership-relation. We only use here M inj(syq(M, S)L)T to simplify presentation.
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4 Relation-Algebraic Specification of Subgroup Lattices

Having modeled groups and two construction principles on them via relation al-
gebra, in this section we develop vector representations of the sets of subgroups
and normal subgroups, respectively. They immediately lead to column-wise enu-
merations of these sets and to specifications of the corresponding lattices.

4.1 Lattice of Subgroups

In what follows, we assume a group G that it is modeled by the relational system
(R,I,e). A non-empty subset of G is a subgroup if it is closed with respect to
both group operations. If &5 denotes the set of all subgroups of G, then the
ordered set (&, C) constitutes a lattice, called the subgroup lattice of G. In this
lattice Y M Z corresponds to the intersection Y N Z and Y U Z to (Y U Z), the
least subgroup of G containing the union Y U Z. See e.g., [916].

Now, suppose G to be finite. Then Y C G is closed with respect to both group
operations iff it is closed with respect to the binary group operation only. The
latter characterization is the starting point of the following calculation, where
M : G < 2% is a membership relation and 7, p : GxG « G are the projection
relations on G x G:

Y is a subgroup

Y#40AVu:ui €Y Aus €Y wujugs €Y
Fz:zeY)AVu:un €Y ANus €Y - 3Jz:uquea =2A2z€Y
Jr:xeY)AVu:iu1 €Y Aus €Y -32z: R, , Az€Y
Jz:Myy ALg) AVu: (M) y A (pM)y,y — 32 Ry, AM, v
MTL)y AVu: (M) y A (pM)yy — (BRM),y

MTL)y A =Ju: (7M)yy A (pM)yy A RM 4,y

MTL)y A=Fu: (M pMN RM)y., AL,

prerreey

MTLA (xM N pM A RM) 'L )y

If we remove the subscript Y from the last expression of this calculation
following the vector representation of sets as introduced in Section [2 and apply
after that some well-known relation-algebraic rules to transposeg only a “row
vector” instead of relations of types G' « 2% and GxG « 29, we get

N
SgVect(R) = (LTMN LT(sM N pMN RM)) :2¢ « 1

as relation-algebraic specification of the vector representing & as subset of 2¢.
The column-wise enumeration of the set G4 by

SgList(R) = M inj(SgVect(R))" : G — &¢

2 Using a ROBDD-implemention of relations, transposition of a relation with domain
or range 1 only means to exchange domain and range; the ROBDD remains un-
changed. See [I3] for details.
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and the relation-algebraic specification of set inclusion on the set &g, i.e., the
partial order relation of the subgroup lattice (&4, C), by

SgLat(R) = SgList(R)" SgList(R) : 6¢ — &¢

are immediate consequences of the technique shown at the end of Section [2

Using LT(MN IM) ! : 2¢ < 1 as vector representation of the subsets of G
closed with respect to inversion, it is possible to refine SgVect(R) to a relation-
algebraic specifications that works for general groups. In regard to computability
by a computer system like RELVIEW, the restriction to finite groups in the devel-
opment of SgVect(R) is irrelevant. Its only reason is to simplify the calculation
and to obtain a more efficient solution.

4.2 Lattice of Normal Subgroups

A subgroup Y of a group G is a normal subgroup if for all x € G and y € Y
we have xyz~! € Y. Also the set 9 of normal subgroups of G' can be made to
a lattice. In this lattice of normal subgroups (Mg, C) of G again greatest lower
bounds Y M Z correspond to intersections Y N Z. Compared with the subgroup
lattice (6, C) of G, however, the description of the least upper bound of two
normal subgroups Y and Z is more simple. We have YUZ = {yz |y € Y,z € Z}.
The lattice of normal subgroups is modular; for more details see e.g., [9/6].

Making again the assumptions that the (finite) group G is modeled by the
relational system (R, I, e), the above standard definition of normal subgroups is
our starting point for developing relation-algebraic specifications of the vector
description of i, the column-wise enumeration of ¢, and the partial order
relation of the lattice (Mg, C). Here is the decisive part of the development,
where Y € G is an arbitrarily chosen subgroup of G:

Y is a normal subgroup

<= V'LL:’U,QEY_)’UJUQUII ey

<~ Vu: (pM), y—>E|U:u1u2:U1/\uf1zvg/\vlvgeY

< Yu: (pM)yy — v Ry oy A (T)ypy Aviv2 €Y

<= Yu:(pM)yy = v : Rypy A (Mg ANI2z:0102 =2A2€Y
= Vu: (oM)y,y = 3v: Ryoy A(T)yw, A2 Ry AM, v

— Vu: (pM)yy — Jv: [Rywl]yw A (RM)yy

= VYu: (pM)uy — ([R, wI]RM)uy

< —~Ju: (pM ) A R, wI}RMYu

— —Ju: (pl\/lﬁ [R WI}RM)Y)u/\Lu

= (pMnN [R,7I]RM) Ly .

If we remove the subscript Y from the last expression, apply after that, as
in Section Il some simple transformations to improve efficiency in view of



Computing and Visualizing Lattices of Subgroups 99

an implementation of relations via ROBDDs, and intersect the result with the
vector representation of the set of all subgroups of G, this leads to

-
NsgVect(R, 1) = SgVect(R) N LT(pM N [R,7I]RM) :2¢ « 1

as vector representing Mg as subset of 2¢. Immediate consequences are
NsgList(R,I) = M inj(NsgVect(R, I))T G - Ng

as relation-algebraic specification of the column-wise enumeration of g and
NsgLat(R,I) = NsgList(R,I)" NsqList(R,I) : Ne < Ng

as relation-algebraic specification of the partial order relation of the lattice of
normal subgroups (Mg, C).

5 Implementation and Examples

In order to illustrate our approach, in the following we give a short description
of the RELVIEW system and show afterwards by means of three simple examples
some possibilites and special features of this tool.

5.1 The RELVIEW-System

Relational algebra has a fixed and surprisingly small set of constants and op-
erations which — in the case of finite carrier sets — can be implemented very
efficiently. At Kiel University we have developed a visual computer system for
the visualization and manipulation of relations and for relational prototyping
and programming, called RELVIEW. The tool is written in the C programming
language, uses ROBDDs for very efficiently implementing relations [I2/13], and
makes full use of the X-windows graphical user interface. Details and applications
can be found, for instance, in [TI2I3/415].

One of the main purposes of the RELVIEW tool is the evaluation of relation-
algebraic expressions. These are constructed from the relations of its workspace
using pre-defined operations (including the basic ones, symmetric quotient, and
pairing) and tests and user-defined relational functions and programs.

A relational program in RELVIEW is much like a function procedure in the
programming languages Pascal or Modula 2, except that it only uses relations
as datatype. It starts with a head line containing the program name and the for-
mal parameters. Then the declaration of the local relational domains, functions,
and variables follows. Domain declarations can be used to introduce projection
relations. The third part of a RELVIEW-program is the body, a while-program
over relations. Recursive calls of programs are allowed. As a RELVIEW-program
computes a value, finally, its last part consists of a RETURN-clause, which essen-
tially is a relation-algebraic expression whose value after the execution of the
body is the result.
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All relation-algebraic specifications we have developed so far immediately can
be translated into RELVIEW-code. For example, the following relational pro-
gram SgVect is a RELVIEW-implementation of the relation-algebraic specifica-
tion SgVect(R) of Section ATk

SgVect (R)
DECL PP = PROD(R"*R,R"*R);
pi, rho, M, L1, L2
BEG pi = p-1(PP);
tho = p-2(PP);
M = epsi(0in(R)");
L1 = Lin(R);
L2 = Lni(R)"
RETURN (L1*M & -(L2 * (pi*M & rho*M & -(R*M))))"
END.

The first declaration introduces PP as a name for the direct product G x G. Using
PP, the projection relations are then computed by the first two assignments of
the body and stored as pi and rho. The next three assignments compute the
membership relation M : G« 2¢ and two universal relations of type 1 « G and
GxG < 1, respectively. Finally, the RETURN-clause consists of a direct transla-
tion of the right-hand side of SgVect(R) into RELVIEW-syntax.

5.2 A First Example

As already mentioned, the lattices of normal subgroups are modular. The same
is not true for subgroup lattices. This is e.g., shown in [] by the subgroup
lattice of the alternating group A4 of the even permutations pq,...,p12 on the
set {1,2,3,4}. We have verified this example with the aid of RELVIEW.

In doing so, we started with the following multiplication tabls of A4, where the
number 7,1 < ¢ < 12, abbreviates the permutation p; on the set {1, 2, 3,4}. Using
cycle-notation these are specified as p1 = (), p2 = (1 2)(3 4), ps = (1 3)(2 4),
pi= (14)(23), ps = (123), ps = (132), pr = (124), ps = (142), po = (13 4),

S

ploz(143),p11=(234),andplgz( 43)

12345678 9101112
1123456 7389101112
221431210119 8 6 7 5
3341281110512 7 6 9
4432197612511108
559128 6 1 310114 2 7
6 611 7101 5124 2 8 9 3
7T 7106114 9 8 1 3125 2
8§ 8129 5113 1 7 6 2 410
9958127 4 211101 3 6
1010 7116 2125 3 1 9 8 4
11116 107 3 8 9 2 4 5121
12128 5 9102 4 6 7 3 111
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Fig. 2. Enumeration of Subgroups and Subgroup Lattice of A4

In the next step we transformed the above table into the relational model of
Ay. Loading the relations of this model (which are too large to be presented
here) from an ASCII-file into RELVIEW we then computed the subgroups of
A, and the partial order relation of the subgroup lattice. In the two pictures of
Fig. 2 the results of these computations are shown. The 12 x 10 Boolean matrix
on the left-hand side column-wisely enumerates the 10 subgroups of A, and
the directed graph on the right-hand side depicts the inclusion order on them
by means of the Hasse diagram. Additionally we have labeled three columns
of the enumeration matrix, where the labels indicate the permutations forming
the respective subgroup, drawn the corresponding nodes of the graph as black
circles, and emphasized the subgraph generated by the black nodes and the nodes
1, 10 by boldface arrows. From the relationships drawn as boldface arrows we
immediately see that the subgraph lattice of A4 contains a “pentagon sublattice”
Ns. Hence, the so-called M3-Ns-theorem [6] implies that it is not modular.

We also have used RELVIEW to compute the three normal subgroups of A4 and
the corresponding lattice. The latter forms a chain of length two, with a normal
subgroup N isomorphic to the Kleinian group Vj as element in the middle. The
three pictures of Fig. [ concern the quotient group of A4 modulo this specific
normal subgroup N, i.e., the quotient group A4/V4. On the left-hand side the
equivalence relation E of Section [B.3]is shown, the columns of the matrix in the

— o
OO0

Cl
C2
C3

Cl1.C1
Cl1,C2
C1,C3
C2,C1
c2,C2
C2,C3
C3,C1
C3,C2
C3,C3

Fig. 3. Quotient Construction A4/Va
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Fig. 4. Column-wise Enumeration of the Normal Subgroups of V4 x D3

middle enumerate the set A4/Vy, and the matrix on the right-hand side is the
multiplication relation of the quotient group A4/V4 (which, obviously, coincides
with the multiplication relation of the cyclic group Zs).

5.3 A Second Example

In the following, we treat a product construction. Assume D3 to be the dihedral
group of order 6. This group is generated by two elements, r and s say, such that
the equations > = 1 = s? and rsr = s hold. From this description we obtain
Ds = {1,r,rr,s, sr,srr} and the following multiplication table:

1 r» rr s sr srr
1 1 r rr s sr srr
r r rr 1 srr s sr
rrrr 1 1r sr srr s
s s srsrr 1 r rr
sr srsrr s rr 1 r
srrsrr s sr r rr 1

We have computed a relational model of the dihedral group D3 and combined
it with that of the Kleinian group Vj to get a relational model of the product
group V4 x D3 with RELVIEW’s help. Again the later model is too large to be
presented here; its multiplication relation has 576 rows and 24 columns.

Then we used the system to compute all normal subgroups of this product
group and the lattice of normal subgroups, too. The picture of Fig. dl shows the
column-wise enumeration of the 21 normal subgroups of the group V4 x D3 by
a 24 x 21 Boolean matrix. A graphical representation of the lattice of normal
subgroups of V; x D3 by means of the Hasse diagram is depicted in Fig[Bl From
it and again the M3-N5-theorem we obtain that the lattice of normal subgroups
of V4 x D3 is not distributive since it contains a “diamond sublattice” Ms3.
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Fig. 5. The Lattice of Normal Subgroups of V4 x D3

To give an impression of the potential of RELVIEW and the positive effects of
the ROBDD-implementation of relations, we want to mention that (on a Sun-
Fire 880 workstation running Solaris 9 at 750 MHz) the system required 0.5
sec. to filter out from the 15777216 subsets of V4 x D3 those 21 subsets which
form normal subgroups and to compute the partial order relation of the lattice
of normal subgroups. We also have determined the 54 subgroups of V4 x D3 and
the relation/graph of the subgroup lattice. Here RELVIEW required 0.4 sec. For
reasons of space we renounce the corresponding RELVIEW pictures.

5.4 A Third Example

When interested on the generation of a group G, the Frattini subgroup of G
[15] plays an important role. It is defined as the intersection of all maximal
(proper) subgroups of G and consists of the non-generating elements of G, i.e,
of all elements x € G such that whenever G = (X) then G = (X \ {z}).

Fig. 6. Maximal Subgroups and Frattini Subgroup of Z4 X Za
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The RELVIEW-picture of Fig. [ visualizes the computation of the Frattini
subgroup for the product group Z4 x Z4. It shows the Hasse diagram of the
subgroup lattice of Z4 x Z4, where the three maximal subgroups are drawn as
squares, the Frattini subgroup is drawn as a black circle, and the intersection
relationships are emphasized as boldface arrows. The vector representing the
maximal subgroups is m := maz(Q, gre(Q,L)) and the point representing the
Frattini subgroup is glb(Q, m), where @ is the partial order relation of the sub-
group lattice and the relational functions max, gre, and ¢lb specify maximal
elements, greatest elements, and greatest lower bounds following [T4].

We have RELVIEW also used column-wisely to enumerate the 15 subgroups
of Z4 x Z4 as a 16 x 15 Boolean matrix. From its 10th column we obtained (0, 0),
(0,2), (2,0), and (2,2) as the elements of the Frattini subgroup of Z4 X Z,. This
is what we have expected, as 0 and 2 are the non-generating elements of Z4. In
contrast with this example, the Frattini subgroups of all our former examples
Va, A4, Ay/Vy, D3, and V4 x D3 are trivial.

6 Conclusion

Besides the examples of Section Bl we have applied the RELVIEW-programs re-
sulting from the relational specifications of Section Ml to other groups. Most
of them have been constructed as products of small groups (using RELVIEW-
programs obtained from the specifications of Section [B.2]), like D3 x D3 (26 sub-
groups; 10 are normal subgroups) and Vj x D3 x Zs (236 subgroups; 83 are normal
subgroups). Due to the use of membership-relations, for groups with |G| > 50
the computations can take very long time or be complete unfeasible — despite of
the very efficient ROBDD-implementation of relations in RELVIEW. Therefore,
we can not compete with algorithms specifically tailored to the problems we
have treated (cf. e.g., the times of [I0] for computing all normal subgroups).

Nowadays, systematic experiments are accepted as a way for obtaining new
mathematical insights. Hence, tools for experimental computations and visual-
izations become increasingly important in many areas as one proceeds in the
investigation of new and more complex notions. We believe that the real attrac-
tion of RELVIEW in respect thereof lies in its flexibility, its manifold visualization
possibilities, and the concise form of its programs. RELVIEW proved to be an
ideal tool for experimenting while avoiding unnecessary overhead. Programs are
built very quickly and their correctness is guaranteed by the completely formal
developments. For example, using Inf(R) = [R,R]' N [R,R]' R : LXL < L as
relation-algebraic specification of the lattice operation M in terms of the lattice’s
partial order relation R : L « L, the program SgVect of Section 1] immedi-
ately can be used for computing all sublattices of L. Thus, we have been able
to find out that, e.g., the 32-element Boolean lattice possesses exactly 12084
sublattices, whereas only 52 of them are Boolean sublattices.

At this place, also the advantages of the system when using it in teaching
should be mentioned. We found it very attractive to use RELVIEW for producing
good examples. These frequently have been proven for students to be the key
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of fully understanding an advanced concept. We have further recognized that
it is sometimes very helpful to demonstrate how a certain algorithm works. In
RELVIEW this is possible by executing computations in a stepwise fashion.
Relation algebra easily allows to specify the conjugacy-relation on a group G
with multiplication relation R : GXG « G as pT(RRT Nmp")m: G < G, where
m,p: GXG < G are the projection relations on G x G. Based on this fact, we
presently investigate a procedure to get the normal subgroups of a group without
using a membership-relation, viz. as normal closures of the conjugacy classes.
We also combine relation algebra and RELVIEW to solve many other problems
on orders and lattices and to visualize their solutions, like the test of order and
lattice properties, the enumeration of specific elements and subsets, questions
concerning concept lattices [8], and the construction of free lattices from partial
order relations on the generator set following [7]. Our ultimate aim is a library
of RELVIEW-programs for order- and lattice-theoretical tasks that hides most of
the relational notions and notation and, therefore, facilitates the use of the tool
and its manifold possibilities for people not being specialists in relation algebra.
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Abstract. Pratt [22] defines action algebras as Kleene algebras with
residuals. In [9] it is shown that the equational theory of *-continuous
action algebras (lattices) is IT?—complete. Here we show that the equa-
tional theory of relational action algebras (lattices) is IT%—hard, and
some its fragments are I1Y —complete. We also show that the equational
theory of action algebras (lattices) of regular languages is I7Y —complete.

1 Introduction

A Kleene algebra is an algebra A = (A,V,-,*,0,1) such that (A,V,0) is a join
semilattice with the least element 0, (A,-,1) is a monoid, product - distributes
over join V, 0 is an annihilator for product, and * is a unary operation on A,
fulfilling the conditions:

1Vaa* <a* ,1Va'a<a® , (1)

ab<b=a'b<b,ba<b=0ba*<b, (2)

for all a,b € A. One defines: a < b iff a V b = b. The notion of a Kleene algebra
has been introduced by Kozen [I5I6] to provide an algebraic axiomatization
of the algebra of regular expressions. Regular expressions on an alphabet X
can be defined as terms of the first-order language of Kleene algebras whose
variables are replaced by symbols from X' (treated as individual constants). Each
regular expression a on X denotes a regular language L(a) C X*. The Kozen
completeness theorem states that L(«) = L(f) if and only if o = 3 is valid in
Kleene algebras.

The class of Kleene algebras is a quasi-variety, but not a variety. Redko [23]
shows that the equations true for regular expressions cannot be axiomatized
by any finite set of equations. Pratt [22] shows that the situation is different
for Kleene algebras with residuals, called action algebras. An action algebra
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is a Kleene algebra A supplied with two binary operations /,\, fulfilling the
equivalences:

ab<csa<c/beb<ad\c, (3)

for all a,b,c € A. Operations /,\ are called the left and right residual, respec-
tively, with respect to product. Pratt writes a — b for a\b and a <« b for a/b;
we use the slash notation of Lambek [I§]. Pratt [22] proves that the class of
action algebras is a finitely based variety. Furthermore, in the language without
residuals, the equations true in all action algebras are the same as those true in
all Kleene algebras. Consequently, in the language with residuals, one obtains a
finite, equational axiomatization of the algebra of regular expressions.

On the other hand, the logic of action algebras differs in many essential aspects
from the logic of Kleene algebras. Although regular languages are (effectively)
closed under residuals, the Kozen completeness theorem is not true for terms
with residuals. For instance, since L(a) = {a}, then L(a/a) = {€}, while a/a =1
is not true in action algebras (one only gets 1 < a/a). It is known that L(a) =
L(B) iff a = f is valid in relational algebras (o, 8 do not contain residuals).
Consequently, the equational theory of Kleene algebras equals the equational
theory of relational Kleene algebras. This is not true for action algebras (see
below).

A Kleene algebra is said to be *-continuous, if xa*y =sup{za™y : n € w}, for
all elements z, a,y. Relational algebras with operations defined in the standard
way and algebras of (regular) languages are *-continuous. The equational theory
of Kleene algebras equals the equational theory of *-continuous Kleene algebras.
Again, it is not the case for action algebras. The equational theory of all action
algebras is recursively enumerable (it is not known if it is decidable), while
the equational theory of *-continuous action algebras is ITY—complete [9], and
consequently, it possesses no recursive axiomatization.

In this paper we study the complexity of relational action algebras and lat-
tices. An action lattice is an action algebra A supplied with meet A such that
(4,V,A) is a lattice; Kleene lattices are defined in a similar way. If K is a class of
algebras, then Eq(K) denotes the equational theory of /C, this means, the set of
all equations valid in K. KA, KL, ACTA, ACTL will denote the classes of Kleene
algebras, Kleene lattices, action algebras, and action lattices, respectively. KA*
denotes the class of *-continuous Kleene algebras, and similarly for the other
classes.

Let U be a set. P(U?) (the powerset of U?) is the set of all binary relations
on U. For R,S C U?, one defines: RV S =RUS, RAS=RNS,R-S=RoS,
l=1Iy ={(z,x) :2 €U}, 0=0, R® = Iy, R"*' = R"o R, R* = |, o, R",
and:

R/S ={(z,y) € U*: {(z,y)} oS C R} , (4)

R\S = {(z,y) €U*: Ro{(z,y)} € S}, ®)
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P(U?) with so-defined operations and designated elements is an action lattice
(it is a complete lattice). Algebras of this form will be called relational action
lattices; without meet, they will be called relational action algebras. Omitting
residuals, one gets relational Kleene lattices and algebras, respectively. RKA,
RKL, RACTA, RACTL will denote the classes of relational Kleene algebras,
relational Kleene lattices, relational action algebras and relational action lattices,
respectively.

All relational algebras and lattices, mentioned above, are *-continuous. Con-
sequently, Eq(KA)CEq(KA*)CEq(RKA), and similar inclusions are true for
classes KL, KL*, RKL, classes ACTA, ACTA*, RACTA, and classes ACTL,
ACTL*, RACTL. It is known that Eq(KA)=Eq(KA*)=Eq(RKA) (this follows
from the Kozen completeness theorem and the fact mentioned in the third
paragraph of this section). We do not know if Eq(KL)=Eq(KL*). All rela-
tional Kleene lattices are distributive lattices, but there exist nondistributive *-
continuous Kleene lattices, which yields Eq(KL*)#Eq(RKL). Since Eq(ACTA)
is X9 and Eq(ACTA*) is I1{—complete, then Eq(ACTA)#Eq(ACTA*); also,
Eq(ACTL)#Eq(ACTL*), for similar reasons [9].

It is easy to show that Eq(ACTA*) (resp. Eq(ACTL*)) is strictly contained
in Eq(RACTA) (resp. Eq(RACTL)); see section 2. Then, IT{—completeness of
the former theory does not directly provide any information on the complexity
of the latter. In section 3, we prove that Eq(RACTA) and Eq(RACTL) are
IIY—hard. The argument is similar to that in [9] which yields IT{—hardness
of Eq(ACTA*) and Eq(ACTL*): we show that the total language problem for
context-free grammars is reducible to Eq(RACTL) and Eq(RACTA).

We do not know whether Eq(RACTA) and Eq(RACTL) are I1?. In [21], it
has been shown that Eq(ACTA*) and Eq(ACTL*) are 1, using an infinitary
logic for ACTL* [9], which satisfies the cut-elimination theorem and a theorem
on elimination of negative occurrences of *. The elimination procedure replaces
each negative occurrence of a* by the disjunction 1VaV...Va™, for some n € w.
As a result, one obtains expressions which contain 1. Unfortunately, the exact
complexity of Eq(RACTA), Eq(RACTL) is not known; without * they are X9.
Andréka and Mikulds [I] prove a representation theorem for residuated meet
semilattices which implies that, in language with A, -, /,\ only, order formulas
a < 8 valid in RACTL possess a cut-free, finitary axiomatization (the Lambek
calculus admitting meet and empty antecedents of sequents), and consequently,
the validity problem for such formulas is decidable (other results and proofs
can be found in [I0J8]). We use this fact in section 3 (lemma 2) to prove the
results mentioned in the above paragraph and to prove ITY—completeness of
some fragments of Eq(RACTL).

In section 4, we consider analogous questions for the equational theory of
action algebras (lattices) of regular languages, and we show that this theory is
II?—complete. We use the completeness of the product-free fragment L (with A)
with respect to algebras of regular languages; the proof is a modification of the
proof of finite model property for this system [57].
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Our results show that there exists no finitary dynamic logic (like PDL), com-
plete with respect to standard relational frames, which handles programs formed
by residuals and regular operations. Programs with residuals can express the
weakest prespecification and postspecification of a program and related condi-
tions; see Hoare and Jifeng [13].

2 Sequent Systems

To provide a cut-free axiom system for the logic of *-continuous action algebras
(lattices) it is expedient to consider sequents of the form I = « such that I" is
a finite sequence of terms (of the first-order language of these algebras), and «
is a term. (Terms are often called formulas.) Given an algebra A, an assignment
is a homomorphism f from the term algebra to A; one defines f(I") by setting:
fle) =1, f(ar,...,an) = fla1) -+ f(an). One says that I' = « is true in
A under f, if f(I') < f(a). Clearly, f(«a) = f(B8) iff both f(a) < f(8) and
f(B) < f(a). A sequent is said to be true in A, if it is true in A under any
assignment, and wvalid in a class IC, if it is true in all algebras from K. Since
Eq(K) and the set of sequents valid in K are simply interpretable in each other,
then the complexity of one of these sets equals the complexity of the other.

The sequents valid in ACTL* can be axiomatized by the following system.
The axioms are:

MHa=a,(1) =1,(00)a,0,8=7~, (6)

and the inference rules are:

Noa, A=~y INB,A=~y I =q
IaVp,A=~y I'=a;Vay’
o, A=~ I'so I'=0
oy Nag, A=~ TI'=anp ’
o, A=y I's>a A=p
INa-B,A=~y INA=a-8 "’
Na, A=~y o= [[=a«a

Ia/B,6,A=~ " TI'=a/f’ (10)
A=~y d=>a ol =0 (1)
e, o\B, A=~ " I'=a\g’
A=«
I,A=ao’ (12)
(Ia", A= Blnew TN = a;...501 =« (13)
o A=p3 ' Ii,....I[, = a*

These rules are typical left- and right-introduction rules for Gentzen-style
sequent systems. For each pair of rules, the left-hand rule will be denoted by
(operation-L), and the right-hand rule by (operation-R). For instance, rules (7)
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will be denoted (V—L) and (V—R), respectively. Rule (12) will be denoted (1-
L). Rule (*-L) is an infinitary rule (a kind of w—rule); here o™ stands for the
sequence of n copies of . (*-R) denotes an infinite set of finitary rules: one for
any fixed n € w. For n = 0, (*-R) has the empty set of premises, so it is, actually,
an axiom = o*; this yields 1 = o*, by (1-L).

Without * and rules (13), the system is known as Full Lambek Calculus (FL);
see Ono [19], Jipsen [I4]. The rule (CUT):

o, A= 3 &=«
o, A= g3

is admissible in FL, this means: if both premises are provable in FL, then the
conclusion is provable in FL [I9]. The (-, /,\)—fragment of FL is the Lambek
calculus L (admitting empty antecedents of sequents), introduced by Lambek [18§]
(in a form not admitting empty antecedents) who has proved the cut-elimination
theorem for L.

A residuated lattice is an algebra A = (A, V, A, -, /,\,0,1) such that (A, V,A)
is a lattice with the least element 0, (A,-,1) is a monoid, and /,\ are residuals
for product (they fulfill (3)). It is known that FL is complete with respect to
residuated lattices: a sequent is provable in FL iff it is valid in the class of
residuated lattices. A residuated monoid is a structure A = (A, <,-,/,\, 1) such
that (A, <) is a poset, (4,-,1) is a monoid, and /,\ are residuals for product.
L is complete with respect to residuated monoids. These completeness theorems
can be proved in a standard way: soundness is obvious, and completeness can
be shown by the construction of a Lindenbaum algebra. Residuated monoids
and lattices are applied in different areas of logic and computer science; see e.g.
[T912046].

The following monotonicity conditions are true in all residuated monoids: if
a < cand b < d, then ab < ed, a/d < ¢/b, d\a < b\c (in lattices also: aVb < cVd,
aANb<cAd,in action algebras also: a* < c*).

FL with * and rules (13) has been introduced in [9] and denoted by ACTw.
The set of provable sequents can be defined in the following way. For a set X, of
sequents, C'(X) is defined as the set of all sequents derivable from sequents from
X by a single application of some inference rule (axioms are treated as inference
rules with the empty set of premises). Then, C() is the set of all axioms. One
defines a transfinite chain Cy¢, for ordinals ¢, by setting: Cy = 0, Cey1 = C(Cy),
Cy\ = UC</\ C¢. Since C' is a monotone operator and Cy C Cf, then C¢ C Ceqq,
for all ¢, and consequently, C¢ C Cj, whenever ¢ < 1. The join of this chain
equals the set of sequents provable in ACTw. The rank of a provable sequent
equals the least ¢ such that this sequent belongs to Ct.

The cut-elimination theorem for ACTw is proved in [21] by a triple induction:
(1) on the complexity of formula « in (CUT), (2) on the rank of I',a, A = £,
(3) on the rank of & = a (following an analogous proof for L in [4]). Let us
show one case of induction (1): o = v*. Assume that Ia, A = § and & = «
are provable. We start induction (2). If the left premise is an axiom (I), then
the conclusion of (CUT) is the right premise. If the left premise is an axiom (0),
then the conclusion of (CUT) is also an axiom (0). Assume that the left premise

(14)
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gets its rank on the basis of an inference rule R; then, each premise of R is of
a smaller rank. If R is any rule, not introducing the designated occurrence of
«, then we directly apply the hypothesis of induction (2). If R introduces the
designated occurrence of a, then R is (*-L) with premises I', 7", A = [, for all
n € w. We start induction (3). If & = « is an axiom (I), then the conclusion
of (CUT) is the left premise of (CUT). If & = « is an axiom (0), then the
conclusion of (CUT) is also an axiom (0). If & = « is a conclusion of (*-R), then
the premises are &1 = v, ..., ¢, = =, for some n € w. For n =0, we get ¢ = ¢,
and the conclusion of (CUT) is the premise of (*-L) for n = 0. For n > 0, one
of the premises of (*-L) is I,v", A = 3, and we use n times the hypothesis of
induction (1). If & = « is a conclusion of a rule different from (*-R), then we
directly apply the hypothesis of induction (3).

Since the rule (CUT) is admissible in ACTw, then a standard argument yields
the completeness of ACTw with respect to *-continuous action lattices [21].
Soundness is obvious, and completeness can be shown by the construction of a
Lindenbaum algebra. Using (1-L),(*-L) and (*-R), one easily proves 1 = o*,
a,a* = o and, using (CUT), derives the following rules:

a,f=p0 pa=p

a*,B=p" Bar=p
and consequently, the Lindenbaum algebra is an action lattice. By (*-L), it is
*_continuous.

Since ACTw is cut-free, then it possesses the subformula property: every prov-
able sequent admits a proof in which all sequents consist of subformulas of for-
mulas appearing in this sequent. In particular, ACTw is a conservative extension
of all its fragments, obtained by a restriction of the language, e.g. L, FL, the
V—free fragment, the A—free fragment, and so on. All *-free fragments are fini-
tary cut-free systems, admitting a standard proof-search decision procedure. So,
they are decidable.

Now, we show that Eq(ACTA*)£AEq(RACTA). In relational algebras, for
R,S C Iy, we have Ro S = RN S. Fix a variable p. In L, from p = p, one
infers = p/p, by (/-R). Then, 1 = 1 yields 1/(p/p) = 1, by (/-L). So, the
sequent 1/(p/p) = (1/(p/p)) - (1/(p/p)) is valid in RACTA. It is not valid in
ACTA* since it is not provable in L. (Use the proof-search procedure; notice
that = p, p/p = 1, = 1/(p/p) are not provable.) The same example shows
Eq(ACTL*)#Eq(RACTL) (another proof: the distribution of A over V is not
valid in ACTL*, since it is not provable in FL).

We define positive and negative occurrences of subterms in terms: « is positive
in «; if v is positive (resp. negative) in « or g, then it is positive (resp. negative)
inaVg, aAp, a-f, a*;if v is positive (resp. negative) in 3, then it is positive
(resp. negative) in G/, a\f; if v is positive (resp. negative) in «, then it is
negative (resp. positive) in 3/a, a\pj.

For n € w, let =" denote a® V...V a™; here o stands for the product of i
copies of o and o is the constant 1. We define two term transformations P,
N, for any n € w [9]. Roughly, P, () (resp. N,(7)) arises from ~ by replacing
any positive (resp. negative) subterm of the form a* by a=".

(15)



112 W. Buszkowski

P,(a) = Np(a) = a , if « is a variable or a constant, (16)
P,(ao ) = Py(a) o Pp() , for o =V, A, , (17)
Nyp(aof) = Ny(a) o Ny(B) , for o=V, A, -, (18)
Bo(a/B) = Pa(@)/Nu(B) s Pa(a\B) = Nn(a)\Pa(5) , (19)
Nu(a/B) = Nu(@)/Pr(B)  Nn(a\B) = Pu(@)\Na(B) (20)
Py(a”) = (Pa(a)=" |, Nu(a®) = (Nu(@)" (21)
For a sequent I = a, we set N, (I" = a) = P,(I') = N,(«), where:
P,(e) =€ ,P,(aq,...,ar) = Py(a1),..., Py(ag) . (22)

A term occurs positively (resp. negatively) in I = « if it occurs positively (resp.
negatively) in « or negatively (resp. positively ) in I

Palka [21] proves the following theorem on elimination of negative occurrences
of *: for any sequent I' = «, this sequent is provable in ACTw iff, for all n € w,
the sequent N,,(I" = «) is provable in ACTw.

As a consequence of this theorem, the set of sequents provable in ACTw is
IIY. Indeed, the condition

N, (I = «) is provable in ACTw (23)

is recursive, since N, (I" = «) contains no negative occurrences of *, whence it
is provable in ACTw iff it is provable in ACTw™, i.e. ACTw without rule (*-L),
and the latter system is finitary and admits an effective proof-search procedure.
Actually, no result of the present paper relies upon Palka’s theorem except for
some remark at the end of section 3.

3 Eq(RACTL) and Eq(RACTA) Are IT?—Hard

A context-free grammar is a quadruple G = (X, N, s, P) such that X, N are
disjoint, finite alphabets, s € N, and P is a finite set of production rules of the
form p — x such that p € N, € (¥ U N)*. Symbols in X' are called terminal
symbols and symbols in N are called nonterminal symbols. The relation =g
is defined as follows: x =¢ y iff, for some z,u,v € (Y UN)* p € N, we have
x = upv, y = uzv and (p — x) € P. The relation =7 is the reflexive and
transitive closure of =¢g. The language of G is the set:

LG)={zeX :s=qgu} . (24)

A context-free grammar G is said to be e—free, if x # ¢, for any rule p — «x in
P.If G is e—free, then € ¢ L(G). The following problem is ITY—complete [12]: for
any context-free grammar G, decide if L(G) = X*. Since the problem if € £ L(G)
is decidable, and every grammar G can be effectively transformed into an e—free
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grammar G’ such that L(G’") = L(G) — {¢}, then also the following problem is
II9—complete: for any e—free context-free grammar G, decide if L(G) = X+ [9].

Types will be identified with (/)—terms of the language of ACTw, this means,
terms formed out of variables by means of / only. A Lambek categorial grammar
is a tuple G = (X, 1,s) such that X' is a finite alphabet, I is a finite relation
between symbols from X and types, and s is a designated variable. For a € X,
I(a) denotes the set of all types « such that ala. (The relation I is called the
initial type assignment of G.) For a string a;...a, € X7, a; € X, and a type
a, we write aj ...a, —¢g « if there are ay € I(a1), ..., a, € I(ay) such that
Qai,...,0, = «a is provable in L. We define the language of G as the set of all
z € X7 such that x —¢ s. (Notice that we omit commas between symbols in
strings on X, but we write them in sequences of terms appearing in sequents.) In
general, Lambek categorial grammars admit types containing -,\ and, possibly,
other operations [6], but we do not employ such grammars in this paper.

It is well-known that, for any e—free context-free grammar G, one can effec-
tively construct a Lambek categorial grammar G’ with the same alphabet X
and such that L(G) = L(G’); furthermore, the relation I of G’ employs very
restricted types only: of the form p, p/q, (p/q) /r, where p,q,r are variables.
This fact has been proved in [2] for classical categorial grammars and extended
to Lambek categorial grammars by several authors; see e.g. [4J9]. One uses the
fact that, for sequents I' = s such that I" is a finite sequence of types of the
above form and s is a variable, I" reduces to s in the sense of classical categorial
grammars iff I" = s is provable in L.

Consequently, the problem if L(G) = YT, for Lambek categorial grammars G,
is IT{ —complete. In [9] it is shown that this problem is reducible to the decision
problem for ACTw. Then, Eq(ACTL*) is II{—hard, and the same holds for
Eq(ACTA*). Below we show that this reduction also yields the ITY—hardness of
Eq(RACTL) and Eq(RACTA).

Let G = (X, I, s) be a Lambek categorial grammar. We can assume Ig(a) # 0,
for any a € X; otherwise L(G) # YT immediately. We can also assume that all
types involved in I are of one of the forms: p, p/q, (p/q)/r, where p,q,r are
variables. Fix ¥ = {aq,...,ax}, where a; # a; for i # j. Let od, ..., o, be all
distinct types € I(a;). Forany i = 1,...,k, we form a term 3; = ai A.. ./\ai”.
We also define a term y(G) = (81 V...V Gk. The following lemma has been proved
in [9].

Lemma 1. L(G) = X iff (v(Q))*,7(G) = s is provable in ACTw.

Proof. For the sake of completeness, we sketch the proof. L(G) = YT iff, for
all n > 1 and all sequences (i1,...,%,) of integers from the set [k] = {1,...,k},
i -..a;, —¢ s. The latter condltlon is equlvalent to the following: for any

n

j=1,...,n, there exists al] € I(a;;) such that o;!,..., ;" = s is provable in
L. The latter condition is equivalent to the followmg Biyy- -, Bi, = sis provable
in FL. One uses the following fact: if I = « is a (A, /)—sequent in which all
occurrences of A are negative, and 3 A2 occurs in this sequent (as a subterm of a
term), then I" = « is provable in FL iff both I" = o' and I'" = o’ are provable
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in FL, where I'" = o (resp. I = ") arises from I' = « by replacing the
designated occurrence of y3 Ay2 by 71 (resp. ¥2). Now, forn > 1, 8;,,...,0:, = s
is provable in FL, for all sequents (i1, ...,i,) € [k]™, iff (v(G))™ = s is provable
in FL (here we use the distribution of product over join). By (*-L), (*-R), the
latter condition is equivalent to the following: (v(G))*,v(G) = s is provable in
ACTw. O

Andréka and Mikulés [I] prove that every residuated meet semilattice is embed-
dable into a relational algebra. The embedding h does not preserve 1; one only
gets: 1 < a iff Iy C h(a). It follows that the (A, -, /,\)—fragment of FL is (even
strongly) complete with respect to relational algebras, which is precisely stated
by the following lemma (from [I]; also see [L0I8] for different proofs).

Lemma 2. Let I' = « be a (A,-,/,\)—sequent of the language of FL. Then,
I' = « is provable in FL iff it is valid in RACTL.

We use lemmas [[and [ to prove the following theorem.
Theorem 1. Eq(RACTL) is I19—hard.

Proof. We show that (y(G))*,v(G) = s is provable in ACTw iff the sequent is
valid in RACTL. The implication (=) is obvious. Assume that (v(G))*,v(G) =
s is not provable in ACTw. Then, for some n € w, (v(G))",v(G) = s is not
provable in ACTw, whence it is not provable in FL (it is *-free). By (CUT) and (--
R), (v(G))"v(G) = s is not provable in FL The term (7y(G))™v(G) is equivalent
in FL to the disjunction of all terms 3;, - --- - f;,,, such that (i1,...,49,41) €
[k]"T1. By (V—L), (V=R) and (CUT), a sequent 71 V ...V v, = 7 is provable
in FL iff all sequents y; = v, for i = 1,...,m, are provable in FL. Consequently,
there exists a sequence (i1,...,i,+1) € [k]"T! such that B;, -+ 3;,,, = s
is not provable in FL. The latter sequent does not contain operation symbols
other than A,-,/,\, so it is not valid in RACTL, by lemma 2. Consequently,
(y(@)™,v(G) = s is not valid in RACTL. Then, (v(G))*,v(G) = s is not valid
in RACTL (we use the fact that f(a™) C f(a*), for any assigment f and any
formula «). Using lemma [ we obtain: L(G) = Y iff (v(G))*,v(G) = s is
valid in RACTL. O

For RACTA, we need a modified reduction. We use a lemma, first proved in [4].

Lemma 3. Let ay,...,a, be types, and let s be a variable. Then, oy, ...,y =
s is provable in L iff s/(s/a1),...,8/(s/an) = s is provable in L.

Proof. We outline the proof. A type a/I" is defined by induction on the length
of It afe = o, a/(I'B) = (a/B)/T". So, p/(qr) = (p/r)/q. We consider the
(/)—fragment of L. One shows: if (s/01 ...0k), A = s is provable in this system,
then there exist Aq,...,Ag such that A= Ay ... A, and, for eachi=1,...,k,
A; = «; is provable (use induction on cut-free proofs; the converse implication
also holds, by (I), (/—L)).

The ‘only if” part of the lemma holds, by applying (/—R), (I), (/—L) n times.
Now, assume that the right-hand sequent is provable. Denote 3; = s/(s/«;).
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By the above paragraph, (s,..., 8, = s/«a; is provable, so Ba,...,01, a1 = s
is provable (the rule (/—R) is reversible, by (CUT) and the provable sequent
a/fB,8 = «). Repeat this step n — 1 times. O

Let G = (X,1,s) be a Lambek categorial grammar. We construct a Lambek
categorial grammars G’ = (X, I, s) such that I’ assigns s/(s/«) to a; € X iff G
assigns a to a;. By lemma B} L(G') = L(G). For G', we construct terms (o),
(6;) and v(G’) in a way fully analogous to the construction of a}, Gi and v(G).

Now, the term (3;)’ is of the form:

(s/(s/a)) A A (s/(s/0n,) - (25)

Using the equation (a/b) A (a/c) = a/(bV ¢), valid in residuated lattices, we can
transform the above term into an equivalent (in FL) A—free term:

s/l(s/al) V...V (s/ai)]. (26)

Let 6(G’) be the term arising from (G’) by transforming each constituent
(8;) as above. Then, f(6(G")) = f(v(G")), for any assignment f.

Theorem 2. Eq(RACTA) is I —hard.

Proof. L(G) = X* iff L(G") = X*. As in the proofs of lemma [] and theorem
[[ one shows that the second condition is equivalent to: (v(G'))*,v(G') = s is
valid in RACTL. The latter condition is equivalent to: (6(G'))*,6(G’) = s is
valid in RACTL. But the latter sequent is A—free, whence it is valid in RACTL
iff it is valid in RACTA. O

We can also eliminate V (preserving A). Using the equation (aV b)* = (a*b)*a*,
valid in all Kleene algebras, we can transform (y(G))* into an equivalent (in
ACTw) term ¢(G), containing *, A, -,/ only. Then, (v(G))*,v(G) = s is valid
in RACTL iff ¢(G),~v(G) = s is valid in RACTL iff ¢(G) = s/~(G) is valid in
RACTL, and s/v(G) is equivalent to a V—free term (see the equation between
(25) and (26)). Since a < b iff a A b = a, then we can reduce L(G) = X7 to a
V—free equation.

Corollary 1. The V—free fragment of Eq(RACTL) is II?—hard.

We have found a lower bound for the complexity of Eq(RACTL): it is at least I79.
We did not succeed in determining the upper bound. Both 1 and V cause troubles.
In section 2, we have shown a sequent with 1 which is valid in RACTL, but not
valid in ACTL*. According to the author’s knowledge, the precise complexity
of the equational theory of relational residuated lattices (upper semilattices) is
not known; it must be XY, since valid equations can be faithfully interpreted as
valid formulas of first-order logic.

We can show some IT{—complete fragments of Eq(RACTL). For instance, the
set of all sequents of the form a,~*, 8 = p, with «, 8, being finite disjunctions
of (/,\,A\)—terms, valid in RACTL is II?—complete. This sequent is valid iff,
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for all n € w, a,v™, 8 = 6 is valid, and the latter sequents are valid iff they are
provable in FL (see the proof of theorem 1). Consequently, this set of sequents is
9. 1t is IT ? )—hard, again by the proof of theorem 1. This set can be extended
as follows.

A term is said to be good if it is formed out of (A, /,\)—terms by - and *
only. A sequent I = « is said to be nice if it is a (A, -,*, /,\)—sequent, and any
negatively occurring term of the form (* occurs in this sequent within a good
term ~, which appears either as an element of I', or in a context §/v or v\é.
Using the *-elimination theorem [21], one can prove that the set of nice sequents
valid in RACTL is II?—complete.

4 Algebras of Regular Languages

A language on X is a set L C X*. P(X*) is the set of all languages on X; it
is a complete action lattice with operations and designated elements, defined as
follows: L1V Lo = Ly U Lo, L1 N Lo =Ly N Lo, Ly - Ly = {a:y cx €L,y € LQ},

1={e},0=0, L0 ={e}, L""' =" . L, L* = J, ., L", and:
Ll/LQ:{QSEZ*:{x}-ngLl} R (27)
L]\L2 = {$ e X" Ly- {1‘} - LQ} . (28)

By LAN we denote the class of all action lattices of the form P(X*), for
finite alphabets X. We add symbols from X to the language of ACTw as new
individual constants. Regular expressions on X' can be defined as variable-free
terms without meet and residuals. An assignment L(a) = {a}, for a € X, is
uniquely extended to all regular expressions; it is a homomorphism from the
term algebra to P(X*). Languages of the form L(«), « is a regular expression
on X, are called regular languages on X. By REGL(Y) we denote the set of all
regular languages on Y. It is well-known that REGL(Y) is a subalgebra of the
action lattice P(X*), whence it is a *-continuous action lattice. By REGLAN
we denote the class of all action lattices REGL(Y), for finite alphabets X.

We will show that Eq(REGLAN) is ITY—complete. It is quite easy to show
that Eq(REGLAN) is II). Since regular languages are effectively closed un-
der meet and residuals, L(a) can be computed for all variable-free terms «
with individual constants from Y. An equation @ = (3 is valid in REGLAN iff
L(o(a))) = L(a(B)), for all finite alphabets X' and all substitutions ¢ assigning
regular expressions on X' to variables.

We note that Eq(RACTL) is different from Eq(REGLAN) and Eq(LAN). The
sequent p,1/p = 1 is valid in LAN, and consequently, in REGLAN. Let f be an
assignment of terms in P(X*). If f(p) = 0, then f(p,1/p) = 0. If f(p) = {€}, then
F(1/p) = {e} and f(p,1/p) = {e} = f(1). Otherwise f(1/p) = 0and f(p,1/p) =
(). This sequent is not valid in RACTL. Let U = {a,b}, a # b, and f(p) =
{(a7 b)} Then, f(l/p) = {(a’ b)7 (b’ a)7 (b’ b)}7 50 f(p7 l/p) = {(a7a')’ (a7 b)} is not
contained in Ii.

In [5], it has been shown that the (A, /,\)—fragment of FL possesses finite
model property. The proof yields, actually, the completeness of this fragment
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with respect to so-called co-finite models (P(X*), f) such that f(p) is a co-finite
subset of X*  for any variable p. Then, f(p) is a regular language on X. We
obtain the following lemma. The proof is a modification of the proof of finite
model property of this fragment, given in [7].

Lemma 4. Let I' = « be a (A, /,\)—sequent. Then, I' = « is provable in FL
iff it is valid in REGLAN.

Proof. The ‘only if’ part is obvious. For the ‘if’ part, assume that I' = « is
not provable. Let T be the set of all subterms appearing in this sequent. We
consider languages on the alphabet T'. An assignment f,, n € w, is defined as
follows: for any variable p, f,(p) equals the set of all A € T™* such that either
v(A) > n, or A = p is provable (v(A) denotes the total number of occurrences
of variables in A). As usual, f,, is extended to a homomorphism from the term
algebra to P(T™). Since all languages f,(p) are co-finite, then all languages f,,(5)
are regular. If A € T* v(A) > n, then A € f,,(3), for all terms 3 (easy induction
on ().

By induction on 8 € T', we prove: (i) if v(A) <n—wv(B) and A € f,(8), then
A = 3 is provable, (ii) if v(8) < v(A) and A = § is provable, then A € f,(3).
For 8 = p, (i) and (ii) follow from the definition of f,.

Let 8 = /6. Assume v(A) < n —v(B) and A € f,(8). Since v(8) < v(6),
then 6§ € f,(8), by (I) and the induction hypothesis (use (ii)). So, (Ad) € fn(7),
by the definition of residuals in P(T™*). Since v(Ad) < n —v(y), then A, = v
is provable (use (i)). By (/—R), A = ( is provable. Assume that v(8) < v(4)
and A = (3 is provable. By the reversibility of (/—R), A, § = + is provable. Let
@ € fn(6). Case 1: v(®) > n — v(6). Then, v(AP) > n, whence (AP) € f,(7).
Case 2: v(®) < n —v(8). Then, & = ¢ is provable, by the induction hypothesis
(use (1)), and consequently, A, & = ~ is provable, by (CUT). Since v(y) < v(AD),
then (A®) € f,(v), by the induction hypothesis (use (ii)). So, A € f,(5). The
case 8 = 6\ is dual.

Let 8 = v A 6. Assume v(A) < n —v(B) and A € f,(8). Then, v(A) <
n—uv(y) and A € f,(v). Also v(A) <n—v() and A € f,(8). By the induction
hypothesis, A = ~ and A = § are provable, and consequently, A = (3 is
provable, by (A—R). Assume that v(8) < v(A) and A = [ is provable. Since
8 = v and 8 = § are provable, by (I) and (A—L), then A = v and A = § are
provable, by (CUT). We have v(v) < v(A) and v(§) < v(A), and consequently,
A€ fo(v) and A € f,,(6), by the induction hypothesis, which yields A € f,,(5).

Taken =v(I" = a). Let I' = a1 ... . Since v(ey) < v(ay), then oy € fr(ou),
by (I) and (ii). Consequently, I" € f,,(I"). Since v(I") = n—v(«), then I" € f,, (),
by the assumption and (i) (this also holds for I = €). Consequently, I' = « is
not valid in REGLAN. O

Theorem 3. Eq(REGLAN) is I — complete.

Proof. We know that this set is I19. We show that it is II?—hard. We return to
lemma [l in section 3. We show that (v(G))*,v(G) = s is provable in ACTw
iff this sequent is valid in REGLAN. The implication (=) is obvious. To prove
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(<) assume that (v(G))*,v(G) = s is not provable in ACTw. As in the proof
of theorem [Il we show that there exists a sequence (i1, ...,%,) € [k]", n > 1,
such that 3;, ----- B, = s is not provable in FL. By (-—L), 8;,,...,08;, = s is
not provable in FL. By lemma [l the latter sequent is not valid in REGLAN.
As in the proof of theorem [ we show that (v(G))*,v(G) = s is not valid in
REGLAN. So, L(G) = Xt iff (v(Q))*,7(G) = s is valid in REGLAN. O

We note that Eq(LAN) belongs to a higher complexity class. The Horn formulas
valid in LAN can be expressed by equations valid in LAN. Notice that a <
Bistrueiff 1 < G/« is true. Also the conjunction of formulas 1 < a;, i = 1,...,n,
is true iff 1 < a1 A --+ A ay, is true. Finally, the implication ‘if 1 < « then 1 <
G’x is true iff 1 A a < 0 is true.

The Horn theory of LAN, restricted to (/,\)—terms, is ¥ —complete [3]. The
proof of theorem [J yields the ITY—hardness of Eq(LAN); so, it is not X9. If
it were IT?, then this restricted Horn theory of LAN would be recursive. So,
Eq(LAN) is neither 179, nor X9.

In [I7U11] the Horn theory of KA* and the Horn theory of RKA are shown to
be 1} —complete. This yields a lower bound for the complexity of Horn theories
of ACTA* and RACTA (every *-continuous Kleene algebra is embeddable into
a complete, whence *-continuous, action lattice [9]).
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Abstract. We first recall the concept of Kleene algebra with domain
(KAD). Then we explain how to use the operators of KAD to define
a demonic refinement ordering and demonic operators (many of these
definitions come from the literature). Then, taking the properties of the
KAD-based demonic operators as a guideline, we axiomatise an algebra
that we call Demonic algebra with domain (DAD). The laws of DAD
not concerning the domain operator agree with those given in the 1987
CACM paper Laws of programming by Hoare et al. Finally, we investigate
the relationship between demonic algebras with domain and KAD-based
demonic algebras. The question is whether every DAD is isomorphic to a
KAD-based demonic algebra. We show that it is not the case in general.
However, if a DAD D is isomorphic to a demonic algebra based on a
KAD K, then it is possible to construct a KAD isomorphic to K using
the operators of D. We also describe a few open problems.

1 Introduction

The basic operators of Kleene algebra (KA) or relation algebra (RA) can directly
be used to give an abstract angelic semantics of while programs. For instance,
a + b corresponds to an angelic non-deterministic choice between programs a
and b, and (t - b)* - =t is the angelic semantics of a loop with condition ¢ and
body b. One way to express demonic semantics in KA or RA is to define demonic
operators in terms of the basic operators; these demonic operators can then be
used in the semantic definitions. In RA, this has been done frequently (see for
instance [TI2I6J7T6IT23]); in KA, much less [I1IT12].

In the recent years, various algebras for program refinement have seen the
day [BII3ITATEI2TI2224]. The refinement algebra of von Wright is an abstraction
of predicate transformers, while the laws of programming of Hoare et al. have
an underlying relational model. Moller’s lazy Kleene algebra has weaker axioms
than von Wright’s and can handle systems in which infinite sequences of states
may occur.

Our goal is also to design a refinement algebra, that we call a Demonic algebra
(DA). Rather than designing it with a concrete model in mind, our first goal is
to come as close as possible to the kind of algebras that one gets by defining
demonic operators in KA with domain (KAD) [8I9J10], as is done in [TTT2],
and then forgetting the basic angelic operators of KAD. Starting from KAD
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© Springer-Verlag Berlin Heidelberg 2006
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means that DA abstracts many concrete models, just like KA does. We hope
that the closeness to KA will eventually lead to decision procedures like those of
KA. A second longer term goal, not pursued here, is to precisely determine the
relationship of DA with the other refinement algebras; we will say a few words
about that in the conclusion.

In Section 2] we recall the definitions of Kleene algebra and its extensions,
Kleene algebra with tests (KAT) and Kleene algebra with domain (KAD). This
section also contains the definitions of demonic operators in terms of the KAD
operators. Section [J presents the axiomatisation of DA and its extensions, DA
with tests (DAT) and DA with domain (DAD), as well as derived laws. It
turns out that the laws of DAT closely correspond to the laws of programming
of [I3IT4]. In Section [ we begin to investigate the relationship between KAD
and DAD by first defining angelic operators in terms of the demonic operators
(call this transformation G). Then we investigate whether the angelic operators
thus defined by G induce a KAD. Not all answers are known there and we state
a conjecture that we believe holds and from which the conditions that force G to
induce a KAD can be determined. It is stated in Section [l that the conjecture
holds in those DADs obtained from a KAD by defining demonic operators in
terms of the angelic operators (call this transformation F). The good thing is
that F followed by G is the identity. Section [6] simply describes the main un-
solved problem. We conclude in Section [7] with a description of future research
and a quick comparison with other refinement algebras.

Due to restricted space, we cannot include proofs. They are published in a
research report available on the web [5].

2 Kleene Algebra with Domain and KAD-Based
Demonic Operators

In this section, we recall basic definitions about KA and its extensions, KAT
and KAD. Then we present the KAD-based definition of the demonic operators.

Definition 1 (Kleene algebra). A Kleene algebra (KA) [JI7] is a structure
(K,+,-,%,0,1) such that the following properties hold for all x,y,z € K.

(x+y)+z=z+(y+2) (1)
r+y=y+zx (2)
r+zr==x (3)
O+z==x (4)

(z-y)-z=z-(y-2) ()
0O-z=z-0=0 (6)
lz=z-1=ux (7)

z-(y+z)=z-y+z-2 (8)

(c+y) sz 24y 2 (9)
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r=x-x"+1 (10)
¥ =z"-x+1 (11)
Addition induces a partial order < such that, for all z,y € K,
<y <= x+y=y . (12)
Finally, the following properties must be satisfied for all x,y,z € K.
zrx+y<z —= y- 2" <z (13)
Tz4+y<z = z"-y<z (14)

To reason about programs, it is useful to have a concept of condition, or test.
It is provided by Kleene algebra with tests, which is further extended by Kleene
algebra with domain.

Definition 2 (Kleene algebra with tests). A KA with tests (KAT) [18] is
a structure (K, test(K),+,-,*,0,1,-) such that test(K) C {t |t € K At < 1},
(K,+,-,%,0,1) is a KA and (test(K),+,-,—,0,1) is a Boolean algebra.

In the sequel, we use the letters s, ¢, u, v for tests and w, x,y, z for programs.

Definition 3 (Kleene algebra with domain). A KA with domain (KAD)
[BI9IT2[10)] is a structure (K, test(K),+,-,*,0,1,-,7) such that (K,test(K),+,
*,0,1,7) is a KAT and, for all x € K and t € test(K),

x<Tx-x (15)
Mt-z)<t, (16)
(2-Ty) <"z-y) . (17)

These axioms force the test algebra test(K') to be the maximal Boolean algebra
included in {z | < 1} [10]. Property (7)) is called locality. There are many other
properties about KAT and KAD and we present some of the most important
ones concerning the domain operator. See [S[I0/12] for proofs.

Proposition 4. The following hold for all t € test(K) and all x,y € K.

1.t-t=t
fz=minc{t |t €test(K)At -z =ux}
r-x=x

=t
t-x)=t-Tx
@ty ="r+"y

S T e

The following operator characterises the set of points from which no computation
as described by = may lead outside the domain of y.

Definition 5 (KA-Implication). Let x and y be two elements of a KAD. The
KA-implication  — y is defined by x — y = ="(x - ="y).
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We are now ready to introduce the demonic operators. Most of the proofs can
be found in [12].

Definition 6 (Demonic refinement). Let x and y be two elements of a KAD.
We say that x refines y, noted x C 4 y, when "y <z and "y -z < y.

The subscript A in C 4 indicates that the demonic refinement is defined with
the operators of the angelic world. An analogous notation will be introduced
when we define angelic operators in the demonic world. It is easy to show that
C4 is a partial order. Note that for all tests s and ¢, s C4 t <= t < s. This
definition can be simply illustrated with relations. Let Q@ = {(1,2),(2,4)} and
R={(1,2),(1,3)}. Then "R = {(1,1)} C {(1,1),(2,2)} = "Q. Since in addition
R;Q ={(1,2)} C R, we have Q C4 R (“” is the usual relational composition).

Proposition 7 (Demonic upper semilattice).

1. The partial order C 4 induces an upper semilattice with demonic join L :
TCay<—=rhay=y.
2. Demonic join satisfies the following two properties.

wlhy="r-"y (r+y)
I—(muAy):l—muAFy:Fx,l—y

Definition 8 (Demonic composition). The demonic composition of two el-
ements x and y of a KAD, written x ca y, is defined by xoqay = (x = y) - x - y.

Definition 9 (Demonic star). Let v € K, where K is a KAD. The unary
iteration operator *4 is defined by x** = x* os "x.

Definition 10 (Conditional). For each t € test(K) and x,y € K, the t-
conditional is defined by x T,y = t-x + —t-y. The family of t-conditionals
corresponds to a single ternary operator Ma, taking as arguments a test t and
two arbitrary elements x and y.

The demonic join operator Ly is used to give the semantics of demonic non-
deterministic choices and o4 is used for sequences. Among the interesting prop-
erties of o4, we cite t oy x = t - x, which says that composing a test ¢ with
an arbitrary element x is the same in the angelic and demonic worlds, and
xogy = -y if "y = 1, which says that if the second element of a composition
is total, then again the angelic and demonic compositions coincide. The ternary
operator My, is similar to the conditional choice operator < > of Hoare et
al. [I3I14]. It corresponds to a guarded choice with disjoint alternatives. The it-
eration operator *4 rejects the finite computations that go through a state from
which it is possible to reach a state where no computation is defined (e.g., due
to blocking or abnormal termination).

As usual, unary operators have the highest precedence, and demonic compo-
sition 04 binds stronger than L4 and M4,, which have the same precedence.

Proposition 11 (KA-based demonic operators). The demonic operators
U, o4, Mo, 4 and " satisfy the axioms of demonic algebra with domain presented

in Section[3 (Definitions[12, (13, [1d).
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3 Axiomatisation of Demonic Algebra with Domain

The demonic operators introduced at the end of the last section satisfy many
properties. We choose some of them to become axioms of a new structure called
demonic algebra with domain. For this definition, we follow the same path as for
the definition of KAD. That is, we first define demonic algebra, then demonic
algebra with tests and, finally, demonic algebra with domain.

3.1 Demonic Algebra

Demonic algebra, like KA, has a sum, a composition and an iteration operator.
Here is its definition.

Definition 12 (Demonic algebra). A demonic algebra (DA) is a structure
(Ap,U,0,% 0,1) such that the following properties are satisfied for x,y,z € Ap.

zU@yUz)=(xUy) Uz (18)
rUy=yUzx (19)
zUx=ux (20)
OUz=0 (21)
zo(yoz) = (voy)az (22)
Ooz =220=0 (23)
lex =zol =1z (24)
ze(yUz) =zoyUxoz (25)
(rUy)sz =a0zUysz (26)
X =xox* U1 (27)
¥ =x%ex Ul (28)

There is a partial order C induced by U such that for all x,y € Ap,
rCy < zUy=y . (29)

The next two properties are also satisfied for all x,y,z € Ap.

zoxUyC 2z = yox* C 2 (30)
xozUyCz = x*oyLC 2 (31)

When comparing Definitions [l and 2, one observes the obvious correspon-
dences + < LI,- > 0,* <> * 0 < 0,1 < 1. The only difference in the axioma-
tisation between KA and DA is that 0 is the left and right identity of addition
in KA (4), while it is a left and right zero of addition in DA (U). However, this
minor difference has a rather important impact. While KAs and DAs are upper
semilattices with 4+ as the join operator for KAs and U for DAs, the element 0
is the bottom of the semilattice for KAs and the top of the semilattice for DAs.
Indeed, by 1)) and 29),  C 0 for all z € Ap.
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rCy = zUxCzUy A zox Ezoy A mozCyoz A X Ey* .
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All operators are isotone with respect to the refinement ordering C. That is,
for all x,y,z € Ap,

This can easily be derived from (I9), 20), 24), 23), @46), @7), @) and BII).

3.2 Demonic Algebra with Tests

Now comes the first extension of DA, demonic algebra with tests. This extension
has a concept of tests like the one in KAT and it also adds the conditional
operator M;. In KAT, + and - are respectively the join and meet operators of the
Boolean lattice of tests. But in DAT, it will turn out that for any tests s and ¢,
sUt = zot, and that U and » both act as the join operator on tests (this is also
the case for the KAD-based definition of these operators given in Section 2] as
can be checked). Introducing M; provides a way to express the meet of tests, as

will be shown below. Here is how we deal with tests in a demonic world.

Definition 13 (Demonic algebra with tests). A demonic algebra with tests
(DAT) is a structure (Ap, Bp,U,=,*,0,1,Me) such that

™o e~

(Ap,U,5,%,0,1) is a DA;
{1,0} € Bp C Ap;
forallt € Bp, 1 C t;

Me is a ternary operator of type Bp X Ap x Ap — Ap that can be thought of
as a family of binary operators. For each t € Bp, M is an operator of type
Ap X Ap — Ap, and of type Bp X Bp — Bp if its two arguments belong to

_‘t:0|_|t].

ey =yl x
toxThhy=axMyy
ryx=x
zMy 0 =tox
(xMyy)oz =xozMpyoz
so(@ My y) = (sox) N (soy)
xMy (yUz)=(xMyy) U (z My 2)
xU(yMz)=(xUy) M (z U 2)
tu—-t=20
(1M s)=—-tU—s

The elements in Bp are called (demonic) tests.

Me satisfies the following properties for all s,t € Bp and all x,y,z € Ap. In
these axioms, we use the negation operator —, defined by

(32)

W W w w
S Ot s W

o W W
= O O o

AN N N N N N N N N
o w
) ~
N NN NN SN SN NS NS N
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The axioms for M; given in the definition of DAT are all satisfied by the choice
operator <t of Hoare et al. [I3/14]. The conditional operator satisfies a lot of
additional laws, as shown by the following proposition, and more can be found
in the precursor paper [20] (with a different syntax).

Proposition 14. The following properties are true for all s,t € Bp and all
T,T1,%2,Y,Y1,Y2,2 € AD'

1. -—t=t

220y = My zCyl 2
8. 0Ny x = —tox

4.z ~toy =2y

5. tot =t

6. st = sot

7. to-t =0

8. sot =tos

9. -1=0

10. -0 =1

11. tox E x <— 0 C —tox

12. sCt =— —tLC —s

18. tCy <= tox Ctoy A —tox C —toy

14. v =y <= tox =toy N\ ~tox = —toy

15. to(x My y) = tox

16. xCylMyz < xz Ctoy Ao CE —toz

17 2T yC 2z < xCtoz A y C —toz

18. (z1 Mg x2) My (y1 Ms y2) = (@1 My y1) Mg (@2 M y2)

As a direct consequence, one can deduce the next corollary.

Corollary 15. The set Bp of demonic tests forms a Boolean algebra with bot-
tom 1 and top 0. The supremum of s and t is s Ut, their infimum is 1 Mgt and
the negation of t is =t =0M; 1 (see (33)).

Thus, tests have quite similar properties in KAT and DAT. But there are im-
portant differences. The first one is that Ll and o behave the same way on tests
(Proposition [[44f)). The second one concerns Laws [[3] and [[4] of Proposition [I4]
which show how a proof of refinement or equality can be done by case analysis
by decomposing it with cases ¢t and —t. The same is true in KAT. However, in
KAT, this decomposition can also be done on the right side, since for instance
thelawx =y < -t =y-t A ©- -t =y - —t holds, while the corresponding
law does not hold in DAT. For example, {(0,0),(0,1),(1,0),(1,1)}={(0,0)} =
{(0,0). 0, 1), (1,0), (1, 1)}o{(1, 1)} = {}, while {(0,0). (0, 1), (1,0), (1, 1)} # {}.
In DAT, there is an asymmetry between left and right that can be traced back
to laws (B7) and (B8)). In (&1), right distributivity holds for arbitrary elements,
while left distributivity in (38]) holds only for tests. Another law worth noting is
Proposition [4{TTl On the left of the equivalence, t acts as a left preserver of x
and on the right, —t acts as a left annihilator.
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3.3 Demonic Algebra with Domain

The next extension consists in adding a domain operator to DAT. It is denoted
by the symbol .

Definition 16 (Demonic algebra with domain). 4 demonic algebra with
domain (DAD) is a structure (Ap, Bp,U,0,%,0,1,M,,™), where (Ap, Bp, L, o,
*0,1,M,) is a DAT, and the following properties hold for all t € Bp and all
x,y € Ap.

Mxot)ox = xot (43)
MzUy)="z0Ty (44)
"(aoy) = "(zo"y) (45)

As noted above, the axiomatisation of DA is very similar to that of KA, so one
might expect the resemblance to continue between DAD and KAD. In particular,
looking at the angelic version of Definition [IG, namely Definition [B] one might
expect to find axioms like "zoz C z and ¢ C "(¢oz), or equivalently, ¢t C "z <
tox C z. These three properties can be derived from the chosen axioms (see
Propositions [[7H2 and [[7H) but @3] cannot be derived from them, even
when assuming ([#4]) and @3). But [@3) holds in KAD-based demonic algebras.
Since our goal is to come as close as possible to these, we include (3] as an
axiom.

In KAD, it is not necessary to have an axiom like (@), because additivity
of ™ (Proposition @A) follows from the axioms of KAD (Definition B]) and the
laws of KAT. The proof that works for KAD does not work here. In fact, ([43),
() and (@3] are independent.

Law ([{5) is locality in a demonic world.

By Proposition[7H2l below, " is a left preserver of x. By Proposition[I7H4] it is
the greatest left preserver. Similarly, by Proposition[I7Hg, —"z is a left annihilator
of x. By Proposition [[7HE] it is the least left annihilator (since Proposition [I7H5]
can be rewritten as "z C ¢t —= 0 C tozx).

Proposition 17. In a DAD, the demonic domain operator satisfies the follow-
ing properties. Take x,y € Ap and t € Bp.

1. " = maxc{t |t € Bp Atox = x}
2. 'xox ==x

3.t C "(tox)

4. tC"x &= tox C

5. tC"™y «— 0LC —tox

6. ""xox =0

7. 2Cy= "2 CTy

8. " C Mzoy)

9. =t

10. "(tox) = to"x
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11. e =0<=2=0
12. (xMpy) ="z Ty

All the above laws except [[2] are identical to laws of ™, after compensating for
the reverse ordering of the Boolean lattice (on tests, C corresponds to >).
To simplify the notation when possible, we will use the abbreviation

rNy=xNgy . (46)

Under special conditions, M has easy to use properties, as shown by the next
corollary.

Corollary 18. Let xz,y, z be arbitrary elements and s,t be tests of a DAD. Then
s Mt is the meet of s and t in the Boolean lattice of tests. Furthermore, the
following properties hold.

"oy =Tyox = zNy=yNx (47)
Tp0™y =0 = "oy = "yox (48)
ONz=zN0==z (49)

xMNx =z (50)

to(x My) = tox Mtoy (51)
(xMNy)MNz=2aM(yMnz) (52)
zU(yMz)=(xUy)N(xUz2) (53)

zMNyCax (54)
zny)="zn"y (55)

The two most useful cases of the previous corollary are when M is used on tests
and when "oy = 0.

4 Definition of Angelic Operators in DAD

Our goal in this section is to define angelic operators from demonic ones, as
was done when going from the angelic to the demonic universe (Section [2). This
is done in order to study transformations between KAD and DAD (Sections
and [6). We add a subscript D to the angelic operators defined here, to denote
that they are defined by demonic expressions. We start with the angelic partial
order <p.

Definition 19 (Angelic refinement). Let x,y be elements of a DAD. We say
that x <p y when the following two properties are satisfied.

Theorem 2Tl below states that <p is a partial order. Moreover, it gives a formula
using demonic operators for the angelic supremum with respect to this partial
order. In order to prove this theorem, we need the following lemma.
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Lemma 20. The function

f : AD X AD — AD
(z,y) = (zUy) N 2yox M =Tzey

satisfies the following four properties for all x,y,z € Ap.

1. "f(z,y) ="z Ny

2. f(z,x)==x

3. f(x,y)Zf(y,x)

4. f(mvf(yaz)) = f(f(mvy)az)

Theorem 21 (Angelic choice). The angelic refinement of Definition [I9 sat-
isfies the following three properties.

1. Forallxz, 0 <p x.
2. For all x,y,

r<py<= flz,y)=vy ,
where f is the function defined in Lemma [20.

3. <p is a partial order. Letting x +p y denote the supremum of x and y with
respect to <p, we have

$+Dy:f<mvy) :

The following expected properties are a direct consequence of Lemma and
Theorem 211

(x+py)+pz =x+p (y+p2)
r+py =y+pZ
r+pxr =2

O4+px ==x

We now turn to the definition of angelic composition. But things are not as
simple as for <p or +p. The difficulty is due to the asymmetry between left and
right caused by the difference between axioms (B7)) and ([B8]), and by the absence
of a codomain operator for “testing” the right-hand side of elements as can be
done with the domain operator on the left. Consider the two relations

Q:{(070)7(071)7(172)7(273)} and R = {(070)7(272)} :

The angelic composition of @ and Ris @Q-R = {(0,0), (1,2)}, while their demonic
composition is Qo R = {(1,2)}. There is no way to express Q- R only in terms of
Qe R. What we could try to do is to decompose @) as follows using the demonic
meet

Q= Q:"RNQo-"RM (Q1UQ2) ,

where Q1 = {(0,0)} and Q2 = {(0,1)}. Note that Q="R = {(1,2)} and Q=—"R =
{(2,3)} so that the domains of the three operands of M are disjoint. The effect
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of M is then just union. With these relations, it is possible to express the angelic
composition as @ - R = QoR M Q1oR. Now, it is possible to extract Q1 LI Q2
from Q, since @1 U Q2 = ="(Qo"R)o="(Qo—"R)oQ. The problem is that it is
not possible to extract Q1 from @1 LI Q3. On the one hand, )1 and Q2 have the
same domain; on the other hand, there is no test ¢ such that Q1 = (Q1 U Q2)ot.
Note that @Q10"R = Q1 and Q2°"R = —(@Q». This is what leads us to the following
definition.

Definition 22. Let t be a test. An element x of a DAD is said to be t-decom-
posable iff there are unique elements x; and x—; such that

x = xot M xo—t M (2 Uz—y)

”_mt = ﬂ_‘r—.t = ﬁﬂ_(xﬂt)ﬂﬁ”_(muﬁt)ﬂn_m s
Ty = x40t
Tt = Tpot .

And x is said to be decomposable iff it is t-decomposable for all tests t.

It is easy to see that all tests are decomposable. Indeed, the (unique) t-decom-
position of a test s is
s=sotMsa=tM(0LO) .

One may wonder whether there exists a DAD with non-decomposable ele-
ments. The answer is yes. The following nine relations constitute such a DAD,
with the operations given (they are the standard demonic operations on rela-
tions), omitting Me. The set of tests is {0,s,t,1}.

=(00) =(8) () ()
=(9) o= (1) (1) = (h) =0 )

LUOstlabcde c0stlabcde X ™ -
0000000000 0000000000 00 00 01
s 0s0ssddd0 s0s0ssdddo Ss Ss st

t00ttetele t00tteteOe tt tt ts
10stlabcde 10stlabcde 11 11 10
alOseaaccde al0s0aaccdO aa al
bOdtbcbcde bOOtbcbcOe bb b1l
cOdeccccde c000ccccOO cc cl
d0d0dddddo d000ddddoo do ds
e00eeeeele e000eeee00 el et

The elements a, b, c,d and e are not decomposable. For instance, to decompose
¢ with respect to s would require the existence of relations

10 0 1
(o) = (61)

which are not there.
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Definition 23 (Angelic composition). Let x and y be elements of a DAD
such that x is decomposable. Then the angelic composition -p is defined by

T-pYy = xoylTyoy .
Proposition 24. Let x,y, z be decomposable elements of a KAD. Then,

1.1 pxr=zxz-pl=nx,
2. O'DI'ZI"DO:O,
8. "z-p(y-pz)="((=py) b2

We have not yet been able to show the associativity of -p nor its distributivity
over +p.

The last angelic operator that we define here is the iteration operator that
corresponds to the Kleene star.

Definition 25 (Angelic iteration). Let x© be an element of a DAD. The an-
gelic finite iteration operator *2 is defined by

P =(zN1)* U1l .

Although we are still struggling to ascertain the properties of -p (and, as a side
effect, those of *P), we have a conjecture that most probably holds. At least, it
holds for a very important case (see Section [Hl).

Conjecture 26 (Subalgebra of decomposable elements).

1. The set of decomposable elements of a DAD Ap is a subalgebra of Ap.

2. For the subalgebra of decomposable elements of Ap, the composition -p is
associative and distributes over +p (properties (@), (8) and (@)).

3. For the subalgebra of decomposable elements of Ap, the iteration operator *»
satisfies the unfolding and induction laws of the Kleene star (properties (I0),

(@), @3) and ([I4)).

5 From KAD to DAD and Back

In this section, we introduce two transformations between the angelic and de-
monic worlds. The ultimate goal is to show how KAD and DAD are related one
to the other.

Definition 27. Let (K, test(K),+,-,*,0,1,—-,7 ) be a KAD. Let F denote the
transformation that sends it to

(K, test(K), s, 04, %4, 0,1, M, ")

where Ua, o4, ** and Mae are the operators defined in Proposition 7 and Defini-
tions [8, [ and [I0, respectively.
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Similarly, let (Ap, Bp,,0,%,0,1,M,,™) be a DAD. Let G denote the trans-
formation that sends it to

(AD7 BD7 +D7 ‘D *D70’ ]-7 D> ﬂ_) )

where +p, -p, P and —p are the operators defined in Theorem[21l, Definitions[23
and [23, and (33), respectively (since no special notation was introduced in De-
finition [I3 to distinguish DAT negation from KAT negation, we have added a
subscript D to — in order to avoid confusion in Theorem [28).

By this definition, the transformations F and G transport the domain operator
unchanged between the angelic and demonic worlds. Indeed, it turns out that
Tz = "z is the right transformation.

Having defined F and G, we can now state the following theorem.

Theorem 28. Let K = (K, test(K),+,-,*,0,1,—,7 ) be a KAD and let F and
G be the transformations introduced in Definition [27

1. F(K) is a DAD.

2. All elements of F(K) are decomposable.

3. GoF is the identity on K and test(K), i.e., the algebra (K, test(K),+p, D,
*0.0,1,-p," ) derived from the DAD F(K) is isomorphic to IC (only the
symbols denoting the operators differ).

4. If a DAD D s isomorphic to F(K), then K is isomorphic to G(D).

Saying that F(K) is a DAD is just a compact restatement of Proposition [l

Due to this theorem, the conjecture stated in the previous section holds for
the DAD F(K). This is a very important case. Since the elements of F(K) are
decomposable, this result gives much weight to the conjecture.

6 From DAD to KAD and Back

Let D = (Ap, Bp,,5,%,0,1,M,,™ ) be a DAD. If Ap has non-decomposable
elements, then D cannot be the image F(K) of a KAD K, by Theorem 282l The
question that is still not settled is whether the subalgebra Dy of decomposable
elements of D is the image F(K) of some KAD K. If Conjecture 26 holds, then
this is the case and the composition of transformations F o G is the identity on
Dy. This problem will be the subject of our future research.

7 Conclusion

The work on demonic algebra presented in this paper is just a beginning. Many
avenues for future research are open. First and foremost, Conjecture must
be solved. In relation to this conjecture, the properties of non-decomposable
elements are also intriguing. Are there concrete models useful for Computer
Science where these elements play a role?
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Another line of research is the precise relationship of DAD with the other
refinement algebras and most particularly those of [IB2T22/24]. DAD has
stronger axioms than these algebras, and thus these contain a DAD as a sub-
structure. Some basic comparisons can already be done. For instance, DADs
can be related to the command algebras of [15] as follows. Suppose a KAD
K = (K, test(K),+,-,",0,1,,7). A command on K is an ordered pair (z, s),
where x € K and s € test(K). The test s denotes the “domain of termina-
tion” of z. If s < "z, the command (z, s) is said to be feasible; otherwise, it is
miraculous. The set of non-miraculous commands of the form (z, @), with the
appropriate definition of the operators, is isomorphic to the KAD-based demonic
algebra D obtained from K. If K is the set of all relations over a set S, then
D is isomorphic to the non-miraculous conjunctive predicate transformers on S
this establishes a relationship with the refinement algebras of [22J24], which have
predicate transformers as their main models. The algebras in [22J24] have two
kinds of tests, guards and assertions. Assertions correspond to the tests of DAD
and the termination operator T of [22] corresponds to the domain operator of
DAD.

Finally, let us mention the problem of infinite iteration. In DAD, there is no
infinite iteration operator. One cannot be added by simply requiring it to be the
greatest fixed point of A(z :: zo4 214 1), since this greatest fixed point is always 0.
In [12], tests denoting the starting points of infinite iterations for an element x
are obtained by using the greatest fixed point (in a KAD) of A(t :: "(x - t)). We
intend to determine whether a similar technique can be used in DAD.
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Abstract. The theory of Boolean contact algebras has been used to rep-
resent a region based theory of space. Some of the primitives of Boolean
algebras are not well motivated in that context. One possible generaliza-
tion is to drop the notion of complement, thereby weakening the algebraic
structure from Boolean algebra to distributive lattice. The main goal of
this paper is to investigate the representation theory of that weaker no-
tion, i.e., whether it is still possible to represent each abstract algebra by
a substructure of the regular closed sets of a suitable topological space
with the standard Whiteheadean contact relation.

1 Introduction

In the classical approach to space the basic primitive is the notion of a point, and
geometric figures are considered to be sets of points. Contrary to this, the region-
based approach to space adopts as its primitives more realistic spatial notions.
In this theory, regions, as abstractions of “solid” spatial bodies, and several basic
relations and operations between regions are considered. Some of the relations
have their origin in mereology, e.g. “part-of” (z < y), “overlap” (zOy), its
dual “underlap” (xUy) and others definable by them. A region based theory
of space extends classical mereology by considering some new relations between
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regions, topological in nature, such as “contact” (zCy), “non-tangential part-
of” (x < y) and many others definable mainly by means of the contact and the
part-of relations. This motivates some authors to call the new direction “mereo-
topology”. The most simple algebraic counterparts of mereotopology are contact
algebras. They appear in different papers under various names (see for instance
[ABI6I7/SQIT3IT4]). Contact algebras are Boolean algebras extended with the
contact relation C' satisfying some axioms. The elements of the Boolean algebra
represent regions and the Boolean operations — join x 4 y, meet = - y and the
Boolean complement z* — allow the construction of new regions from given ones
(such as the “universal” region 1, having all other regions as its parts, and the
zero region 0, which is part of all regions). Part-of, underlap and overlap are
definable by the Boolean part of the algebra, i.e., z < y is the lattice ordering,
20y < x -y # 0 (motivating the name “overlap”) and zUy < x +y # 1
(motivating the name “underlap”). So, the Boolean part of a contact algebra
incorporates the mereological aspect of the theory, while the contact relation C'
corresponds to the “topological” part of the formalism. The word “topology”
in this context is well motivated, because standard models of contact algebras
are the Boolean algebras of regular closed (or regular open) sets of a given
topological space. We recall that a is regular closed if a = Cl(Int(a)), and,
dually, ¢ is regular open if ¢ = Int(Cl(c)), where Cl and Int are the topological
operations of closure and interior in the topological space. Note that in either
case the Boolean operations are not the standard set-theoretic operations, i.e.,
we have a-b = Cl(Int(anb)), a+b=aUb, and a* = Cl(—a) for regular closed
sets @ and b, and ¢-d = ¢cNd, c+d = Int(Cl(cUd)), and ¢* = Int(—c) for
regular open sets ¢ and d. The contact relation between regular closed regions
is given by aCb < aNb # & and for open regions by cCd « Cl(c) N CI(d) # @.
Topological contact algebras correspond to the point-based aspect of the theory.

A major current stream in the theory of contact algebras is their topological
representation theory, i.e., the construction of an embedding of the contact alge-
bra into a suitable topological space. In addition, one usually requires that the
embedding generates/determines the topology. For Boolean contact algebras it
is natural to require that the image of the embedding is a basis for the topology
(similar to the Stone representation theory for Boolean algebras). In the case
of distributive lattices this approach works if and only if underlap satisfies an
additional property (Corollary Bl and Theorem [). By relaxing that strict inter-
pretation of “generate the topology” we get a general representation theorem for
distributive contact algebras (Theorem[7]). Once such a theorem is established, it
shows that, although the notion of point is not a primitive notion of the theory,
it can be defined within the algebra via its isomorphic copy in the topological
contact algebra provided by the representation theorem. This shows that the
“pointless” abstraction is adequate and corresponds to the classical point-based
approach. Recent results in this direction can be found in [4J58]T4]. For instance,
in [4] several versions of abstract points for contact algebras are discussed such
as clans, E-filters etc. All versions generalize the notion of an ultrafilter, which
is the abstract point suitable for representing Boolean algebras as ordinary sets.
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Let us note that ordinary sets can also be considered as regions in a topological
space endowed with the discrete topology, but such regions are “bad” regions in
the sense that they do not have nice topological properties such as a boundary,
a non-tangential part etc.

One of the main goals of this paper is to generalize the notion of contact
algebras by weakening the algebraic structure from Boolean algebras to distrib-
utive lattices, but to keep the intended semantics of regions to be regular sets in
topological spaces. In other words, we simply remove the operation of Boolean
complement *. From a philosophical point of view, the complement of a region
is not well motivated. If the region a represents a solid body what is then rep-
resented by a*? (One can formulate similar criticisms for (certain aspects) of
some of the other Boolean primitives, which are not discussed here.) Notice that
the definitions of the mereological relations part-of, overlap and underlap do
not depend on the existence of complements. Moreover, in all known definitions
and variations of Boolean contact algebras, the axioms for contact do not rely
on complements. So, studying a theory based on weaker assumptions will re-
veal more deeply the nature of the mereological and mereotopological relations.
The mereo-topological relations usually considered such as “non-tangential part”
z < y < aCb* and dual contact aC'b « a*Cb* are definable from contact using
complements. In the case of distributive lattices these relations must be primi-
tives. Using this approach a deeper insight into the separate roles of the different
mereological relations and their interactions may be achieved. For instance, in
the Boolean case a certain mereological relation may possess some properties,
which must be postulated separately for distributive lattices. An example is the
property, “U is extensional”, which implies that part-of is definable by U in the
sense that a < b if and only if (Vc)(bUc — aUc). It turns out (Corollary [2)) that
this property is exactly the necessary and sufficient property for representing
the contact structure in the strict sense. On the other hand, for Boolean contact
algebras such a representation is always possible, because in that case underlap
is extensional.

The paper is organized as follows. Section 2 introduces the algebraic notions
such as distributive lattices, overlap and underlap, distributive contact alge-
bras, filters and clans. Section 3 provides the topological background and a pure
topological theorem relating extensionality of underlap to the generation of the
topology by means of regular closed sets. It also shows the necessity of the dis-
tributivity of the lattice. In Section 4 we show how to represent U-extensional
distributive contact lattices in a lattice of regular closed sets of some topological
space. As a side result we obtain Cornish’s theorem [3] for U-extensional distrib-
utive lattices. Here we prove also that every distributive contact lattice can be
embedded in a lattice of regular closed sets, so that the image of the lattice gen-
erates the topology in a weaker sense. This is done in two steps. First we show
that every distributive contact lattice can be embedded into a U-extensional con-
tact lattice; then, we simply apply the representation theorem for U-extensional
contact lattices. The last section contains some conclusions and future work.

A standard reference for distributive lattices is [2] and for topology [10].
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2 Notation and First Observations

For any set X and ¥ C X we denote by —Y the complement of YV in X,
if no confusion can arise. If R is a binary relation on D, and x € D, we let
R(z) = {y : ®Ry}, which is called the range of x with respect to R.

Distributive Lattices

Throughout this paper, (D,0,1,+,-) is a bounded distributive lattice; we usu-
ally denote algebras by their base set. The dual lattice D°P of D is the lattice
(D,1,0,-,4) based on the reversed order of D. A sublattice D’ of D is called
dense (in D) iff for each element 0 # a € D there is an element 0 # b € D" with
b < a. A dually dense sublattice of D is a dense sublattice of D°P?. We call an
embedding h : D’ — D dense iff the image h(D') = {h(a) : a € D'} of D' is
dense in D. Finally, an element d € D is called meet(join)-irreducible if d = a - b
(d=a+b)implies d=a or d="b for all a,b € D.

We define two relations on D, which are of importance in the sequel:

(2.1) 20y <=z -y # 0, “overlap”,
2Uy<—=z+y#1, “underlap”.

The proof of the following is straightforward:

Lemma 1. Ifa <b, then O(a) C O(b) and U(b) C U(a).
O is called extensional if

(2.3) (v2,1)[0) = O(y) = = = y].
Analogously, we say that U is extensional if

(2.4) (Va,b)[U(a) =U(b) = a =1].

In [I5] distributive lattices which satisfy [23]) are called disjunctive lattices. If D
is a Boolean algebra, then, clearly, both O and U are extensional. Extensionality
of O and U has been considered earlier in the literature, and these results show
that such extensionalities can influence the underlying algebraic structure; in
particular, the following holds for a bounded distributive pseudocomplemented
lattice (i.e., a bounded distributive lattice equipped with an operation * satisfy-
ing a <b*iff a-b=0):

Theorem 1. 1. Suppose that D is a bounded distributive pseudocomplemented
lattice. Then, D is a Boolean algebra if and only if O is extensional.

2. Suppose that D is a bounded distributive dually pseudocomplemented lattice.
Then, D is a Boolean algebra if and only if U is extensional.

Proof. 1. was shown in [9], and 2. follows by duality. O
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In particular, if D is finite and not a Boolean algebra, or if D is a chain, then
neither O nor U is extensional. Furthermore, if 0 is meet irreducible then O
is not extensional, and if 1 is join irreducible, then U is not extensional. For
example, the lattice of all cofinite subsets of w together with () is U-extensional,
but not O-extensional; dually, the set of all finite subsets of w together with w
is O-extensional, but not U-extensional.

In [3] further characterizations of disjunctive and dually disjunctive lattices
were given; these relate to dense sublattices of Boolean algebras:

Theorem 2. 1. O is extensional if and only if D is isomorphic to a dense
sublattice of a complete Boolean algebra.

2. U is extensional if and only if D is isomorphic to a dually dense sublattice
of a complete Boolean algebra.

3. O and U are both extensional if and only if the Dedekind completion of D is
a complete Boolean algebra.

Below, we will give additional conditions for O, respectively U, to be extensional.
It is worthy of mention that each of these is strictly stronger than extensionality
in the case that D is not distributive [9].

Lemma 2. 1. O is extensional if and only if (Va,b)[O(a) € O(b) = a < b].
2. U is extensional if and only if (Va,b)[U(b) C U( )= a <.

Proof. 1. “=7: Suppose that O(a) € O(b). Then, O(b ) O(a) UO(b) =
O(a + b). Extensionality of O implies that b=a + b, i.e. a <b.
“<”: Let O(a) = O(b); then O(a) C O(b) and O(b) Q ( ), and, by the
hypothesis, a < band b < a, ie,a=1>

2. is proved dually. O

Later, we use extensionality in the equivalent form given by Lemma [l If, for
instance, U is extensional then we will say that the lattice is U-extensional.

A subset F' of a lattice D is called a filter if x,y € F and z € D implies
-y € Fand x+ 2z € F. We call a filter F of D prime if t+y € F implies x € F
or y € F. Prime(D) is the set of prime filters of D. For each x € D we denote
by hprime(x) = {F € Prime(D) : x € F}, the set of all prime filters containing
x. Stone’s well known representation theorem now states:

Theorem 3. [2[72]

1. The mapping hprime is a lattice embedding of D into the lattice 2F7e(P) of
all subsets of Prime(D).

2. The collection{hprime(a) : a € D} forms a basis for the closed sets of a
compact Ty topology T on Prime(D) for which each set (Prime(D)\ h(a)) is
compact open. Furthermore, 7 is a T topology if and only if D is relatively
complemented, and a Ty topology if and only if D is a Boolean algebra.

For later use we observe that hpyime(a) is not necessarily regular closed.
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Contact Relations and Distributive Contact Lattices
A binary relation C on D is called a contact relation (CR) if it satisfies:

C0. (Va)o(—C)a;

)
Cl. (Va)la # 0 = aCal;
C2. (Ya)(Vb)[aCb = bCal;
C3. (Va)(Vb)(Ve)[aCb and b < ¢ = aCcl;
C4. (Ya)(Vb)(Ve)[aC(b + ¢) = (aCb or aCc)].

The pair (D, C) is called a distributive contact lattice (DCL). If D is a Boolean
algebra, then (D, C) is a Boolean contact algebra (BCA). Let C denote the set
of contact relations on D. The next lemma shows that C is not empty.

Lemma 3. O is the smallest contact relation on D.

Proof. Suppose that C € C. If z -y # 0, then (z - y)C(z - y) by [CI] and [C3 now
implies that xCly. O

An extensive investigation of lattices of contact relations on a Boolean algebra
is provided by [7].
In the next lemma we relate a contact relation to products of prime filters:

Lemma 4. If C €C, then C = |J{F x G : F,G € Prime(D), F x G C C}.

Proof. This was proved in [6] for Boolean contact lattices, and an analysis of the
proof shows that it also holds for distributive contact lattices. a

A clan is a nonempty subset I" of D which satisfies:

CL1. If z,y € I" then zCly;
Cl2. fe+yel'thenze orye I}
ClL3. fzel"and z <y, theny € I'.

Note that each proper prime filter is a clan. The set of all clans of D will be
denoted by Clan(D).

Corollary 1. aCb iff there exists a clan I' such that {a,b} C I

Proof. Suppose that aCb; by the previous Lemma, there are F,G € Prime(D)
such that a € F, b € G, and F' x G C C. Clearly, F UG is a clan containing
both a and b. The converse follows from the definition of clan. O

3 Topological Models

First we want to recall some notions from topology. By a topological space
(X, C(X)) we mean a set X provided with a family C'(X) of subsets, called closed
sets, which contains the empty set @ and the whole set X, and is closed with re-
spect to finite unions and arbitrary intersections. The system (C(X), @, X,N,U)
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is a distributive lattice, called the lattice of closed sets of X: @ is the zero ele-
ment and X is the unit element of the lattice and the set inclusion is the lattice
ordering. Fixing C(X) we say that X is endowed with a topology. A subset
a C X is called open if it is the complement of a closed set. The family Op(X) of
open sets of X is also a lattice with respect to the same operations. A family of
closed sets B(X) is called a closed basis of the topology if every closed set can be
represented as an intersection of sets from B(X). Consequently, X € B(X) and
B(X) is closed under finite unions; hence, (B(X), X, U) is an upper semi-lattice.
Finally, a family of closed sets B is called a (closed) sub-basis of the topology if
the set of finite unions of elements of B is a closed basis.

In every topological space one can define the following operations on subsets
aCX:

1. Cl(a) = (e € C(X) : a C ¢} (the closure of a), i.e., the intersection of all
closed sets containing a.

2. Int(a) = J{o € Op(X) : a C o} (the interior of a), i.e., the union of all open
sets contained in a.

Cl and Int are interdefinable, i.e. Cl(a) = —Int(—a) and Int(a) = —Cl(—a). If
B(X) is a closed base of X, then obviously:

Cl(a) = [{b€B(X):a Cb}.
The next two facts follow from above:

x € Cl(a) iff (Vb eB(X))(a Cb— x €b);
x € Int(a) iff (b € B(X))(a Cband x € b).

A subset a of X is called regular closed if Cl(Int(a)) = a, and, dually, reg-
ular open if Int(Cl(a)) = a (in this paper we will mainly work with regular
closed sets). We denote by RC(X) the family of regular closed sets of X. It is a
well known fact that RC(X) is a Boolean algebra with respect to the following
operations and constants:

0=2,1=X,a+b=aUband a-b=Cl(Int(anNb)).

RC(X) naturally provides a contact relation C' defined by aCb iff anb # &. C
is called the standard (or Whiteheadean) contact relation on RC(X).

A topological space is called semi-reqular if it has a closed base of regular
closed sets.

Every topological space X can be made semi-regular by defining a new topol-
ogy taking the set RC(X) as a base. It is a well known fact that this new topology
generates the same set of regular closed sets.

The following topological theorem gives necessary and sufficient conditions
for a closed base of a topology to be semi-regular.

Theorem 4. [Characterization theorem for semi-regularity]

Let X be a topological space and B(X) be a closed base for X. Suppose that - is
a binary operation defined on the set B(X) so that (B(X), @, X, U, ") is a lattice
(not necessarily distributive). Then we have:
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The following conditions are equivalent:

(a) B(X) is U-extensional.

(b) B(X) C RO(X).

(¢) For all a,b € B(X), a-b=Cl(Int(anb)).

(d) (B(X),o,X,U,-) is a dually dense sublattice of the Boolean algebra
RC(X).

If any of the (equivalent) conditions (a),(b),(c) or (d) of 1. is fulfilled then:

(a) (B(X),2,X,U,-) is a U-extensional distributive lattice.

(b) X is a semi-regular space.

Proof. 1. (a) — (b). Let B(X) be U-extensional, i.e., for all a,b € B(X) the

following holds:
(VeeB(X))(aUc=X -bUc=X)—aCb

We must show that for every a € B(X), a = Cl(Int(a)). This follows from
the following chain of equivalences:

x € Cl(Int(a))

<~ (Vb e B(X))(Int(a) Cb—x €D)

<~ (Vb e B(X))(Vy)(y € Int(a) —y€b) =z €a)

— (Vb e B(X))(Vy)(BceB(X))(aUc=XAygc) —yeb) -z eb)
— (W eBX))((Vy)(Vee B(X)(aUc=X myecVyeb) »xzebd)
— (WeBX))(Vee B(X))(aUc=X — (Vy)(y EcVy €b) = x b))
— (Vb eB(X))(VeeB(X))(aUc=X -bUc=X) >z €bd)

— (VWbeBX))(alb—zebd)

(b) — (a). Let B(X) C RC(X). In order to show that B(X) is U-extensional
let a,b € B(X) with a € b and a U ¢ = X. We must show that bU ¢ # X.
The assumption (b) shows Cl(Int(a)) € b, which implies that there is an
x € Cl(Int(a)) with x ¢ b. We obtain Int(a) C ¢ implies x € ¢ for all
¢ € B(X), and, hence, Int(a) € b. This implies the existence of a y € X
such that y € Int(a) and y & b. Again, we obtain that there is ¢ € B(X)
such that a Uc = X and y ¢ ¢, and, hence, bU ¢ # X.

(b) — (c). Let B(X) C RC(X). Then for any a-b € B(X) we have a - b =
Cl(Int(a - b)). Since - is a lattice meet we obtain that a-b C a, a-b C b,
and, hence, a-b C anNb. We conclude a-b = Cl(Int(a-b)) C Cl(Int(anb)).
For the converse inclusion, we have Cl(Int(a Nb)) C Cl(Int(a)) = a and
Cl(Int(anb)) C Cl(Int(b)) = b, and, hence, Cl(Int(and)) C a-b.

(c) — (b). Let Cl(Int(anb)) =a-b. Then a = a-a = Cl(Int(aNa)) =
Cl(Int(a)), which shows that B(X) C RC(X).

(b) — (d). Since (b) implies (c) we conclude that (B(X), @, X, U, -) is in fact
a sublattice of the Boolean algebra RC(X). In order to show that B(X) is
dually dense in RC(X), let a € RC(X) where a # X. Since a = Cl(Int(a))
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and B(X) is a basis of the closed sets, there exists ¢ € B(X) such that
Int(a) C c. Furthermore, a # X implies that there is an ¢ Cl(Int(a)), and,
hence, z ¢ ¢, which implies ¢ # X. We conclude a = Cl(Int(a)) C Cl(c) = ¢,
which proves the assertion.
(d) — (b). Obvious.

2. This follows immediately since all properties in 1. are equivalent and imply
(a) and (b). O

We get the following corollary.

Corollary 2. Let X be a topological space, L = (L,0,1,+,-) be a lattice and let
h be an embedding of the upper semi-lattice (L,0,1,+) into the lattice C(X) of
closed sets of X. Suppose that the set B = {h(a) : a € L} forms a closed base
for the topology of X. Then we have:

1. The following conditions are equivalent:
(a) L is U-extensional.
(b) BC RC(X).
(¢) Forall a,be L, h(a-b) = Cl(Int(h(a) N h(b))).
(d) h is a dually dense embedding of L into the Boolean algebra RC(X).
2. If any of the (equivalent) conditions (a),(b),(c) or (d) of 1. is fulfilled then:
(a) L is a U-extensional distributive lattice.
(b) X is a semi-regular space.

This corollary shows that if we require that a lattice L be embeddable into
the Boolean algebra RC(X) of some topological space X with the properties of
Corollary[2] then the lattice must be both distributive and U-extensional. In the
next section we will show that this can be extended to U-extensional distributive
contact lattices.

4 Topological Representation of Distributive Contact
Lattices

The next theorem is the first main result of the paper.

Theorem 5. [Topological representation theorem for U-extensional di-
stributive contact lattices]

Let D = (D,0,1,4+,-,C) be an U-extensional distributive contact lattice. Then
there exists a semi-reqular T0-space and a dually dense embedding h of D into
the Boolean contact algebra RC(X) of the regular closed sets of X .

Proof. Let X = Clan(D) be the set of all clans of D and for a € D, suppose
h(a) = {I" € X : a € I'}. Using the properties of clans one can easily check
that h(0) = @, h(1) = X and that h(a + b) = h(a) U h(b). This shows that the
set B(X) = {h(a) : a € D} is closed under finite unions and can be taken as a
closed basis for a topology of X.
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In order to show that A is an embedding we must show that a < b iff h(a) C
h(b). From the left to the right this follows directly by the properties of clans.
Suppose that a £ b. Then there exists a prime filter F' such that a € F' and
b ¢ F. Since prime filters are clans this shows that h(a) € h(b). Consequently,
h is an embedding of the upper semi-lattice (L, 0,1, +) into the lattice of closed
sets C(X) of the space X. By Corollary 2l X is a semi-regular space and h is a
dually dense embedding of D into the Boolean algebra RC(X).

Now, we want to show that X is a TO-space. Let I" # A be two different
points (clans) of X; we will show that there exists a closed set A containing
exactly one of them. Suppose I' Z A. Then there exists a € I with a € A, and,
hence, I' € h(a) and A ¢ h(a) so that the A = h(a) will work. In the case A I
the assertion is shown analogously.

It remains to show that h preserves the contact relation C'. But this is a direct
consequence of Corollary [I} O

Notice that Theorem [Hl generalizes Theorem 5.1 from [4] to the distributive case.
As a consequence of Theorem [B] we obtain the following corollary, which has
Theorem [2(2) as a special case. Recall that this theorem was already proved in

B3

Corollary 3. [Topological representation theorem for U-extensional
distributive lattices]

Let D = (D,0,1,4+,-) be a U-extensional distributive lattice. Then there exists
a semi-reqular TO-space and a dually dense embedding h of D into the Boolean
contact algebra RC(X) of the regular closed sets of X.

Proof. Since the overlap O is a contact relation on D the assertion follows im-
mediately from Theorem [Bl O

Due to Corollary[2 we already know that a representation in the sense of Theorem
for distributive contact lattices that are not U-extensional is not possible. As
mentioned in the introduction we have to use a weaker version of the property
that the image h(D) of the embedding h generates (or determines) the topology.

In order to prove such a representation theorem we consider “discrete” Boole-
an contact algebras defined in [6] as follows. Let (W, R) be a relational system
where W # @, and R is a reflexive and symmetric relation in W. Subsets of W
are considered as (discrete) regions and contact between two subsets a,b C W is
defined by aCb iff there is 2 € a and y € b such that zRy. Let D(W, R) denote
the distributive lattice of all subsets of W (which is, in fact, a Boolean algebra)
with a contact C' defined by R. It was shown in [6] that D(W, R) is indeed a
Boolean and, hence, a distributive contact lattice. Since Boolean algebras are al-
ways U-extensional (and in addition, O-extensional) D(W, R) is a U-extensional
distributive contact lattice. It is proved in [6] (using another terminology) that
every Boolean contact algebra can be isomorphically embedded into an algebra
of the above type. Inspecting the proof given in [6] one can see that it can be
transferred easily to the distributive case.
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Theorem 6. Fach distributive contact lattice D = (D,0,1,4+,-,C) can be iso-
morphically embedded into a Boolean contact algebra of the form D(W, R).

Proof. Let W = Prime(D) be the set of prime filters of D, let F,G € Prime(D)
and define R as FRG iff F' x G C C. Consider the Stone embedding Ap;ime :
D — Prime(D). It remains to show that h preserves the contact relation. We
observe that

hPrime(m)éhPrime(y)
<= (IF,G € Prime(D))[z € F, y € G, and F x G C C]
— zCly. Lemma [

This completes the proof. a
The following corollary is a direct consequence of the last theorem.

Corollary 4. [Extension lemma for distributive contact lattices]
Each distributive contact lattice can be embedded into a (U-extensional) Boolean
contact algebra.

Now, we are ready to prove the second main result of this paper.

Theorem 7. [Topological representation theorem for distributive con-
tact lattices]

Let D = (D,0,1,+,-,C) be distributive contact lattice. Then there exists a semi-
reqular T0-space, an embedding h of D into the Boolean contact algebra RC(X)
of the regular closed sets of X and an embedding k of D into the Boolean algebra
RC(X) so that {h(a) : a € D} U {k(a) : a € D} is a sub-basis of the regular
closed sets of X.

Proof. The proof can be realized in two steps. First, by Corollary @ D can
be embedded into a (U-extensional) Boolean contact algebra B. Let e; be
the corresponding embedding. In the second step, we apply Theorem Bl Con-
sequently, we get an embedding e, from B into a semi-regular TO-space X.
Now, let h = eg 0 eq, i.e. h(a) = ea(ei(a)) and k(a) = e2(e1(a)*) (e1(a)* is the
complement (in B) of embedding of a). Then h is as required. Since the set
{e1(a) : a € D} U{e1(a)* : a € D} generates the Boolean algebra B we get the
last assertion. O

Next, we want to discuss the two representation theorems proved in this paper
in more detail.

Discussion. 1. Notice that there is a difference in the usage of topologies in
the topological representation Theorems Bl and [7] and in the Stone topological
representation theorems for distributive lattices and Boolean algebras. In Stone’s
theorem, topology is used to describe the image of the representation up to
isomorphism. In our case, the topology is used to obtain good images of the
elements of the lattice as regions, e.g., they should have a boundary, etc. For
that reason Theorems [Bland [[ are just embedding theorems. In this respect they
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correspond much more to the embedding theorems for distributive lattices and
Boolean algebras in algebras of sets. In our case, sets are replaced by regular
closed sets.

2. If we consider contact structures as abstract “pointless” geometries, the
question is which notion of points is suitable. In distributive contact lattices we
may define two different kinds of points, i.e., prime filters and clans. Prime fil-
ters are in some sense “bad” points with respect to the contact structure. They
correspond to the lattice part of the structure and can provide a representation
by ordinary sets. It is possible to define a contact relation between those sets
by means of the contact relation between points. Such a representation is con-
structed, for instance, in Theorem [0l Clans are “good points” with respect to
the contact structure. They guarantee that the image h(a) of each element of
the lattice is a region, i.e., has a boundary, interior part, etc. The representation
constructed in the proof of Theorem [7l can be interpreted as follows. In a first
step we use “bad” points (prime filters) to represent the lattice as a lattice of
sets (“bad” regions) and lift the contact relation to that structure. As a positive
side-effect we end up with the property of U-extensionality. In the second step,
the “good points” (clans) and U-extensionality are used to construct a repre-
sentation with the intended topological properties. Since prime filters are clans
they are among the “good points” of the second step, but they just appear in
the interior part of the regions.

These informal explanations are reminiscent of considering prime filters and
clans as atoms and molecules — the real points of the real spatial bodies. Similar
ideas have been used in [5] for obtaining topological representation theorems for
discrete versions of region-based theories of space.

5 Conclusion and Outlook

In this paper we have generalized the notion of Boolean contact algebras by
weakening the algebraic part to distributive lattices. This provided a deeper in-
sight into the interaction of several notions used in the representation theory.
As a result we obtained a characterization theorem for semi-regularity in topo-
logical spaces, which appeared as one of the main tools in the representation
theory. We have given two representation theorems of such lattices in algebras
of regular closed sets of some topological spaces, considered as standard models
for a region-based theory of space. These theorems are direct generalizations of
some results from [6] and [4]. Because of the full duality of Boolean algebras,
representations in algebras of regular closed sets and regular open sets are dual
in that case. In fact, one can construct one representation in terms of the other
by duality. In the distributive case duality is preserved only for the lattice part.
Consequently, representations in algebras of regular open sets will need different
techniques, which we plan to investigate in the future. Kripke semantics and
associated reasoning mechanisms may also be developed (as in [IJI1]). Another
direction of research is to extend the vocabulary of distributive contact lattices
with other mereotopological relations such as the non-tangential part-of, <, and
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dual contact, C. Last but not least, an open problem is the representation theory
of a further generalization to non-distributive contact structures. First results of
this direction can be found in [9]. Some non-topological representation theorems
for non-distributive lattices may be found in [I1]. The main problem here is that
it is not obvious what kind of structure we want to consider as a standard model
of a non-distributive contact lattice. Obviously, this question has to be resolved
before the corresponding representation theory can be developed.
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Abstract. We give a brief overview of the axiomatic development of between-
ness relations, and investigate the connections between these and comparability
graphs. Furthermore, we characterize betweenness relations induced by reflexive
and antisymmetric binary relations, thus generalizing earlier results on partial or-
ders. We conclude with a sketch of the algorithmic aspects of recognizing induced
betweenness relations.

1 Introduction

The study of betweenness relations goes back to at least 1917, when Huntington and
Kline [10] published “Sets of independent postulates for betweenness.” The concept of
betweenness can have rather different meanings — we quote from [10]:

— K is the class of points on a line; AXB means that point X lies between the points
A and B.

— K is the class of natural numbers, AX B means that number X is the product of the
numbers A and B.

— K is the class of human beings; AXB means that X is a descendant of A and an
ancestor of B.

— K is the class of points on the circumference of a circle; AXB means that the arc
A — X — B is less than 180°.

In the sequel they concentrate on the geometric case. Throughout, B is a ternary relation
on a suitable set, and B(x,y,z) is read as “y lies between x and z.” Quantifier free axioms
are assumed to be universally quantified. The notation #M means that all elements of
M are different.
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Their first set of four postulates is concerned with three elements:
HK A. B(a,b,c) = B(c,b,a).
HK B. #{a,b,c} = B(b,a,c)V B(c,a,b)V B(a,b,c) V B(c,b,a)V B(a,c,b) V
B(b,c,a).

HK C. #{a,b,c} = —(B(a,b,c) NB(a,c,b)).

HK D. B(a,b,c) = #{a,b,c}.
They proceed by adding another eight universal postulates which describe the configu-
rations with four distinct elements, and state “If we think of a and b as two given points
on a line, the hypotheses of these postulates state all the possible relations in which two
other distinct points x and y of the line can stand in regard to a and b.” For later use, we
mention

HK 1. #{b,c} AB(a,b,c) AB(b,c,d) = B(a,b,d).

HK 2. B(a,b,c) AB(b,d,c) = B(a,b,d).

While[HKAlis widely accepted in many contexts (unless one requires one-way streets),
the other postulates make very strong assumptions: [HK Bl says that for any three differ-
ent elements, one is between the other two, and[HK Dl rules out what one might call de-
generate triples. Postulate [HK C| prohibits “nesting.” Their set of postulates completely
axiomatizes betweenness if we restrict the domain to linear orders. The postulates[HKT]
and [HK 2] subsequently became known as “outer transitivity” and “inner transitivity”,
respectively. Some years later, Huntington [9] proposed a ninth postulate,

H9. #{a,b,c,x} ANB(a,b,c) = B(a,b,x)V B(x,b,c).
and showed that the axiom system {[HKA|-[HKDI[H9]} is equivalent to the one given
in [10].

Betweenness in metric spaces was investigated by Karl Menger [[12], and, in a further
development, Pitcher and Smiley [14]] direct their interest to betweenness relations in
lattices, and define B(a,b,c) <= a-b+b-c=b= (a+b)-(b+c)., see Figure Il
Observe that a < b < ¢ implies B(a, b, ¢).

at+b b+c

B(a,b,c)
ab bc

Fig. 1. Betweenness in lattices

The main difference from the system of [9] is the omission of [HK Bl which is geared
to linear orders, and the introduction of “degenerate triples” which contain at most two
distinct variables. Thus, their basic system consists only of the symmetry axiom [HK AL
and
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PS B. B(a,b,c) AB(a,c,b) <= b=c..

They continue to explore various transitivity conditions and their connection to lattice
properties. For example,

Theorem 1. [I4] A lattice L is modular if and only if its betweenness relation satisfies

[HK 2]

In a parallel development, Tarski proposed an axiom system for first order Euclidean
plane geometry based on two relations: equidistance and betweenness. An overview
of the system and its history can be found in [16], and axiom numbers below refer to
this exposition. His axioms for betweenness are of course very much tailored for the
purpose that he had in mind, and many of these are specific to the geometric context.
We mention those which are of a more general nature:

Ax 6. B(a,b,a) = a=Db. (Identity)
Ax 12. B(a,b,b). (Reflexivity)
Ax 13. a=b= B(a,b,a). (Equality)
Ax 14. B(a,b,c) = B(c,b,a). (Symmetry)
Ax 15. B(a,b,c) and B(b,d,c) = B(a,b,d). (Inner transitivity)
Ax 16. B(a,b,c) and B(b,c,d) and b # ¢ = B(a,b,d). (Outer transitivity)

In a further generalization, Birkhoff [2] defines a betweenness relation on U by the
condition B(a,b,c) <= a <b < corc < b < a, where < is a partial order. The reader
is then invited to prove the following:

Birk 0. B(a,b,c) = B(c,b,a).

Birk 1. B(a,b,c) and B(a,c,b) = b=c.

Birk 2. B(a,b,c) and B(a,d,b) = B(a,d,c).

Birk 3. B(a,b,c) and B(b,c,d) and b # ¢ = B(a,b,d).
Birk 4. B(a,b,c) and B(a,c,d) = B(b,c,d).

It turns out that [Birk 1] and follow from and [Birtk 4l Further-
more, these properties are not sufficient to characterize those betweenness relations
which are induced by a partial order. In a fundamental article in 1950, Martin Altwegg
[[L] obtained an axiom system for such betweenness relations:

Z,. B(a,a,a).

Zy. B(a,b,c) = B(c,b,a).

Z3. B(a,b,c) = B(a,a,b).

Z4. B(a,b,a) = a=b.

Zs. B(a,b,c) and B(b,c,d) and b # ¢ = B(a,b,d).

Zg. Suppose that (ag,ay, ... ,ax,,az,+1) and ag = azpy1. If B(a;—1,a;_1,a;) for
all 0 < i <2n+1, and not B(a;_1,a;,a;41) for all 0 < i < 2n+ 1, then
B(az,a0,a1).

Shortly after Altwegg’s paper, Sholander [[15] investigated betweenness for various kind
of orderings, and derived Altwegg’s characterization as a Corollary. His system, how-
ever, is somewhat shorter. In addition to[Zg} he only supposes
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Sho B. B(a,b,a) < a=b.
Sho C. B(a,b,c) AB(b,d,e) = B(c,b,d)V B(e,b,a).

Altwegg’s work seems to have been largely forgotten — a notable exception being [3] —,
and a search on the Science Citation Index reveals only three citations since 1965. A
case in point is the widely studied area of comparability graphs that are closely con-
nected to betweenness relations; as far as we know, researchers in this area were not
aware of the earlier results. It is one of the aims of this paper to draw attention to
Altwegg’s work, and point out some connections between betweenness relations and
comparability graphs.

2 Notation

The universe of our relations is a non-empty set U. The identity relation on U is denoted
by 1/, or just 1’, if U is understood. For each n € @, n denotes the set of all k < n. For
M C U, we abbreviate by #M the statement that all elements of M are different.

A partial order < is called connected if there is a path in < U > from a to b for all
a,b e U. A component of < is a maximally connected subset of <.

Graphs are assumed to be undirected, without loops or multiple edges. In other
words, a graph is just a symmetric irreflexive binary relation on U. A cycle C in G of
length n is a sequence of elements ay, . ..,a,_1 of U such that apGa; . ..a,—»Ga,—1Gay;
repetitions are allowed. A cycle is sometimes called a closed path in G. A cycle is strict,
if #{ay, . ..,a,—1}, and we denote by C, the strict cycle of length n. A friangular chord
of the cycle C is an edge {a;,a;12} of G; here, addition is modulo n. For example, the
graph of Figure 2| contains the cycle d,a,b,e,b,c, f,c,a,d of length 9, which has no
triangular chords [S]].

f e

Fig. 2. A graph with a 9—cycle without triangular chords

3 Comparability Graphs

If P is a partial order on U, its comparability graph Gp is the set of all comparable
proper pairs, i.e. Gp = (PUP")\ l'; here, P is the relational converse of P. A graph G
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is called a comparability graph, if G = Gp for some partial order P. We denote the class
of comparability graphs by G<.

Two partial orders P, Q on the same set U are called equivalent if for all components
Mp OfP, P [Mp = Q [Mp or P [Mp = QV [Mp.

Example 1. Consider the partial orderings P,Q, shown in Figure 3l obviously, these
are not equivalent. In both cases, the only non—comparable elements are b and c, so
that Gp = GQ. O

P Q G_P=G_Q
a b d

A ]
/A

Fig. 3. Non-equivalent partial orders with the same comparability graph

Comparability graphs have been investigated since the early 1960s, and we invite the
reader to consult the overview by Kelly [[11]] for more information. A characterization
of comparability graphs is as follows:

Theorem 2. [4)5)]

GH. G is a comparability graph if and only if every odd cycle of G contains a
triangular chord.

For example, the graph of Figure[2] is not a comparability graph. It is instructive, and
will be useful later on, to consider the strict partial orders < obtained from strict cycles
of even length n. As these cycles have no triangles, each path in < has length 2, and,
consequently, ag < a; > ay < az,> ...,a,_2 < an_1 > ay, or its converse. see Figured
Conversely, each crown induces a cycle of even length.

In the sequel, let J be the set of all odd natural numbers greater than 3.

a_l a3 a_(n-1)

a0 a?2 a4 a_(n-2)

Fig. 4. A crown ordering induced by a strict cycle of even length
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If G is a graph and n € J, let o, express that each cycle of G of length n has a
triangular chord:

Ot (Vx0, ..., Xp—1)[X0Gx1G ... Gxp— 1 Gxg = x0Gx2 Vx1Gx3V ...V Xy_2Gxo V X,—1 Gx1].

By Theorem[2] G is a comparability graph if and only if it satisfies o, for each n € J, and
thus, G< has a universal first order axiomatization. Hence, G< is closed with respect to
substructures.

The following comes as no surprise:

Theorem 3. G< is not axiomatizable with a finite number of variables..

Proof. Assume that X is a set of sentences with altogether n variables which axioma-
tizes G<; we can assume w.l.o.g. that n =2r > 4. Let U =n+ 1, and G be the cycle on
U of length n+1, say, 0,1,2,3,...n,0. Then, since G is an odd cycle without triangular
chord, it is not in G<.

Suppose that U’ C U with |U'| = n, wlo.g. U' = {0,1,...,n— 1}, and H is the
restriction of G to U’. Then, H = G\ {(n—1,n),{n,0)}, and H is the comparability
graph of the crown of Figure[ with (ag,a, 1) removed.

Now, since the satisfaction in (U, G) of sentences with at most n variables depends
only on its satisfaction in the n - generated substructures of (U, G), we have (U,G) = X.
This contradicts the fact that G ¢ G<.

4 Betweenness Relations

Considering the plethora of proposed axiomatizations of betweenness relations, we
need to decide which axioms to use. Our strategy will be to start with those postulates
that are most common, present the least restrictions and still let us obtain a sensible
theory. We will allow “degenerate triples”, as it enables us to go from triples to pairs
and vice versa.

A ternary relation on a set U is called a betweenness relation if it satisfies

BT 0. B(a,a,a).
BT 1. B(a,b,c)
)
)

(

( B(c,b,a).
BT 2. B(a,b,c

(

B(a,a,b)
d B(a,c,b)=b=c.

llli

BT 3. B(a,b,c) an

We denote the class of all betweenness relations by B. Observe that at this stage we do
not include any transitivity conditions. Since B is a universal Horn class, it is closed un-
der substructures, and thus, under unions of chains, and also under direct products; note
that for any set M of triples consistent with the axioms, there is a smallest betweenness
relation B containing M, and that B is finite just when M is finite.

With[BT 11 [BT 2] and[BT 3l one can easily prove

Lemma 1. [. B(a,b,c) implies B(a,b,b), B(b,b,c), and B(b,c,c).
2. B(a,b,a)=a=h.
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e C a B(a,b,c) B(b,c,d)

B(c,d,e) B(d,e,a)
B(a,b,c)

B(d,b.e)

a d d c

Fig. 5. A betweenness relation not induced by Fig. 6. A betweenness relation based on a pen-
a binary relation tagon

However, in the absence of transitivity axioms, B(a,a,c) does not follow.

A triple {a,b,c) is called proper, if #{a,b,c}. We say that a,b are comparable, if
B(a,a,b), and let Cp be the set of all comparable pairs. By Cp is reflexive, and
by Lemmal[Ilit is symmetric. If aCgb, and a # b we call a and b strictly comparable,
and denote the graph of all strictly comparable pairs by C;. Note that C; does not
necessarily determine B, as Example/[T] shows.

Conversely, if R is a reflexive antisymmetric binary relation on U we let Bg =
{(a,b,c) : aRbRc or cRbRa}, and say that B is induced by R, if B = Bg; it is straight-
forward to see that Bg € B. The question arises whether every betweenness relation is
induced by a binary relation. The following two examples show that the answer is “no.”

Example 2. Ler U = {a,...,e} and B be the smallest betweenness relation on U con-
taining {a,b,c)and (d,b,e), see Figure [l ; inspection shows that these are the only
nontrivial triples of B.

Assume that B is induced by the binary relation R. Then, B(a,b,c) implies aRbRc
or cRbRa, and B(d,b,e) implies dRbRe or eRbRd. If, for example, aRbRc and dRbRe,
then dRbRc, implying B(d,b,c), which is not the case. The other cases are similar.

Another instructive example is the pentagon shown in Figurel6l We let B be the small-
est betweenness relation containing {(a,a,b),(b,b,c),{(c,c,d),(d,d,e), and (e,e,a);
then, Cp is the pentagon, and each triple in B contains at most two different entries..

Assume that B = Bg for some reflexive and antisymmetric relation R. Then, aRb
or bRa; suppose w.l.o.g. that aRb. Since B contains no proper triples, we then must
have cRb,cRd,eRd,eRa. But then, B(e,a,b), a contradiction. On the other hand, if B
is generated by {{a,b,c),(b,c,d),...,{e,a,b)}, then B is induced by the reflexive and
antisymmetric relation aRbRcRdReRa enhanced by 1'. This shows that Cg can have
cycles of odd length without a triangular chord.

5 Axiomatizing Betweenness Relations

In this section, we generalize Altwegg’s theorem characterizing betweenness relations
arising from partially ordered sets. It turns out that the basic ideas of his proof go
through even in the absence of transitivity. Our main theorem in this section charac-
terizes the betweenness relations arising from reflexive, antisymmetric orderings, from
which we obtain Altwegg’s result as a corollary.
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The construction R — Bg, as defined in §4] produces a structure satisfying the ax-
ioms of a betweenness relation, defined on the same universe, if R is reflexive and
antisymmetric. The main idea of the present section is to show that there is an inverse
map B —— Rp; however, the map is not unique, rather it depends on an arbitrary choice
of orientation for each component of the strict comparability graph C . If we produce
a new relation R’, from a reflexive, antisymmetric relation R by reversing the direc-
tion of all pairs in R within a fixed component of its comparability graph, then R and
R’ generate the same betweenness relation. However, if we regard two such relations
as equivalent if they differ from one another only with respect to an arbitrary choice
of orientation for a set of components, then the map B —— Rp determines a relation
that is unique up to equivalence. This notion generalizes the concept of equivalence for
partially ordered sets defined in §3

We begin by recalling some terminology from Altwegg’s paper [1]. Suppose that B
is a betweenness relation on U. A sequence ag,ay,as,...,a,—1,a, is called a C—path in
B, if apCpa Cp...Cgay, i.e. every two consecutive entries are comparable. It is called a
B-path, if B(a;,a;+1,a;17) for all i < n—2. Every C—path can be made into a B—path
by doubling a; for each 0 < i < n.

Having derived a B—path ag,ay,...,a, from a C—path, it can be reduced in the fol-
lowing way:
1. If aj, = a;, = ... = a;,, thenremove a;,,...,a;,.

2. If aj,a;i11,ai42,0i43, aiv1 = aiv2, and B(aj,a;+1,a:+3), then remove a;5.

A completely reduced path is called a chain. Note that by the construction of a chain
ap,ai,...,a, froma B—path, for 0 <ii+1,i+2,i+3<n,

(5.1 #{ai,air1, a2} = B(ai,aiv1,air2),
(5.2) aiy1 = air2 = —B(ai,ai11,ai43).

A chain is called simple, if consecutive entries are different. We also call a, b a simple
chain, if a # b and B(a,a,b). Clearly, for each 0 < k < m < n, a,dys1,--.,an is again
a simple chain, and the inverse a,, . ..,aq of a (simple) chain ay...,a, is also a (simple)
chain.

Definition 1. We define the notion of a B-walk of size n by induction on n:

1. A simple chain is a B-walk of size 1;

2. If W =a,...,p,q is a B-walk of size n, and C = q,r...,z a simple chain where
—B(p,q,r), then the sequence a,...,p,q.r1,...,z obtained by identifying the last
element of W with the first element of C is a B-walk of size n+ 1.

In other words, a B-walk consists of a sequence obtained by gluing together simple
chains; the gluing consists of identifying their endpoints. If W = a,b, ... ,c,d is a B-
walk, then we say that itis a B-walk from a,b to c,d. A B-walk is even or odd depending
on whether its size is even or odd. The length of a B-walk is its length, considered as a
sequence, so, for example, the B-walk a,b, a,b has length 4. Note that length and size
may differ; indeed, it is the definition of size in the various scenarios that causes [Zdl
and [BT 4] below to look so similar. A B-cycle is a B-walk ag,aj . ..,a,_1,a,, in which
the first and last two elements are the same (a9 = a,,), and —B(a,_1,ap,a).
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Lemma 2. Let R be a reflexive, antisymmetric relation, and By the betweenness rela-
tion generated by R. Assume that aRb and that W = a,b, ... c,d is a Bg-walk from a,b
to c,d. If W is odd, then cRd, while if W is even, then dRc.

Proof. The proof is by induction on the length of W. For a Bg-walk of length 2, it
holds by assumption. Assuming for walks of length n > 1, leta,b,...,c,d,e be an odd
Bg-walk of length n+ 1. If a,b,...,c,d is also odd, then Bg(c,d,e), and cRd, hence
dRe. On the other hand, if a,b, ..., c,d is even, then —Bg(c,d,e), and dRc by inductive
assumption, showing that dRe. The proof for even walks is symmetrical. ([

The main theorem of this section is:

Theorem 4. The theory Br of betweenness relations generated by a reflexive, antisym-
metric relation is axiomatized by the following postulates:

BT 0. B(a,a,a).

BT 1. B(a,b,c) = B(c,b,a).

BT 2. B(a,b,c) = B(a,a,b).

BT 3. B(a,b,c) and B(a,c,b) = b =c.

BT 4. There are no odd B-cycles.

The fact that [BT 4] holds for a betweenness relation Bg generated by a reflexive, anti-
symmetric relation R follows easily from Lemma 2l Note that Altwegg’s postulate Zg
is a special case of our[BT 4l The more general formulation is needed here because
the transitivity axioms are not available. To illustrate the axiom [BT 4] let us consider
two of the betweenness relations from the previous section. In Example[2] the sequence
a,b,e,b,d,b,ais an odd B-cycle. The five simple chains making up the cycle are

a,b|b,e|eb,d|db|b,a.

In the next example (the pentagon of Figure[6)), the sequence a,b,c,d,e,a is an odd B-
cycle. For any betweenness relation that is not generated by a reflexive, antisymmetric
relation, there is an odd B-cycle that is a witness to this fact.

Lemma 3. Let B be a betweenness relation satisfying the axiom[BT 4lwhose strict com-
parability graph Cy is connected. If {a,b}, {c,d} are distinct edges in this strict graph,
then there is an odd B-walk from a,b to c,d or an odd B-walk from a,b to d,c, but not
both.

Proof. Since the strict comparability graph of B is connected, there is a C-path, and
hence a B-path joining the edges {a,b} and {c,d}. This path (or its inverse) must have
one of the four forms: a,b,...,c,d, b,a,...,c,d, b,a,...d,cora,b,...d,c. By succes-
sive reductions, we can assume that this B-path is in fact a chain. Simplify this chain by
removing immediate repetitions from it. Then the result is a B-walk from a,b to c,d, or
from b,a to ¢,d, or from b,ato d,c, or froma,btod,c.

For any e, f,g,h € U, there is an even B-walk from e, f to g, A. if and only if there
is an odd B-walk from e, f to h, g, since if e, f,...,g,h is an even B-walk from e, f to
g,h,thene, f,... g h,gisan odd B-walk from e, f to h, g, and conversely. If the B-walk
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joining the edges {a,b} and {c,d} starts with a,b, then we are through. If on the other
hand, it starts with b,a, then there is a B-walk of opposite parity starting with a,b, by
the same argument as above. Hence, there is an odd B-walk from a,b to c¢,d or an odd
B-walk froma,bto d,c.

It remains to be shown that there cannot be odd walks from a,b to both e, f and
f,e, for any distinct comparable elements e, f. Suppose that W, = a,b,... e, f and
Wo = a,b,... f,e are both odd B-walks. Then the inverse of W, W3z = e, f,...b,a is
odd. Let W, be the walk a,b, ... e, f,...b,a resulting from the identification of the last
two elements of W and the first two elements of W3. Then W is an odd B-cycle, con-
tradicting[BT 4 O

If U is a fixed universe, and R a reflexive, antisymmetric relation defined on U, then
we write Z(R) = (U,Bg) for the betweenness relation defined from R. In the next
definition, we describe the inverse construction.

Definition 2. Let B be a betweenness relation defined on the set U, satisfying the axiom
and whose strict comparability graph Cy is connected. In addition, let {a,b} be
an edge in Cy. Then % (B, a,b) is the relational structure (U, R) defined on U as follows.
For c¢,d € U, cRd holds if and only if c = d, or {c,d} is an edge in CE, and there is an
odd B-walk from a,b to c,d.

It follows from Lemma 3] that % (B, a, b) is reflexive and antisymmetric.

Theorem 5. Let R be a reflexive, antisymmetric relation on U, and let aRb, where a # b.
In addition, assume that the strict comparability graph of %(R) is connected. Then
Z(%(R),a,b) = (U,R).

Proof. This follows from Lemmas[land 3 O

Theorem 6. Let B be a betweenness relation defined on the set U, satisfying the axiom
and whose strict comparability graph Cq is connected. In addition, let {a,b} be
any edge in Cyy. Then %(%(B,a,b)) = (U,B)

Proof. Let R be the relation defined from B in % (B,a,b). We need to show for any
¢,d,ein U, that B(c,d,e) holds if and only if Bg(c,d,e).

First, let us assume that B(c,c,d), ¢ # d. Then the edge {c,d} belongs to the com-
parability graph C;;, so that cRd or dRc holds by Lemma[3] hence Bg(c,c,d). Second,
assume that B(c,d, e) holds, where #{c,d,e}. Then {c,d} and {d,e} are edges in Cy,
and so ¢Rd or dRc holds, and similarly dRe or eRd. Let us suppose that {c,d} and
{d,e} are not consistently oriented, so that (say) cRd, but eRd. By construction, there
are odd B-walks W) = a,b,...,c,d and W, = a,b,...,e,d. Now consider the B-walk
a,b,...,c,d,e,... b,a obtained by identifying the last element of W, with the first ele-
ment of the inverse of W,. This walk is an odd B-cycle, contradicting[BT 4l It follows
that Bg(c,d,e).

For the converse, let us assume that Bg(c,d,e), where #(c,d,e), but not B(c,d,e).
By construction, there are odd B-walks W) = a,b,...,c,d and W, = a,b, ... ,d, e, hence
there is an even B-walk W3 = a,b, ... e,d. The B-cycle a,b,...,c,d,e,... b,a obtained
by identifying the last element of W; with the first element of W3 is odd, contradicting
BT 4l Hence, B(c,d, e) must hold, completing the proof. O
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We can now use the previous results to prove the main theorem.

Proof of Theoremdl: We have already observed that Lemma[2]implies that betweenness
relations generated from reflexive, antisymmetric relations satisfy [BT 4l Conversely,
let B be a betweenness relation satisfying[BT 4l Then B = (J,c; B;, where each B; is the
restriction of B to one of the connected components C; of Cg. Each such B; also satisfies
BT 4l If C; contains no edges, then the universe U; of this component is a unit set, and we
can set R; to be the identity relation on U;. If C; contains at least one edge {a;,b;}, then
choose an orientation a;,b; for this edge. By Theorem [0 %;(%(B;,a;i,b;)) = (U;,B;).
Hence, setting Z(B) = U;c; % (Bi,ai,b;), (% (B)) = (U, B), showing that the class of
betweenness structures satisfying [BT 4] is identical with those betweenness structures
arising from reflexive, antisymmetric relations. (]

TheoremMlis quite powerful, and we can deduce results for restricted classes of relations
with its help. The next theorem is equivalent to Altwegg’s result of 1950; it shows that
it is sufficient to add the outer transitivity axiom to our basic set of postulates.

Theorem 7. The theory B< of betweenness relations generated by a partial order is
axiomatized by the following postulates:

BT 0. B(a,a,a).

BT 1. B(a,b,c) = B(c,b,a).

BT 2. B(a,b,c) = B(a,a,b)

BT 3. B(a,b,a)=a=h.

BT 4. There are no odd B-cycles.

BT 5. B(a,b,c) and B(b,c,d) and b # ¢ = B(a,b,d).

Proof. In view of Theorem[6] it is sufficient to prove that if a betweenness relation B
satisfies that the relation Z(B) is transitive. Suppose that aRb and bRc hold in
Z(B), where #{a,b,c}. Then by Theorem|[dl B(a,b,c) holds. By and [BT 3] we
have B(a,a,c), so that a and ¢ are comparable, hence aRc or cRa. Now if cRa holds,
then we have B(b,c,a), so by B(a,b,a), a contradiction. Hence, aRc, showing
that R is transitive.

To prove Altwegg’s theorem, that his axiom system [Z] to [Zg] also characterizes
this set of betweenness relations, it is sufficient to show that [BT 4] can be deduced
from [BT QL BT 11 [BT 2] BT 3] and together with [Zg} Now Altwegg’s postulate
asserts, using our earlier terminology, that there is no odd B-cycle in which the
simple chains that compose it are of length 2 (that is to say, of minimum length).
However, in the presence of the outer transitivity axiom, it is not hard to show that
ifa,b,...,c,d,e,...,f,gisasimple chain, thensois a,b,...,c,e,..., f,g; thatis to say,
the intermediate elements in a simple chain can be removed, and the result is still a
simple chain. Consequently, if we postulate outer transitivity, then [Zg|implies the more
general version[BT 4 O

The following can be proved using basically the same construction as in Theorem 3

Theorem 8. The theories B< and Bg are not axiomatizable with a finite number of
variables.
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6 Algorithmic Aspects

In this section, we give a brief sketch of the algorithmic aspects of betweenness re-
lations. In the case of comparability graphs arising from partially ordered sets, very
efficient algorithms are known for both the recognition problem and colouring prob-
lems. The reader is referred to the work of Golumbic [6/7U8] for descriptions of these
algorithms, and to the article by Mohring [[13] for an informative survey of this area.

The characterization given in §3rests on the fact that if we have assigned orientations
to some edges in the comparability graph of a betweenness relation, then other orien-
tations are forced by the betweenness structure. If we use the notationa — b, a < b to
symbolize the fact that we have assigned the orientation (a,b) (respectively (b,a)) to
the unordered edge {a,b}, then the following implications hold:

Imp 0. [B(a,b,c)N(a#Db)A(b#c)A(a—b)]=(b—c);
Imp 1. [B(a,b,c)AN(a#Db)A(b#c)A(a—Db)]= (b—c);
Imp 2. [-B(a,b,c)A(a#b)N(b#c)N(a—b)]= (b—c);
Imp 3. [-B(a,b,c)N(a#b)A(b#c)N(a—Db)]= (b—c).

Let us say that a set S of ordered pairs (a,b), a # b, where a, b belong to the universe
of a betweenness relation (U, B), is implicationally closed if it is closed under these
implications (interpreting “a — b" as “(a,b) € S" and “a — b" as “(b,a) € S") and that
it is an implicational class of B if it is a minimal non-empty implicationally closed
subset of U. If A is an implicational class, then A” is the implicational class representing
the result of reversing the orientation of all edges in A. Using this terminology, we
can give an alternative characterization of betweenness relations arising from reflexive,
antisymmetric relations; this is the analogue of a corresponding theorem of Golumbic
for comparability graphs [6].

Theorem 9. A betweenness relation B is generated by a reflexive antisymmetric rela-
tion if and only ANA” = 0 for all implicational classes of B.

Proof. If B is a betweenness relation that is not generated by such a relation, then by
Theorem [] there must be an odd B-cycle. Choose any edge (a,b) in this cycle, and
consider the smallest implicational class A containing it. By the argument of Lemma[2]
the oriented edge (b,a) must also belong to this class, showing that A = A”.

For the converse, let us assume that ANA” # @ for some implicational class A, and let
(a,b),(b,a) € A. Since A is the smallest implicational class containing (a,b), it follows
that there is a sequence of elements of U, ay,...,a;, and a sequence of statements
S1,--,8i,...,Sk, where each statement S; is of the form (a;—; — a;) or (a;—1 < a;),
S1 =(ap — ay) = (a—b), Sy = (b — a), and every statement in the sequence, except
for the first, is derived from the preceding statement by one of the implicational rules
[fmp O] — fmp 3] In Example 2] of §4 such a sequence of statements is given by: (a —
b),(b—e),(e—b),(b—d),(d<—b),(b— a). Then it is straightforward to check that
the sequence of elements ay, ... ,a; is an odd B-cycle. ([

Theorem Bl immediately suggests an algorithm to determine whether or not a between-
ness relation is generated by a reflexive, antisymmetric relation. The algorithm consists
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of generating all of the implicational classes generated by directed edges in the com-
parability graph of the relation, while checking to see whether any overlap ever occurs
between an implication class A and its converse A™. If we succeed in generating all such
classes without an overlap, then they can be used to orient the edges appropriately, while
if an overlap occurs, then Theorem [9 tells us that the betweenness relation cannot be
generated by a reflexive, antisymmetric relation.

If (U,B) is a betweenness relation, and b € U, then the betweenness degree of b is
the number of proper triples (a,b,c¢) in B; the betweenness degree A(B) of the relation
B is the maximum betweenness degree of any element in U. The comparability degree
6 (B) of the relation B is the maximum degree of any vertex of the comparability graph
of B.

Theorem 10. There is an algorithm to determine whether a given betweenness relation
B is generated by a reflexive, antisymmetric relation that runs in O((A(B) + &(B))|B|)
time and O(|B|) space.

Proof. We provide only a brief sketch of this result. The basic ideas of the algorithm
are all to be found in the original paper of Golumbic [6], and the reader can consult this
paper for the details of the implementation.

We initialize the data structures for the algorithm by setting up two arrays of linked
lists, one for the proper triples in B, the other for the edges in the comparability graph.
This takes space O(|B|). Then we start from an arbitrarily selected edge {a,b} in the
comparability graph, and generate the smallest implicational class A containing (a,b),
simultaneously with its converse A™. The time complexity of the algorithm can be esti-
mated through an upper bound on the time taken to look up the appropriate implication,
when extending the implication classes. Suppose that (a,b) belongs to our class, and
that we wish to see if there is an edge (b,c) or (c,b) that should be added because of
some implication. First, we search for such an edge in the array representing the compa-
rability graph; this takes time O(0(B)). Second, if we have found such an edge, we look
for an appropriate proper triple with the middle element b; this takes time O(A(B)), as-
suming that we have indexed such triples by their middle elements. Consequently, the
entire procedure takes time O((A(B) + 6(B))|B|). O

7 Summary and Outlook

We have given an outline of the history of axiomatizations of betweenness relations,
and have shown that the class of betweenness relations generated by a reflexive and an-
tisymmetric binary relation is first order axiomatizable, albeit with an infinite number
of variables. Furthermore, we have pointed out the connection of betweenness relations
to comparability graphs. Such a graph may be generated by essentially different partial
orders; in contrast, betweenness relations carry, in some sense, total information: If B
is generated by a reflexive and antisymmetric binary relation, then this relation is deter-
mined up to taking converse on its components. In further work, we plan to investigate
more deeply the relation between comparability graphs and betweenness relations, and
also to give characterizations of induced betweenness relations in terms of forbidden
substructures.
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Abstract. Relational representation theorems are presented for general
(i-e., non-distributive) lattices with the following types of negations: De
Morgan, ortho, Heyting and pseudo-complement. The representation is
built on Urquhart’s representation for lattices where the associated re-
lational structures are doubly ordered sets and the canonical frame of
a lattice consists of its maximal disjoint filter-ideal pairs. For lattices
with negation, the relational structures require an additional binary re-
lation satisfying certain conditions which derive from the properties of
the negation. In each case, these conditions are sufficient to ensure that
the lattice with negation is embeddable into the complex algebra of its
canonical frame.

1 Introduction

A relational semantics for the class of lattices was developed by Urquhart in
[9]. These semantics were extended by Allwein and Dunn in [I] to include other
operations on lattices such as negation, fusion and implication. In particular,
they obtained a relational semantics for lattices with a De Morgan negation.
In this paper we shall develop relational semantics for lattices with other nega-
tions, namely, Heyting negation, pseudo-complement and ortho-negation. The
relational structures are extensions of Urquhart’s relational structures for lat-
tices, which are of the type (X, <1, <2) where <; and <s are quasi-orders on X
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ordered by inclusion. To extend this to De Morgan negations, Allwein and Dunn
introduce a relation N on X which is a function with some order-preserving
properties. The complex algebra of such a relational structure is a bounded lat-
tice with a definable negation that is De Morgan. We find suitable conditions on
N that further ensure that the definable negation is, in fact, an ortho-negation
(i.e., also satisfies the Heyting property: a A (—a) = 0).

The other negations we consider are derived from Dunn’s ‘kite of negations’.
We consider a ‘quasi-minimal’ Heyting negation. In this case, a binary relation
C is added to Urquhart’s relational structures, together with some conditions on
C, <7 and <5 that ensure that the complex algebra has a definable negation that
is also quasi-minimal and Heyting. A ‘pseudo-complemented’ lattice is a lattice
with negation satisfying: a Ab =0 < a < —b. Such algebras form a subclass
of the class just considered and their relational structures require an additional
condition to ensure that that a complex algebra is a pseudo-complemented lat-
tice.

For each type of lattice with negation considered, a canonical frame may
be constructed that is a relational structure of the correct type and satisfies the
required conditions. Thus, we may consider the complex algebra of the canonical
frame of each lattice with negation. The main result stated in each case is that the
lattice with negation may be embedded into the complex algebra of its canonical
frame.

The framework described above serves, on the one hand, as a tool for inves-
tigation of classes of lattices with negation operations and, on the other hand,
as a means for developing Kripke-style semantics for the logics whose algebraic
semantics is given. The representation theorems play an essential role in proving
completeness of the logics with respect to a Kripke-style semantics determined
by a class of frames associated with a given class of algebras. In this paper we
deal with the algebraic aspects of lattices with negation. The framework pre-
sented above has been used in [8] and [5] in the context of lattice-based modal
logics. It has been applied to lattice-based relation algebras in [4] and to double
residuated lattices in [6] and [7].

2 Negations

We follow J. M. Dunn’s analysis of negations, also known as “Dunn’s Kite of
Negations”. Dunn’s study of negation in non-classical logics as a negative modal
operator is an application of his gaggle theory, cf. [3], which is a generalization of
the Jonsson-Tarski Theorem. In gaggle theory, negation — is treated as a Galois
connective on an underlying poset or bounded lattice. This treatment requires
the condition:

(N2) a<-b&b< a (Quasi-minimal)
and leads to the following conditions for —:

(N1) a<b=-b<-a (Preminimal)
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(N2’) a<--a
(Int) a<band a <-b=a <z forallz (Intuitionistic)
(DeM) —-—a<a (De Morgan).

Note that from (N2) one may derive (N2’) and (N1) as follows. From —a < —a
we get @ < ——a. If a < b, then a < —=b hence —b < —a. Conversely, (N2) is
derivable from (N1) and (N2’) as follows. If a < —b, then ——b < —a hence b < —a.
Thus, in any partially ordered set with — the following implications hold:

(N1) & (N2') & (N2)
In the presence of a lattice meet operation A, (Int) can be restated as
(Int) a A (—a)=0.

We shall consider bounded, not necessarily distributive, lattices with negation.
We assume that 1 is the greatest element and 0 the smallest. From 0 < —1 and
(N2) we get 1 < =0 hence =0 = 1. In the presence of the (Int) identity, we also
have =1 = 0 since then 0 = 1 A =1 = 1. One may also derive this from (DeM)
and (N2’) since then -1 = ==0 = 0.

In particular, we consider the following four classes of bounded (not necessarily
distributive) lattices with negations: M, W, O and P.

1) M denotes the variety of all De Morgan lattices, i.e., bounded lattices with
De Morgan negation, that is, negation satisfying (N2) and (DeM).

2) W denotes the variety of all weakly pseudo-complemented lattices, that is,
bounded lattices with Heyting negation, that is, satisfying (N1), (N2’) and
(Int) (weak intuitionistic negation). The quasi-identity

<y == xANy=0

is satisfied but the converse is not; see the Example 2.3 below.

3) O denotes the variety of all ortholattices, i.e., bounded lattices with ortho-
negation, that is, negation satisfying (N2), (DeM) and (Int);

4) P denotes the class of all pseudo-complemented lattices, i.e., bounded lat-
tices with pseudo-complement (intuitionistic negation), that is, satisfying
the quasi-identities

zANy=0 & = < y.

Both (N2) and (Int) are derivable from the above quasi-identities. Thus, each of
the four classes we consider satisfies (N1), (N2), (N2’), =0 = 1 and =1 = 0.

Corollary 2.1. The following connections hold between M, W, O and P:

(a) Oc M
() OCW
(c) O=MNW #£P
(d) PCW, P ¢ M.
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The proper inclusions are shown by examples below. In each case, 1 is the top
element and 0 is the bottom element with =1 = 0 and =0 = 1.

Example 2.1. Let L3 be a lattice of 3-valued Lukasiewicz logic with 1,0, a, where
—a = a. Then L3 is in M, but (Int) is false: ma A @ = a # 0, so L3 is neither in
W nor in P nor in O.

Ezxample 2.2. Let N5 be the "pentagon”, a lattice with 5 elements 1,0, a, b, c,
where a < b and c¢ is incomparable with a, b. Let —a = =b = ¢ and —¢ = b. Then
N5 is in W and in P, but, since (DeM) is false: a < b = ——a, it is neither in M
nor in O.

Ezample 2.8. Let Mg2 be a lattice with 6 elements 1,0, a, b, ¢, d,, where a, b, ¢, d
are incomparable. Let —a = b, =b = a, =¢ = d and —d = ¢. Then M is in M,
in O and in W but not in P as the quasi-identity: Ay =0= 2z < -y fails.
This shows that a weakly pseudo-complemented lattice need not be pseudo-
complemented.

We shall need the following lemma. We use (X] to denote the downward closure
of a subset X of a lattice and [X) for the upward closure.

Lemma 2.1. Let W = (W,A,V,—,0,1) be a lattice with negation satisfying
(N2) (equivalently, (N1) and (N2°)) and let F be a proper filter of W. Then

(a) (=F] is an ideal of W,
(b) —a € F iff a € (—F), for alla € W.

If, in addition, W satisfies (Int), then
(c) FN(=F] =0.

Proof. (a) By definition, (=F] is downward closed. Suppose that a,b € (—=F].
Then a < —c¢ and b < —d for some ¢,d € F. Since F is a filter, cANd € F
so ~(c Ad) € =F. From (N1) one easily derives (—c) V (-d) < =(c A d) hence
aVb<-(cAd)soaVbe (-F]. Thus, (—F] is an ideal.

(b) If —a € F then =—a € (—F] hence a € (—F] by (N2°). If a € (—F] then
a < —b for some b € F, so b < —a by (N2) hence —a € F.

(c) Suppose there is some a € F N (—F]. Then a < —b for some b € F, so
b < —a. Thus, —a € F hence 0 = a A (—a) € F which is a contradiction.

3 Preliminaries

We give here the necessary background on the relational representation of non-
distributive lattices in the style of Urquhart [9]. (see also [4] and [8]). The rep-
resentations of non-distributive lattices with negations is built on top of this
framework following the methods of Allwein and Dunn [IJ.

Let X be a non-empty set and let <; and <3 be two quasi-orders on X. The
structure (X, <1, <2) is called a doubly ordered set iff it satisfies:

Vo, y)(r <t yand z <2 y) = 2 =y). (1)
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For a doubly ordered set X = (X, <,<2), A C X is <;-increasing (resp.,
<o-increasing) iff, for all z,y € X, x € A and = <1 y (resp., * <o y) imply
y € A. We define two mappings £, : 2% — 2% by

(A)={zeX:(WeX)e<1y=y ¢ A} (2)
r(A)={zeX:(WeX)a<sy=>y¢ A} (3)

Then A C X is called ¢{-stable (resp., r—stable) iff £(r(A)) = A (resp., r(£(A)) =
A). The family of all ¢-stable subsets of X will be denoted by L(X).

Lemma 3.1. [4),[8] Let (X, <1,<2) be a doubly ordered set. Then, for A C X,

(a) I(A) is <1—increasing and r(A) is <o—increasing,
(b) if A is <i—increasing, then A C l(r(4)),
(c) if A is <so—increasing, then A C r(l(A)).

Lemma 3.2. [9] Let (X, <1,<2) be a doubly ordered set. Then the mappings
and r form a Galois connection between the lattice of <1-increasing subsets of
X and the lattice of <o—increasing subsets of X. In particular, for every <i—
increasing set A and <go—increasing set B,

ACI(B) iff B C r(A).

Let X = (X, <y, <2) be a doubly ordered set. Define two binary operations A¢
and V€ on 2% and two constants 0€¢ and 1€ as follows: for all A BCX,

ANB=ANB 4

(4)

AVY B =1(r(A) nr(B)) (5)
0¢ =0 (6)

19 = X. (7)

Observe that the definition of V¢ in terms of A¢ resembles a De Morgan law with
two different negations. In [J] it was shown that L(X) = (L(X), A%, v, 09,1°)
is a bounded lattice; it is called the complex algebra of X.

Let W = (W, A,V,0,1) be a bounded lattice. By a filter-ideal pair of W we
mean a pair (z1,z2) such that x; is a filter of W, x5 is an ideal of W and
x1 Nxo = . Define the following three quasi-ordering relations on filter-ideal
pairs:

(r1,22) <1 (y1,92) iff 21 Cuyy
(r1,22) <2 (y1,92) iff 22 Cyo
(r1,72) < (y1,92) iff (w1,22) <o (y1,92) and (21, 22) <2 (y1,¥2)-
We say that a filter-ideal pair (21, z2) is mazimal iff it is maximal with respect
to <. The set of all maximal filter-ideal pairs of W will be denoted by X (W).

We shall use z,y, 2z, etc. to denote maximal disjoint filter-ideal pairs and, if
x € X(W), then we use the convention that the filter part of z is x; and the
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ideal part of x is xs, so that © = (x1,x2). The same convention holds for y, z,
etc.

Note that X (W) is a binary relation on 2". It was shown in [J] that for
any filter-ideal pair (z1,x2) there exists (y1,y2) € X(W) such that (z1,z2) <
(y1,y2); in this case, we say that (z1,z2) has been extended to (y1,y2).

If W = (W,A,V,0,1) is a bounded lattice then the canonical frame of W
is defined as the relational structure X (W) = (X (W), <1, <2).

Consider the complex algebra L(X (W)) of the canonical frame of a bounded
lattice W. Note that L(X (W)) is an algebra of subrelations of X (W). Define
a mapping h: W — 2XW) by

hia) ={x € X(W):a € x1}.

Then h is in fact a map from W to L(X(W)) and, moreover, we have the
following result.

Proposition 3.1. [9] For every bounded lattice W, h is a lattice embedding of
W into L(X (W)).

The following theorem is a weak version of the Urquhart result.

Theorem 3.1 (Representation theorem for lattices). Fvery bounded lat-
tice is embeddable into the complex algebra of its canonical frame.

4 Lattices with De Morgan Negation

Recall that M denotes the variety of all De Morgan lattices, which are bounded
lattices W = (W, A,V,—,0,1) with a unary operation — satisfying (N2) and
(DeM). Recall that from (N2) and (DeM) one may derive (N1), (N2’), =1 =0
and —0 = 1. The following are also derivable in M:

~(aVb) = (=a) A (=)
~(a AB) = (=a) V (-b)
—-a=-b = a=0.

We will denote by Rjs the class of all relational structures of type X =
(X,<1,<9,N), where (X, <1,<2) is a doubly ordered set (i.e., <; and <, are
quasi-orders satisfying (), N : X — X is a function and the following hold:

(M1)  (Vo)(N(N(z)) = z),
(M2) - (Va,y)(z <1y = N(z) <2 N(y)),
(M3)  (Va,y)(z <2y = N(z) <1 N(y)).

The representation in this section essentially comes from [I], where the func-
tion N is called a ‘generalized Routley-Meyer star operator’. We give full details
here and in the next section extend the method to ortholattices.

For each W € M, the canonical frame of W is defined as the relational
structure X (W) = (X (W), <1, <2, N), where X (W) is the set of all maximal
disjoint filter-ideal pairs of W and, for = = (z1,z2), y = (y1,y2) € X(W),
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r<py it oz Coy,
<oy iff  xo Cyo,
N(z) = (—x2, ~21), where =A = {~a :a € A} for any A C W,

Lemma 4.1. If W € M then X(W) € Ryy.

Proof. We have already observed that (X (W), <1, <2) is a doubly ordered set.
Condition (M1) follows from (DeM) and conditions (M2) and (M3) are imme-
diate. Thus, we need only show that N is a function from X (W) to X (W).
That is, if x = (z1,22) € X(W), we must show that N(z) = (—xzg,-z1) is a
maximal disjoint filter-ideal pair. Let ay,a2 € x2 hence —a1,—~as € —x3. Then
(ma1) A (mag) = (a1 V az) and a1 V as € x2, hence —xo is closed under A. If
—a1 < b then =b < =—a; = a1, so =b € x3. Then b = ==b € —x3, so —x2 is
upward closed. Thus, —zs is a filter. Similarly, -z is an ideal. Also, —z1 and —x2
can be shown disjoint using the implication: =b = —¢ = b = ¢ and the fact that
x1 and x9 are disjoint. To show maximality, suppose y € X (W) and -z C yso
and —zo C y;. Then ——x; C —ys, ie., x1 C —yo and also 2 C —y;. Since
(—y2, —w1) is a disjoint filter-ideal pair, the maximality of = implies z1 = —y2
and xo = —y;1. Thus, —z1 = y2 and —x2 = y; so N(z) is maximal.

If X = (X,<1,<2,N) € Ry, then (X, <1, <2) is a doubly ordered set, so we
may consider its complex algebra (L(X), A%, v®, 09 1¢), where L(X) is the set
of ¢-stable sets and the operations are as in ([@H7)). We extend this definition
to define the complez algebra of X as L(X) = (L(X),A%,v¢ =¢ 09 19),
where for A € L(X),

-“A={zxeX:N(x)er(Ad)})
Lemma 4.2. If X € Ry then L(X) € M.

Proof. We need to show that =C A is (-stable, i.e., fr(=¢A) = ~“ A, and that
L(X) satisfies (N2) and (DeM). Since ¢ and r form a Galois connection, by
Lemma B2 we have =“A C ¢r(=Y A) iff r(=¢ A) C r(=“A). For the converse,
suppose that for every y, if z <; y then y ¢ r(—“ A) and assume, to the contrary,
that * ¢ ~“A. Then N(x) ¢ 7(A) and there is z such that N(z) <, z and
z € A. It follows by (M3) and (M1) that « <; N(z) and hence, by the above
assumption, N(z) ¢ r(=“ A). Thus, there is t such that N(z) <o t and t € =C A.
By application of N and (M3) and (M1), we have that z <; N(¢) and N(t) €
r(A), in particular N(t) ¢ A. But z € A and A is <;—increasing, as A = {r(A),
hence N (t) € A, a contradiction.

To prove (N2), suppose that A C =¢B. Then, for every z, if + € A then
N(z) € r(B). Suppose that * € B and, to the contrary, that z ¢ —“ A4, i.e.,
N(z) ¢ r(A), in which case N(z) <2 y and y € A, for some y. By (M3) and (M1),
x <1 N(y) hence N(y) € B since B = ¢r(B) is <;-increasing. But alsoy € =“ B,
by the assumption, and N(y) € r(B), a contradiction since B Nr(B) = (.

To prove (DeM), let 2 € ~“=“A, hence N(x) € r(—=“A). We show that
x € £(r(A)) which equals A since A is f-closed. Let x <; w. Then N(z) <
N(w), by (M2), hence N(w) € r(=¢A) since r(~¢A) is <s-increasing. Thus,
N(w) ¢ =“ A, ie., w= N(N(w)) ¢ r(A). Thus, z € {(r(A)) = A.
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The above lemmas imply that if W € M, then the complex algebra of the
canonical frame of W, namely L(X(W)), is in M as well.

Theorem 4.1. Each W € M is embeddable into L(X (W)).
Proof. Recall that the function h: W — L(X (W)) defined by
ha) ={z e L(X(W)):a €z}

is an embedding of the lattice part of W into L(X (W)). We need only show
that h(—a) = =“h(a) for all a € W, where

h(-a) ={z: —a € x1}
and

-“h(a) = {z: N(z) € r(h(a))}
={z:-x1 Cys = a ¢y, for ally}.

First, let © € h(—a). Then —a € x1, hence a = ——a € —x;. Suppose that
-1 C y2. Then a ¢ y1, since y; and yo are disjoint.

Next, let = € =“h(a). Suppose, to the contrary, that —a ¢ x1. By Lemma 211
it follows that a ¢ (—z1] and hence that so ([a), (—z1]) is a disjoint filter-ideal
pair, which may be extended to a maximal one, say y. Thus, =21 C y2, s0 a ¢ y1,
but [a) C y1, a contradiction.

5 Lattices with Ortho-negation (Ortholattices)

Recall that O denotes the variety of all ortholattices, which are bounded lattices
W = (W,A,V,—,0,1) with a unary operation — which satisfies (N2), (DeM)
and (Int) (hence also (N1) and (N2’)). That is, the negation in an ortholattice
is both De Morgan and Heyting. We extend the relational representation for De
Morgan lattices to ortholattices

We will denote by Ro the class of all relational structures of type X = (X, <3
, <2, N), where (X, <1, <2) is a doubly ordered set and N : X — X is a function
such that (M1), (M2) and (M3) hold, as well as

0)  (Va)(Fy)(z <1y & N(z) <29).

That is, Ro is the subclass of Ry defined by (O).

If W € O, then W € M hence its canonical frame is the relational structure
X(W) = (X(W),<1,<2,N), where X(W) is the set of all maximal disjoint
filter-ideal pairs of W and, for z, y € X(W),

r<yiffar Cyn
r <oy iff 22 Cyo
N(aj) = (—|J;27—|1‘1), where - A = {—\a a € A}
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Lemma 5.1. If W € O then X(W) € Ro.

Proof. We must show that X (W) satisfies (O). Let € X(W). By Lemma 2.1]
(z1, 1) is a disjoint filter-ideal pair, so we may extend it to a maximal disjoint
filter-ideal pair, say y. Then z; C y; and —z; C ys, so we have found a y that
satisfies the required conditions of (O).

If X = (X,<1,<2,N) € Ro, then X € Ry so it has a canonical algebra
L(X) = (L(X),A9,vE, =¢,09,1¢) defined as in the De Morgan negation case.

Lemma 5.2. If X € Rp then L(X) € O.

Proof. We need only show that L(X) satisfies A A® (¢ A) = 0. Suppose, to
the contrary, that there exists A € L(X) such that AN (=¢A) # (), and let
r € AN (=YA). By (O), there exists y such that  <; y and N(z) <2 y. Since
A is <;-increasing, y € A. Since x € =Y A, N(x) € r(A). But then N(z) <2 y
implies y ¢ A, a contradiction.

Thus, the above lemmas imply that if W € O, then L(X(W)) € O as well.
Since the map h is an embedding of De Morgan lattices, we have the following
result.

Theorem 5.1. Each W € O is embeddable into L(X (W)).

6 Lattices with Heyting Negation

Recall that VW denotes the variety of all weakly pseudo-complemented lattices,
which are bounded lattices W = (W, A,V,—,0,1) with a unary operation —
satisfying (N1), (N2’) and (Int) (hence also (N2), =0 = 1 and -1 = 0).

We will denote by Ry the class of all relational structures of type X =
(X,<1,<e,C), where (X,<1,<2) is a doubly ordered set and C is a binary
relation on X such that the following hold:

(FC1) (Vx,y,2)((zCy and z <4 x) = 2Cy)

(FC2) (Vx,y, 2)((zCy and y <2 2) = xCz)

(FC3) (Vx)(Jy)(zCy and x <1 y)

(FC4) (Vx,y)(zCy = (F2)(yCz and x <1 2))

(FC5) (Vs,t,y)[(yCs and s <2 t) = (32)(y <1 2z and (Vu)(z <2 u = tCu))].

The relation C' is intended to capture the negation in the relational structure
in a similar manner that N was used in the De Morgan negation case.

For each W € W we define the canonical frame of W as the relational
structure X (W) = (X(W), <41, <2,C), where X (W) is the set of all maximal
disjoint filter-ideal pairs of W and, for all z, y € X (W),

r<yiffe Coyy

<o yiff zo Cyo
xCy iff (Va)(—a € 71 = a € ya2).
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Lemma 6.1. If W € W then X(W) € Ry .

Proof. We know that (X (W), <1, <2) is a doubly ordered set. Properties (FC1)
and (FC2) are straightforward to prove. For (FC3), suppose z € X(W). By
Lemma 2] (x1, (—x1]) is a disjoint filter-ideal pair, so we can extend it to a
maximal one, say y. If —a € x; then a € (—z1] (by Lemma[ZT[(b)) hence a € ysa.
Thus, zCy. Also, 1 C y1, i.e., z <1 y, so we have found the required y.

For (FC4), suppose z,y € X(W) and 2Cy. By Lemma 2T}(a), (—y1] is an
ideal. If @ € x1 N (—y1] then a € x; implies =—a € x1, which implies —a € ya.
But a € (—y1] implies —a € y; (by Lemma [2IIb)), which contradicts the fact
that y1 Ny2 = 0. Thus, x1 N (—y1] = 0. Thus, we can extend (z1, (—y1]) to a
maximal disjoint filter-ideal pair, say z. If —a € y; then a € (—y1] hence a € 29,
so yCz. Also, z <4 z, so we have proved (FC4).

For (FC5), suppose that s,t,y € X (W) such that yC's and s <2 t. First, we
show that y; N (—t1] = 0. Suppose a € y1 N(—t1]. Then, ~—a € y; hence —a € sa.
Since s <o t we have —a € ty. Also, a < —b for some b € ¢1, so ~a > ——b > b
hence —a € t;. This contradicts the fact that ¢; and t5 are disjoint.

We therefore have that (yi, (—t1]) is a disjoint filter-ideal pair, so we may
extend it to a maximal one, say z. Then, y; C 21, i.e., y <1 2. Suppose z <2 w
and —a € t1. Then ——a € —t; so a € (—t1] C 22 C wy hence a € wy. Thus, we
have proved (FC5).

Let X = (X,<1,<2,C) € Rw. Then (X, <1, <2) is a doubly ordered set hence
we may consider its complex algebra (L(X), A%, v®, 0¢,1°), where L(X) is the
set of f-stable sets and the operations are defined as in [@HT7). The complex
algebra of X is defined as L(X) = (L(X), %, v, =9 0% 1), where

CA={re X :VylzCy=1y ¢ A)}.
Lemma 6.2. If A is (-stable then so is =C A.
Proof. We have =“ A = {z : Vy(zCy = y ¢ A)} and
tr(=CA) ={x:x <1 5= (3t)(s <z t and (Vu)(tCu = u ¢ A))}.

Let z € =“ A and suppose that  <; s for some 5. We claim that ¢t = s satisfies
the required properties. Clearly, s <2 s. If sCu, then 2Cu since z <3 s, by (FC1)
hence u ¢ A. Thus, z € ¢r(=¢ A) so ~C A C Ir(=C A).

For the reverse inclusion, note that, since A is /-stable, we have

YA =-9r(A) ={z: 20y = (F2)(y <1 zand (Vu)(z <o u=u ¢ A))}.

Let o € r(—=“A) and suppose that xCy for some y. By (FC4), there exists s
such that
x <1 s and yCs.

Then, since € £r(=“A) and = <; s, there exists ¢ such that

s <ot and (Vu)(tCu = u ¢ A)).
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Since yC's and s < t, by (FC5) there exists z such that
y <1z and (Vu)(z <2 u = tCu)).

Thus, (Vu)(z <2 u = u ¢ A)), so we have found the required z, so z €
-Cr(A) = -CA.

Lemma 6.3. If X € Ry then L(X) e W.

Proof. To see that (N1) holds, suppose A, B are f-stable sets and A C B. Let
x € =“B. Then, zCy implies y ¢ B hence also y ¢ A, so x € =C A.
To see that (N2’) holds, note that

-Y-CYA={z:2Cy = (32)(yCz and z € A)}.

Let x € A and suppose that zCy for some y. By (FC4), there exists z such that
yCz and = <3 z. Since A is <j—increasing and x € A, we have z € A. Thus, the
required z exists, showing that z € =¢-C A.

To see that (Int) holds, let A be an ¢-stable set and suppose there exists
r € An-YA. By (FC3), there exists a y such that 2Cy and = <; y. Since
r € ~YA and xCy we have y ¢ A. But z € A and A is (-stable, hence <;-
increasing, so x <1 y implies y € A, a contradiction.

The above lemmas show that if W € W then so is L(X (W)).

Theorem 6.1. Each W € W is embeddable into L(X (W)).

Proof. Recall that the function h: W — L(X(W)) defined by
ha) ={z e L(X(W)):a €z}

is an embedding of the lattice part of W into L(X (W)). We need only show
that h(—a) = =“h(a) for all a € W, where

h(-a) ={z: —a € x1}

and
—|Ch(a) ={z:2Cy=aé¢y}.

First, let © € h(—a) and suppose that zCy. Then, —a € 1 so a € ys hence
a ¢ y1, as required.

Next, let # € —“h(a) and suppose that —a ¢ x;. Then a ¢ (—z;] (by
Lemma [ZTIb)) so ([a), (—x1]) forms a disjoint filter-ideal pair which we can
extend to a maximal one, say y. If —c € z1 then ¢ € (—z1] so zCy hence a ¢ y,
a contradiction since [a) C ;.

Remark 6.1. The class of ortholattices is the intersection of De Morgan lattices
and weakly pseudo-complemented lattices. In Section 5 we obtained a relational
representation for ortholattices by extending the relational representation for De
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Morgan lattices to include the condition (O) to deal with the identity (Int). How-
ever, since ortholattices may also be considered as extensions of weakly pseudo-
complemented lattices by the identity (DeM), one would expect a connection
between the two representations.

Let X = (X, <3, <2, N) be a relational structure in Ro, i.e., X satisfies (M1),
(M2), (M3) and (O). We shall show that X is equivalent to a relational structure
(X, <1,<2,C) in Ry . For this we need to define a relation C' in terms of N, <;
and <. To find the connection, consider the canonical frame of an ortholattice
W. This is (X (W), <1, <2, N), where

r<iy i oz Cy,
r<oy iff xo Cypo,
N(z) = (-2, ~71).

Since W is also a weakly pseudo-complemented lattice it also has a canonical
frame in Ry, which is (X (W), <1, <2, C) where <; and <3 are as above and

xCy it (Va)(—a € 21 = a € y2).

In the presence of both (Int) and (DeM) we claim that the following relationship
holds between N and C":

2Cy & N(z)<29.
To see this, suppose z,y € X(W). If zCy, then
Q€] S aE TS A€ T = a € Y2,

so =1 C yo, i.e., N(z) <2 y. Conversely, suppose N(z) <2 y and let —a € x7.
Then a = =—a € —x1, 80 a € Yo, hence xCy.

Starting with the relational structure (X, <1,<2,N) € R, define a binary
relation C' on X (W) by:

2Cy iff N(z)<2y.

Then one may check that the conditions (FC1-FC5) all hold for this C. In
particular, (FC1) and (FC2) are straightforward and (FC3) is just (O). For
(FC4), take z = N(y) and, for (FC5), take z = N(¢). Thus, (X,<1,<2,N) is
equivalent to a relational structure (X, <1, <2,C) € Rw . Moreover, the complex
algebra obtained from either of these relational structures is the same. To see
this we need only check that the two definitions of =¢ coincide:

{re X :N(z) er(A)}
—{zeX:N@x)<y=yd¢A}
={reX :2Cy=y¢ A}.

Thus, the definition of =¢ in the De Morgan case coincides with the definition
of =% in the Heyting case.
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A natural question arising from the above remark is whether a relational se-
mantics for ortholattices can be obtained in the style of the relational structures
in Ry . That is, what conditions should be added to (FC1-FC5) in order to
ensure that the complex algebra of such a structure also satisfies (DeM), i.e., so
that it’s an ortholattice.

7 Pseudo-complemented Lattices

Recall that the P denotes the class of all pseudo-complemented lattices, which
are bounded lattices W = (W, A, V, =, 0, 1) with a unary operation — satisfying:

aANb=0 & a<-b
Note that (N2) is derivable by
a<-b & aNb=0 < bANa=0 & b< —a.

Thus, (N1), (N2’) and =0 = 1 are also derivable and, from a < ——a, we get
a A -a = 0, ie., (Int) is derivable. So we also have =1 = 0. The class W of
weakly pseudo-complemented lattices is easily seen to satisfy the quasi-identity

a<-b = aAb=0,
hence P is the subclass of W defined by the quasi-identity
aANb=0 = a<-b (8)

P is a proper subclass of W (see Example 2.3).

We will denote by R p the class of all relational structures of type X = (X, <,
<2, C), where (X, <y, <2) is a doubly ordered set and C is a binary relation on
X such that (FC1-FC5) hold, as well as

(FC6) (Var, ) (xCly = (32) (¢ <1 2 and y < 2)).

That is, Rp is the subclass of Ry defined by (FC6).

If W € P then W € W as well hence its canonical frame is the relational
structure X (W) = (X(W), <43, <2,C), where X (W) is the set of all maximal
disjoint filter-ideal pairs of W and, for all z, y € X(W),

r<1yiffzr S
<o yiff zo Cyo
xCy iff (Va)(—a € 21 = a € y2).
Lemma 7.1. If W € P then X(W) € Rp.

Proof. We need only show that (FC6) holds. So, let z,y € X(W) such that
xCy. Consider the filter generated by 1 Uy, denoted Fi(z1 Uy;). We claim



Relational Representation Theorems for General Lattices with Negations 175

that 0 ¢ Fi(x1 Uy;). If we suppose otherwise, then there exist aq,...,a, € o1
and by,...,b,, € y; such that

(Aizy ai) A (/\;n:l b;) = 0.

If we set @ = A\, a; and b = A", bj, then a € z; and b € y; such that
a Ab=0. But this implies that a < —b by (&) hence —b € z;. Finally, since zCy
and —b € z1, we have b € yo. Thus, b € y; Ny2, a contradiction.

This shows that 0 ¢ Fi(z1 Uy1) so (Fi(z1 Uyr),{0}) is a disjoint filter-ideal
pair. This can be extended to a maximal disjoint filter-ideal pair, say z. Clearly,
r <1 z and y <1 z, as required.

Let X = (X,<4,<2,C) € Rp (so X satisfies (FC1-FC6)). Then X is also in
Rw hence we may consider its complex algebra L = (L(X), A%, v, =¢ 09 1),
where L(X) is the set of ¢-stable sets, the lattice operations are defined as in

EHD) and
CA={reX:aCy=y¢ A}

Lemma 7.2. If X € Rp then L(X) € P.

Proof. We need only show that L(X) satisfies the quasi-identity (&), i.e., for
A, B e L(X),

ANB=0 = AC-“B={zecX:2Cy=y¢ B}.

Suppose that AN B = @ and let x € A. Let y € X such that zCy. By (FC6),
there exists z € X such that  <; z and y <; 2. Since x € A and A is <;—
increasing, we have z € A as well. If y € B then, since B is <j—increasing, it
would follow that z € B and hence that z € AN B, contradicting our assumption
that AN B = (). Thus, y ¢ B hence z € =¢ B, as required.

Thus, we have shown that if W € P then so is L(X (W)). Moreover, from the
previous section we know that A is an embedding of W into L(X (W)), hence
we have the following result.

Theorem 7.1. Each W € P is embeddable into L(X (W)).
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Abstract. We introduce a strategy for the verification of relational spec-
ifications based on the analysis of monotonicity of variables within formu-
las. By comparing with the Alloy Analyzer, we show that for a relevant
class of problems this technique outperforms analysis of the same prob-
lems using SAT-solvers, while consuming a fraction of the memory SAT-
solvers require.

1 Introduction

The analysis of relational specifications has gained a lot of acceptance with the
growing interest on the Alloy specification language [6]. Alloy’s syntax and se-
mantics are based on a first-order relational logic. Due to the automatic analysis
capabilities offered by the Alloy tool []], Alloy has become widely accepted by
the community interested in automatic software engineering. The Alloy Ana-
lyzer wisely transforms Alloy specifications in which domains are bounded to a
fix scope, into propositions that are later fed to SAT-solvers such as Berkmin [3],
MChaff [10], or Relsat [I]. A different approach was followed in the definition of
the language NP [4], where the supporting automatic analysis tool (Nitpick [4])
searched for relation instances for the variables that would violate a provided
assertion.

In this paper we depart from the SAT-solving techniques of Alloy, and go back
to generation of instances for the relational variables as in Nitpick. We show
in this paper that for a class of problems that frequently arise when writing
relational specifications, a strategy based on monotonicity analysis outperforms
the analysis performed by Alloy using SAT-solving. This shows that the SAT-
solvers employed in Alloy do not profit from monotonicity information after the
original model is transformed by Alloy to a SAT problem.

In order to show how well this strategy performs when compared to SAT-
solving in Alloy, we will introduce a relational specification language (called
REL) and present ReMo, a tool that implements the strategy. Nevertheless,
this paper is not about relational specification languages design, and it is quite
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possible that a reader might have her own preferences about how to define such
language. Similarly, the paper is not about tool design, being ReMo a prototype
tool that implements the pruning strategy subject of this paper.

The paper is organized as follows. In Section [2l we give a brief description of
the Alloy language, as well as of REL, the relational language we will analyze.
In Section [3] we discuss the analysis strategy. In Section Ml we present ReMo,
the tool that implements our strategy, and compare ReMo’s performance with
that of Alloy. Finally, in Section [Bl we present our conclusions and proposals for
further work.

2 On Alloy and REL

2.1 The Alloy Modeling Language

Alloy is a modeling language designed with (fully automated) analyzability of
specifications as a priority. Alloy has its roots in the Z formal specification
language, and its few constructs and simple semantics are the result of putting
together some valuable features of Z and some constructs that are normally
found in informal notations. This is done while avoiding incorporation of other
features that would increase Alloy’s complexity more than necessary.

Alloy is defined on top of what is called relational logic, a logic with a clear
semantics based on relations. This logic provides a powerful yet simple formalism
for interpreting Alloy’s modeling constructs. The simplicity of both the relational
logic and the language as a whole makes Alloy suitable for automatic analysis.
The main analysis technique associated with Alloy is essentially a counterex-
ample extraction mechanism, based on SAT solving. Basically, given a system
specification and a statement about it, a counterexample of this statement (un-
der the assumptions of the system description) is exhaustively searched for. Since
first-order logic is not decidable (and the relational logic is a proper extension
of first-order logic), SAT solving cannot be used in general to guarantee the
consistency of (or, equivalently, the absence of counterexamples for) a theory;
then, the exhaustive search for counterexamples has to be performed up to cer-
tain bound k in the number of elements in the universe of the interpretations.
Thus, this analysis procedure can be regarded as a validation mechanism, rather
than a verification procedure. Its usefulness for validation is justified by the in-
teresting idea that, in practice, if a statement is not true, there often exists a
counterexample of it of small size:

“First-order logic is undecidable, so our analysis cannot be a decision
procedure: if no model is found, the formula may still have a model in
a larger scope. Nevertheless, the analysis is useful, since many formulas
that have models have small ones.” (cf. [5 p. 1])

The above described analysis has been implemented by the Alloy Analyzer
[8], a tool that incorporates state-of-the-art SAT solvers in order to search for
counterexamples of specifications.
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In Fig. [l we describe the grammar and semantics of Alloy’s relational logic,
which is based on relations of arbitrary rank. Composition of binary relations is
well understood; but for relations of different rank, the following definition for
the composition of relations has to be considered:

R,S: {<a1,...,ai_1,b2,...,bj> :
Elb(<a1,...,ai,17b> ER A <b7b27...,bj> ES)} .

Operations for transitive closure and transposition are only defined for binary
relations.

expr 1=

iden (identity)

| expr + expr (union)

| expr & expr (intersection)
| expr — expr (difference)
|~ expr (transpose)

| expr.expr (composition)

| +expr (transitive closure)
| {v:t]| form} (set former)
| Var

form ::=

expr in expr (inclusion)
|!'form (neg)

| form && form (conj)

| form || form (disj)

| all v : type | form (univ)

| some v : type | form (exist)

Fig. 1. Grammar and semantics of Alloy

The Alloy language provides, on top of the kernel, different idioms that greatly
simplify writing models. Let us consider, as a means to introduce notation, a
simple example based on memories. In order to specify a data type for memories,
data types for data and addresses are especially necessary. We can then start by
indicating the existence of disjoint sets (of atoms) for data and addresses, which
in Alloy are specified using signatures.

sig Addr { } sig Data { }

These are basic signatures. We do not assume any special properties regarding
the structure of data and addresses.

With data and addresses already defined, we can now specify what constitutes
a memory. A possible way of defining memories is by saying that a memory
consists of a partial mapping from addresses to data values:

sig Memory {
map: Addr -> lone Data }

The multiplicity marking lone in signature Memory establishes that for each
address a there must be zero or one data related.

Once data is defined, it is possible to define predicates and operations, or
constrain models adding facts (axioms), as follows.

pred NotFull (m : Memory) {
some a : Addr | no (a -> Data) }

In predicate NotFull, expression “no R” means that R is empty. Also, for
unary relations (sets) Sp and S, S1->52 = {{a,b) :a € Sy AbE Sy }.
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fun Write (m : Memory, a : Addr, d : Data) : Memory {
(m.map - (a -> Data)) + (a->d) }

fact WriteTwice {
all m : Memory, a : Addr, d : Data |
Write(m,a,d) = Write(Write(m,a,d),a,d) }

Once the model is specified, assertions about the model can be written down
and then be analyzed with the Alloy tool. The following flawed assertion (flawed
in the sense that there exist counterexamples) asserts that writing twice in a
memory address does not modify the memory.

assert ClearVsTwice {
all m : Memory, a : Addr, d : Data |
m = Write(Write(m,a,d),a,d)
}

More syntactic sugar is available in order to provide idioms ubiquitous in
object orientation that greatly simplify writing models [6].

2.2 The REL Modeling Language

In this section we introduce REL, a purely relational specification language.
REL’s syntax is introduced in Fig. 2l Notice that there are minor differences
between REL and Alloy’s relational logic. Due to the definition of the semantics
of variables, these are in REL binary relations. Also, REL does not allow quan-
tification. Actually, these two shortcomings of REL are overcome with the use
of fork [2] (fork is not present in Alloy’s relational logic).

expr 1=
1; (universal with type t)

form ::=

expr <= expr (inclusion)
| form (neg)

| form && form (conj)

| form || form (disj)

| id; (identity with type t)
| expr + expr (union)

| expr & expr (intersection)
| [expr, expr] (fork)

| —expr (complement)

|~ expr(transpose)

| expr - expr (composition)
| +expr (transitive closure)
| Var (variable)

Fig. 2. Grammar and semantics of REL

Notice that REL formulas are Boolean combinations of equations. In the forth-
coming sections, we will need the following result proved in [II], p. 26].

Theorem 1. Every REL formula is equivalent to a REL formula of the form

T =1, for an appropriate term T.

In particular, we will use the property Th <=Ty ~ (=T1)+Tx = 1.
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3 Monotonicity Analysis for Verification of Relational
Specifications

Let us consider a relational specification Spec in a suitable relational language
(as for instance Alloy or REL). In order to validate this specification, we want to
automatically analyze whether a given property « follows from Spec. Expressive
enough relational languages are undecidable. Thus, in order to make automatic
analysis feasible we will impose bounds on the size of domains. The analysis
procedure reduces then to finding instances (concrete relations among elements
from the bounded domains) for the relational variables that satisfy Spec, yet
falsify a.

Notice that given a family of domains Dq,..., Dy with bounds by,..., bk,
respectively, and a relational variable R, there are 2°1***% possible values (re-
lations) for R on D; X -+ x Dy. Even for small values of by, ..., b, exhaustive
search of appropriate instances is in general unfeasible (even more if we consider
that the previous number scales up exponentially when more relational vari-
ables Rq,..., Ry are considered). Therefore, strategies that allow us to prune
the state space are mandatory in order to make automatic analysis feasible.
Some strategies are general, in the sense that are either specification indepen-
dent, or in general improve analysis performance. Example of such techniques is
automorphisms elimination [7], which avoids generating those models obtained
by permutations of the underlying domains. Other strategies, as the one we
present in this paper, work for certain specifications.

Definition 1. Given a relational variable R and a term t(R), we say that R is
positive (in t) if all the occurrences of R lay under an even number of complement
symbols. It is negative (in t) if all the occurrences of R lay under an odd number
of complement symbols. If R is neither positive nor negative in t, it is then said
to be undefined in t.

As an example, let us consider the terms

() =((=R) - 5), ()=(~R) - R), (¢)(R-R) & (=R) .

In term (a), variable R is positive, while variable S is negative. In (b), R is
negative. Finally, in (c¢), R is undefined.

Definition 2. Given a relational variable R and a term t(R), t is isotonic with
respect to R if for all concrete relations r,s, r C s = t(r) C t(s). Similarly, t is
antitonic with respect to R if for all concrete relations r,s, 7 C s = t(r) D t(s).

Definition [2] is similar to the notion of syntactic monotonicity from the modal
p—calculus and other logics.

Proposition 1. Let t(R) be a relational term on the variable R. If R is positive
in t, then t is isotonic with respect to R. Similarly, if R is negative in t, then t
s antitonic with respect to R.
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Proof. The (easy) proof proceeds by induction on the structure of relational
terms.

In order to introduce our strategy, we will assume that the specification Spec
consists of a sequence of formulas on a single variable R. We will later drop this
assumption and generalize to variables R;,..., R,,. Moreover, we will assume
that formulas are equations of the form T = 1. Notice that from Thm. [Tl there
is no loss of generality in adopting this assumption. We will also assume that
variable R ranges over binary relations. Since fork allows us to simulate relations
of arity greater than 2 [2], there is no loss of generality in this assumption either.

The set of all relations on the domain A x B, ordered by inclusion, is a lattice.
Since in the worst case it will be necessary (according to our strategy) to explore
the whole lattice, it is essential to explore it in a way such that each relation is
visited (at most) once.

We will traverse the lattice in a depth-first search (DFS) manner. Actually,
we will present two DFS traversals of the lattice. One from the bottom, and
one from the top. If A contains elements a1,...,a, and B contains elements
b1,...,b,, we can impose on A and B the total orderings a; < --- < a, and
by < -+ < by. Then, the relation on A x B defined by

<a1,b1> < <a2,b2> < a1 < as 'V (a1 =a9 N b1 < b2)

is a total ordering, called the lexicographic ordering. For the traversal from the
bottom, notice that any given relation R has, as immediate successors, relations
of the form RU {{(a,b)} (a € A, b € B), where for every (a’,V’) € R, {(a,b) >
(a', ).

Once the successors of a given a relation are defined, if we are given two
different successors of R, namely R U {{a,b)} and R U {(c,d) }, an ordering
between them is induced by the ordering between (a,b) and (c,d). Therefore,
in order to traverse the lattice, the successors of R will be visited according
to this ordering. Figure Bl shows an example. Each matrix represents a relation
contained in the set { 0,1} x {0,1}. A dark square in position (i, j) means pair
(i, 7) belongs to the relation modeled by the matrix. The number attached to
each matrix gives the traversal ordering.

In order to traverse the lattice in a descending order, we define the predecessors
of a relation R as the set { —P : P is a successor of — R }. Notice that since P
is a successor of —R, —R C P, and therefore, —P C R. Also, predecessors differ
from the parent relation in that the latter has one extra pair. The ordering in
which relations are visited in the descending traversal follows from the ordering
in the ascending traversal. Figure [3] shows an example of a descending traversal.

Let us consider now an equation of the form ¢(R) = 1 in which variable R
is negative in ¢t. As a running example, consider the following equations stating
that R is a total (cf. ([2))) functional (cf. () relation. Notice that R is negative

in ().
—((~R)-R)+1d=1 (1)
R1=1 2)
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Fig. 3. Ascending and descending traversal

Since we want to satisfy an equation of the form ¢(R) = 1, we want to maxi-
mize the value of ¢(R) (notice that we are strongly using the assumption on the
shape of the equation). Since R is negative in ¢, t(R) reaches a maximum when
R = 0. Notice that in the example, while () is satisfied, (@) is not. Therefore,
it is necessary to search for another model. It is clear at this point that values
of R near the bottom of the lattice are more likely to satisfy ().

Proposition 2. Let t(R) = 1 be an equation on the variable R. Assume R is
negative in t. Let v be a concrete relation such that t(r) = 1, and for a successor
" of r, t(r') # 1. Then, for every relation x 2 r', t(x) # 1.

Proof. Since R is negative in t, by Prop.[Il¢ is antitonic with respect to R. Then,
x 21 = tlx) Ct(r') # 1L

Proposition 2] provides us with a sufficient criterion for pruning part of the
lattice. If in an ascending traversal of the lattice we reach a relation 7’ for which
t(r') # 1, the branch with origin in 7 does not need to be traversed because it
cannot produce a model.

Thus, we can conclude that:

if we are given an equation of the form ¢t(R) = 1,

variable R is negative in ¢,

we are performing an ascending traversal of the lattice,

4. we have reached a relation r’ in the lattice for which #(r’) # 1,

W=

then the branch of the lattice with origin in 7’ can be pruned.
Similarly,

if we are given an equation of the form ¢(R) =1,

variable R is positive in t,

we are performing a descending traversal of the lattice,

we have reached a relation r/ in the lattice for which ¢(r') # 1,

W=
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then the branch of the lattice with origin in 7’ can be pruned.

Let us analyze now how general or restrictive are the hypothesis we are as-
suming. Notice that so far we have only discussed the situation where a single
equation is being analyzed. If we are given equations Fj, ..., Fy, from Thm. [I]
we can assume they are all of the form T;(R) = 1 (1 <4 < k). At this point
we are still considering the case in which there is a single relational variable
R. In each equation, R may be positive, negative or undefined. Let us assume,
without loss of generality, that there are more equations in which R is negative.
Then, an ascending traversal of the lattice will allow us to prune a branch when
one of the negative equations fails. Notice that the traversal ordering is chosen
upon establishing what is the prevailing monotonicity. Therefore, the only real
assumption we are making, is that variable R has a defined monotonicity in some
of the equations. Thus, this is the context in which our pruning strategy can be
applied.

Let us remove now the remaining assumption, namely, the restriction to
a single variable R. Let us consider now relational variables Rj,...,R,; and
equations F1,..., Ey, which, from Thm. [[l we can assume are all of the form
Ti(R1,...,Rn) =1 (1 <i < k). We compute for each variable R; (1 < i < n)
the amount of equations in which it is positive or negative, and call R; positive
(negative) if it appears positive (negative) in more equations. We now define for
each variable a traversal ordering of the lattice as follows: if R; is positive then
the lattice is traversed from the top, and if it is negative the lattice is traversed
from the bottom. Under these conditions we can prove the following theorem.

Theorem 2. Let T;(Ry,...,R,) =1 (1 <i < k) be an equation from Spec. Let
the sign of each variable in T agree with the sign in the specification (that is, if R;
is positive (negative) in more equations, then it is also positive (negative) in T ).
If r1,...,my are concrete relations such that Ti(r1,...,mn) # 1, and vy, ... 1),
are concrete relations such that v 2 r; (r; C r;) if R; is negative (positive),

j
then T;(ry,...70) # 1.

Proof. A simple proof by induction on the structure of term 7; allows us to
show that T;(r),...7.,) C T;(r1,...,mn). Since T;(r1,...,m) # 1, it follows that
Ti(ry,...r) # 1.

Theorem [2] allows us to prune the lattice as soon as a configuration as the one
described in the hypotheses is reached. In Section M we present ReMo, a tool
implementing this strategy, and evaluate its performance.

4 ReMo: RElational Verification Through MOnotonicity
Analysis

ReMo is an application that implements the analysis strategy described in Sec-
tion [l The structure of the relational specifications that ReMo analyzes is shown
in Fig. @
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\domains \identities \universals \properties
D1 [mil:ni1] Id1 D1 Unit1l D1xD1 Formula
Dk [mk:nk] Ids Dk Unitu Dk*D3 Formula

\constants \empties \axioms
C1 < D1%D2 Zerol D1x*D2 Formula
Cr < Dk*D1 Zerot Dkx*Dk Formula

Fig. 4. Structure of a ReMo Specification

After the \domains keyword, we list the domains in the specification, as well as
a range (lower and upper bound) for their size. After the \constants keyword,
we list the relational variables in the specification, as well as their type (in
Fig. @ all the relational variables are to be interpreted as binary relations on
the corresponding domains). Under the \identities keyword, we list those
identity relations that will be required in the specification, together with their
type. Similarly, we declare empty and universal relations under the appropriate
keywords. Finally, the specification contains the axioms and the assertions to be
verified.

ReMo receives a specification as input and transforms, using the translation
defined by Thm. [I each axiom and assertion to an equation of the form T = 1.
It then computes the monotonicity of each relational variable, and determines a
traversal order for each one. Values for the variables are then generated for the
variables according to the traversal order, and the pruning strategy is applied
whenever possible. ReMo deals with binary relations. These were implemented
using Reduced Ordered Binary Decision Diagrams (ROBDDs) [12].

In the remaining part of this section we present several problems for which
we provide Alloy and REL specifications. We then analyze running times for
different domain sizes. In order to obtain the running times we have used a
personal computer with an AMD 3200, 64 bits processor; 2GB, dual channel
memory, and Linux Mandriva 10.2, 64 bits. We compared ReMo with the Alloy
Analyzer, Version 3.0 Beta, March 5, 2005.

4.1 First Example: Total Injective Functions

Notice that functions play an important role in specification. This is how Alloy,
for instance, provides idioms for declaring relations as being functional. Using
multiplicity idioms it is possible to define a relation as being a total injective
function (cf. @)).

TotInjFun : Alone — > one B (3)

In Fig. B we present, side by side, specifications in Alloy and REL for this
problem. Despite the fact Alloy can use multiplicity markings in order to specify
a relation as being a total function (cf. (3))), in order to have a fair comparison
between the SAT-solvers and ReMo we will use the very same axioms. Notice
that the assertion in the Alloy specification is always false because iden is the
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identity on all the domains (untyped). Therefore, the Alloy tool will look for
some total injective function. Similarly, the property we use in ReMo is also
false. While this looks as a simple problem, it is worthwhile to mention that
total injective functions lay somewhere in the middle of the lattice. That is,
they are neither close to the top of the lattice (those relations tend not to be
functional or injective) nor close to the bottom of the lattice (where relations
tend not to be total). Therefore, there is a real challenge in efficiently getting to
them.

module InjTotFun \domains
A[scope:scopel
sig elem { } \constants
F < AxA
sig function { \identities
F: elem -> elem id A*A
} \empties
0 AxA
((~F).F) in elem<:iden \universals
(F.(~F)) in elem<:iden 1 Ax*A
(F.(elem<:univ))=(elem<:univ) \axioms
} ((~F).F)<=id
(F. (~F))<=id
assert funInyTotal { F.1=1
all f:function | f.F=iden } \properties
0=1

check funInyTotal for 1
but exactly [scope] elem

Fig. 5. Specification of total injective functions in Alloy and REL

After translating the axioms according to Thm. [I we obtain the following
equations:

—(~F).F)+id=1 (4)
—(F.(~F))+id=1 (5)
Fl=1 (6)

Since in equations (@) and () F is negative, ReMo will traverse the lattice
from the bottom for this variable. In Table [Il we present the running times for
various scopes for ReMo, and for the same scopes for Alloy using the SAT-solvers
it provides.

Table 1. Running times for Alloy and ReMo

scope Berkmin MChaff RelSat ReMo
30 00:23 11:56  00:45 00:09
35 00:42 52:48 01:26 00:33
40 01:32 > 60> 02:46 00:54
45 02:36 > 60" 04:59 01:37
50 02:42 > 60° 08:37 02:14
55 06:52 > 60> 14:26 03:40
60 08:18 > 607 23:17 04:45
65 Crash Crash Crash 13:02
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Regarding memory consumption, for a scope of 60 in the case of Berkmin
and RelSat, 35 for MChaff (the largest for which each SAT-solver found a model
within 60’), and 65 for ReMo we obtained the following data:

Berkmin  MChaff RelSat ReMo
444.5 MB 163.8 MB 469 MB 10.24 MB

4.2 Second Example: Total Orderings

Total orderings are frequently used in specifications. For instance, they come
within the library of standard modules for Alloy, and are commonly used when
specifying properties of executions of operations [9].

In this section we will deal with two different problems involving total order-
ings.

Finding a Total Ordering. Total orderings are binary relations O that are
reflexive (id C O), antisymmetric (O& ~ O = id), transitive (0.0 C O) and
total (O+ ~ O = 1). This is an interesting problem because, as in the case for
functions, these orderings lay somewhere in the middle of the lattice (relations
near the top of the lattice are not antisymmetric, and those near the bottom
are not total). Given a total ordering, there is a relation next that relates each
element to its successor. Given a total order O, next (known as the Hasse-
diagram for O) is defined by the equation

next = O& (—id) & (— ((0& (—id)) . (0& (—id)))) .

Is it true that this relation is functional, injective and total? The answer, con-
firmed by both Alloy and ReMo, is “No”. While nezt is functional and injective,
it is not total. The last element in the ordering does not belong to the domain
of next.

The specifications in Alloy and ReMo are given in Figs. [6 and [0

After applying the translation from Thm. [I] to the axioms not involving nezt
(because those involving next will always be undefined), we obtain the following
equations:

—id+0=1 (7)
—(0&(~ 0)) +id =1 (8)
—(0.0)+0=1 (9)
O+ (~0)=1 (10)

Since O is positive in ([@) and (), negative in ) and undefined in (@), a
descending traversal of the lattice is chosen for variable O.

In Table 2] we show that, for this problem, ReMo outperforms the Alloy An-
alyzer both in running time and memory consumption.
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module totalOrder
sig elem{ }
sig order {
0 : elem -> elem,
next : elem -> elem
H
elem<:iden in O
0&(~0) in iden
0.0in O
0+(~0) = elem—>elem
next = (0 - (elem<:iden)) -
((0 - (elem<:iden)).(0 - (elem<:iden)))

assert nextTotInjFun {
all o:order |
~ (o.next).(o.next) in elem<:iden &&
(o.next) .~ (o.next) in elem<:iden &&
(o.next) . (elem<:univ) = elem<:univ

}

check nextTotInjFun for 1
but exactly [scopel elem

Fig. 6. Specification in Alloy of Total Ordering

\domains \axioms

elem[scope:scope] id <= 0

0&(~0) <= id

\constants 0.0 <=0

0 < elemxelem 0+(~0) =1

next < elem*elem next = 0 & (-id) & (-((0&(-id)).(0&(-id))))
\identities \properties

id elem*elem ~mnext.next <= id
\universals next.~next <= id

1 elem*elem next.1 =1

Fig. 7. Specification in REL of Total Ordering

Table 2. Running times and memory consumption for total orderings in Alloy and
ReMo

scope Berkmin MChaff RelSat ReMo

10 00:02 00:03 00:03 00:00
15 00:03 00:05 00:13 00:00
20 00:09 00:11 00:45 00:01
25 00:25 00:21 02:07 00:04
30 01:16 01:37 05:37 00:07
35 01:44 02:54 10:11 00:19
40 02:46 05:38 19:20 00:32
45 06:31 04:05 34:51 00:55
50 10:50 16:02 crashed 01:23

Memory 481.3 MB 231.4 MB 307.2 MB 81.9 MB

Testing a Valid Property. Since testing a valid property will not produce
any counterexamples, all total orderings will be visited. Notice that there are
n! different total orderings on a n elements set. Notice also that given a total
ordering O on the set elem, any other total ordering O’ can be obtained from O
via a permutation of elem. As an instance, for elem = {1,2,3,4,5}, let

0=1<2<3<4<5 and0' =4<3<5<1<2.
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If p is the permutation: 1 — 4,2 — 3,3 — 5,4 — 1,5 — 2, then O =
[ (p(@),p(y)) : (a,9) € O} = p(O).

Since all relational operators from REL are algebmz’ [11l p. 57], i.e., invariant
under permutations of the atomic domains, testing the equations on a single
linear ordering suffices.

Since Alloy eliminates many of the models obtained by permutations, it is not
surprising that for these problems Alloy outperforms ReMo considerably.

We will come back to this problem in Section [l when discussing further work.

4.3 Third Example: A Specification with Two Relational Variables

The examples we have presented so far, all deal with a single relational variable.

Even in Example[.2] where variables O and next are declared, next is introduced

as an abbreviation for a complex term and replaced by its definition in both tools.

Thus, this will be the first example where two meaningful variables appear.
The problem we will deal with is the following;:

Let us consider a system in which n processes and m resources are
available. Every process has either requested a resource, or a resource
has already been allocated to the process. Every resource has already
been allocated to a process, or is being requested by one. Resources can
be allocated to exactly one process. Finally, the system is deadlock free
(no cycles in the relation reqs.allocs).

We want to analyze whether is it true that every process is requesting
a resource, and every resource has been allocated to a process.

In Figs. [§ we present the Alloy and REL specifications.
If we translate the axioms according to Thm. [I] the axioms become:

—idP + (reqs. ~ reqs) + (~ allocs.allocs) = 1
—idR + (~ regs.regs) + (allocs. ~ allocs) =1
—(+(regs.allocs)) + —idP =1

—(~ allocs.allocs) + idP = 1

Similarly, since the assertions must be falsified, we translate the negation of
the equations. We then obtain:

1.(¢dP & — (regs. ~regs)).1 =1 (15)
1.(idR & — (allocs. ~ allocs)).1 =1 (16)

Variable regs appears positive in (1)) and (I2)), and negative in (I3]) and (I3).
Variable allocs appears positive in (I and ([I2)), and negative in ([I3), (I4)
and (I6]). Therefore, variable allocs is assigned an ascending traversal. Since the
number of times regs is positive (or negative) is greater than zero, it is reasonable

! Even fork is invariant under permutations of the atomic domains. It is not invariant
under arbitrary permutations of the field of a fork algebra.
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module System
sig Process{ }
sig Resource{ }
sig System {
reqgs: Process->Resource,
allocs: Resource->Process
H
Process<:iden in
(regs.~regs)+(~allocs.allocs)
Resource<:iden in
(~regs.regs)+(allocs.~allocs)
~allocs.allocs in Process<:iden
(Process<:iden) . (regs.allocs) in

(Process->Process) - (Process<:iden)

assert allWaiting{
all s:System |
iden & (Process->Process) in
(s.regs) . (~(s.reqgs)) &&
iden & (Resource->Resource) in
(s.allocs).(~(s.allocs))

check allWaiting for 1 but
exactly [scope] Process,
exactly [scope] Resource

\domains
Process [scope:scope]
Resource [scope:scopel
\constants
reqs < Process*Resource
allocs < Resource*Process
\identities
idP Process*Process
idR Resource*Resource
\empties
zeroP Process*Process
zeroR Resource*Resource
\axioms
idP <= (regs.~regs) + (~allocs.allocs)
idR <= (~regs.reqgs) + (allocs.~allocs)
+(regs.allocs) & idP = zeroP
~allocs.allocs <= idP
\properties
idP <= regs.~reqgs
idR <= allocs.~allocs

Fig. 8. Specification in Alloy and ReMo

to use one of the proposed traversals. Since in this case there is a tie between the
number of times regs is positive and the number of times it is negative, ReMo
chooses (by default) an ascending traversal.

In Table [3] we present the running times and memory consumption for Alloy
and ReMo.

Table 3. Running times and memory consumption

scope Berkmin MChaff RelSat ReMo

10 00.17 01.12 05.36 00.03

15 00.23 03.38 48.88 00.06

20 01.42 17.51 >60 min 00.12

25 03.51 44.75 00.27

30 07.73 49.98 00.52
Memory 73.73 MB 49.15 MB 61.5 MB 10.24 MB
scope 15

5 Conclusions and Further Work

In this paper we have presented a pruning strategy that allows us to considerably
reduce the time and memory required in order to find a counterexample in a
relational specification. We conclude that the strategy is very efficient in those
cases where it can be applied. At the same time, this paper leaves open the
following problems.

1. It is essential to combine this strategy with another that allows us to han-
dle specifications where our strategy cannot be applied. We are currently
combining our strategy with isomorph free model enumeration [7].
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Since Alloy does not profit so far from monotonicity information as ReMo
does, it seems necessary to improve the analysis capabilities of Alloy in this
direction.
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Abstract. Max-plus analogues of linear spaces, convex sets, and poly-
hedra have appeared in several works. We survey their main geometrical
properties, including max-plus versions of the separation theorem, ex-
istence of linear and non-linear projectors, max-plus analogues of the
Minkowski-Weyl theorem, and the characterization of the analogues of
“simplicial” cones in terms of distributive lattices.

1 Introduction

The max-plus semiring, Rpax, is the set R U {—oo} equipped with the addition
(a,b) — max(a,b) and the multiplication (a,b) — a + b. To emphasize the
semiring structure, we write a®b := max(a,b), ab:= a+b, 0 := —oco and 1 := 0.

Many classical notions have interesting max-plus analogues. In particular,
semimodules over the max-plus semiring can be defined essentially like linear
spaces over a field. The most basic examples consist of subsemimodules of func-
tions from a set X to Ryax, which are subsets ¥ of Rgax that are stable by
max-plus linear combinations, meaning that:

A ®pv eV (1)

for all u,v € ¥ and for all A\, u € Ry,.x. Here, for all scalars A and functions
u, Au denotes the function sending = to the max-plus product Au(z), and the
max-plus sum of two functions is defined entrywise. Max-plus semimodules have
many common features with convex cones. This analogy leads to define max-plus
conver subsets ¥ of RX, by the requirement that (I) holds for all u,v € ¥ and
for all A\, u € Ryax such that A @ u = 1. The finite dimensional case, in which
X ={1,...,n}, is already interesting.

Semimodules over the max-plus semiring have received much attention [I],
121, B, [, [5]. They are of an intrinsic interest, due to their relation with lattice
and Boolean matrix theory, and also with abstract convex analysis [6]. They
arise in the geometric approach to discrete event systems [7], and in the study
of solutions of Hamilton-Jacobi equations associated with deterministic optimal
control problems [S49IT0]. Recently, relations with phylogenetic analysis have
been pointed out [11].

R.A. Schmidt (Ed.): ReIMiCS /AKA 2006, LNCS 4136, pp. 192-[206] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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In this paper, we survey the basic properties of max-plus linear spaces, convex
sets, and polyhedra, emphasizing the analogies with classical convex geometry.
We shall present a synopsis of the results of [BJI2], including separation theo-
rems, as well as new results, mostly taken from the recent works [I3I14]. Some
motivations are sketched in the next section. The reader interested specifically
in applications to computer science might look at the work on fixed points prob-
lems in static analysis of programs by abstract interpretation [28], which is briefly
discussed at the end of Section

2 Motivations

2.1 Preliminary Definitions

Before pointing out some motivations, we give preliminary definitions. We re-
fer the reader to [5] for background on semirings with an idempotent addition
(idempotent semirings) and semimodules over idempotent semirings. In partic-
ular, the standard notions concerning modules, like linear maps, are naturally
adapted to the setting of semimodules.

Although the results of [5] are developed in a more general setting, we shall
here only consider semimodules of functions. A semimodule of functions from a
set X to a semiring # is a subset ¥ C .# X satisfying (), for all u,v € ¥ and
M\ € . When X = {1,...,n}, we write #™ instead of # X, and we denote
by w; the i-th coordinate of a vector u € Z™.

We shall mostly restrict our attention to the case where J¢ is the maz-plus
semiring, Ryax, already defined in the introduction, or the completed maz-plus
semiring, Ry ax, which is obtained by adjoining to Ry,.x a +00 element, with the
convention that (—oo) + (+00) = —oo. Some of the results can be stated in a
simpler way in the completed max-plus semiring.

The semirings Ryax and Ry are equipped with the usual order relation.
Semimodules of functions with values in one of these semirings are equipped
with the product order.

We say that a set of functions with values in Ry, is complete if the supremum
of an arbitrary family of elements of this set belongs to it. A convez subset ¥ of
RX is defined like a convex subset of Ryay, by requiring that () holds for all
u,v € ¥ and A\, € Ryax such that A @ p = 1.

If 2 is a set of functions from X to Ryax, we define the semimodule that
it generates, span Z’, to be the set of max-plus linear combinations of a finite
number of functions of 2 . In other words, every function f of span 2" can be
written as

flz) = max A; + gi(z) , (2)

where T is a finite set, g; belongs to 2", and \; belongs to R U {—o0}.

If Z is a set of functions from X to Ry,ax, we define the complete semimodule
that it generates, span 2, to be the set of arbitrary max-plus linear combinations
of functions of £, or equivalently, the set of arbitrary suprema of elements of
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span Z . Thus, every function of span 2" can be written in the form (@), if we
allow I to be infinite, with \; € RU{%o00}, and if replace the “max” by a “sup”.
Then, we say that f is an infinite linear combination of the functions g;.

2.2 Solution Spaces of Max-Plus Linear Equations

An obvious motivation to introduce semimodules over Ry, or Ry ax is to study
the spaces of solutions of max-plus linear equations. Such equations arise natu-
rally in relation with discrete event systems and dynamic programming.
For instance, let A = (A;;) denote a p x ¢ matrix with entries in Rpyax, and
consider the relation
y= Az .

Here, Az denotes the max-plus product, so that y; = maxi<k<q Aix + 5. This
can be interpreted as follows. Imagine a system with ¢ initial events (arrival of
a part in a workshop, entrance of a customer in a network, etc.), and p terminal
events (completion of a task, exit of a customer, etc.). Assume that the terminal
event ¢ cannot be completed earlier than A;; time units after the initial event j
has occurred. Then, the vector y = Ax represents the earliest completion times of
the terminal events, as a function of the vector x of occurrence times of the initial
events. The image of the max-plus linear operator A, ¥ := {Az |z € RY .} is a
semimodule representing all the possible completion times. More sophisticated
examples, relative to the dynamical behavior of discrete event systems, can be
found in [7I15].

Other interesting semimodules arise as eigenspaces. Consider the eigenproblem

Ar = \x

that is, maxi<;<q Aij +x; = A + ;. We assume here that A is square. We look
for the eigenvectors x € R% . and the eigenvalues A € Ryax. The eigenspace of
A, which is the set of all  such that Ax = Az, is obviously a semimodule. In
dynamic programming, A;; represents the reward received when moving from
state i to state j. If Ax = Ax for some vector x with finite entries, it can
be checked that the eigenvalue A gives the maximal mean reward per move,
taken over all infinite trajectories. The eigenvector x can be interpreted as a fair
relative price vector for the different states. See [I6/I0/T7] for more details on
the eigenproblem. The extreme generators of the eigenspace (to be defined in
Section[dl) correspond to optimal stationary strategies or infinite “geodesics” [10].

The infinite dimensional version of the equation y = Az and of the spectral
equation Az = A\x respectively arise in large deviations theory [18] and in optimal
control [T0]. When the state space is non compact, the representation of max-
plus eigenvectors is intimately related with the compactification of metric spaces
in terms of horofunctions [T0JI9].

2.3 From Classical Convexity to Max-Plus Convexity

The most familiar examples of semimodules over the max-plus semiring arise
in classical convex analysis. In this section, unlike in the rest of the paper, the
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words “convex”, “linear”, “affine”, and “polyhedra”, and the notation “” for
the scalar product of R", have their usual meaning.

Recall that the Legendre-Fenchel transform of a map f from R"™ to RU{£o0}
is the map f* from R™ to R U {£o0} defined by:

f*(p) = sup p-x— f(z) . (3)
xER™

Legendre-Fenchel duality [20, Cor. 12.2.1] tells that (f*)* = f if f is convex,
lower semicontinuous and if f(z) € RU {400} for all z € R™. Making explicit
the identity (f*)* = f, we get f(z) = sup,cgn p- = — f*(p). This classical result
can be restated as follows, in max-plus terms.

Property 1 (Semimodule of convex functions). The set of convex lower semicon-
tinuous convex functions from R™ to R U {+oo} is precisely the set of infinite
max-plus linear combinations of (conventional) linear forms on R™.

The numbers — f*(p), for p € R™, may be thought of as the “coefficients”, in the
max-plus sense, of f with respect to the “basis” of linear forms z +— p-x. These
coefficients are not unique, since there may be several functions g such that
f = g*. However, the map ¢ giving the “coefficients” is unique if it is required
to be lower semicontinuous and if f is essentially smooth, see [21, Cor. 6.4]. The
semimodule of finite max-plus linear combinations of linear forms is also familiar:
it consists of the convex functions from R™ to R that are polyhedral [20], together
with the identically —oo map.

By changing the set of generating functions, one obtains other spaces of func-
tions. In particular, an useful space consists of the maps f from R™ to R that
are order preserving, meaning that x <y = f(x) < f(y), where < denotes
the standard product ordering of R™, and commute with the addition with a
constant, meaning that f(A+ z1,..., A+ x,) = A+ f(z1,...,2,). These maps
play a fundamental role in the theory of Markov decision processes and games:
they arise as the coordinate maps of dynamic programming operators. They are
sometimes called topical maps [22]. Topical maps include min-plus linear maps
sending R™ to R, which can be written as

. , 4 4
leglgnaJ—t—x] ) (4)
where a1, ...,a, are numbers in R U {400} that are not all equal to +oo. Of

course, topical maps also include max-plus linear maps sending R” to R, which
can be represented in a dual way. The following observation was made by Rubi-
nov and Singer [23], and, independently by Gunawardena and Sparrow (personal
communication).

Property 2 (Semimodule of topical functions). The set of order preserving maps
from R™ to R that commute with the addition of a constant coincides, up to
the functions identically equal to —oco or 400, with the set of infinite max-plus
linear combinations of the maps of the form ().
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A map from R” to R" is called a min-maz function if each of its coordinates is a
finite max-plus linear combination of maps of the form (). Min-max functions
arise as dynamic operators of zero-sum deterministic two player games with finite
state and action spaces, and also, in the performance analysis of discrete event
systems [24l25]. The decomposition of a min-max function as a supremum of
min-plus linear maps (or dually, as an infimum of max-plus linear maps) is used
in [26127/25] to design policy iteration algorithms, allowing one to solve fixed
points problems related to min-max functions. These techniques are applied
in [28] to the static analysis of programs by abstract interpretation.

Another application of semimodules of functions, to the discretization of
Hamilton-Jacobi equations associated with optimal control problems, can be
found in [29].

3 Projection on Complete Semimodules

We now survey some of the main properties of the max-plus analogues of modules
(or cones) and convex sets. In the case of Hilbert spaces, a possible approach
is to define first the projection on a closed convex set, and then to show the
separation theorem. We shall follow here a similar path.

Definition 1 (Projector on a complete semimodule). If ¥ is a complete
semimodule of functions from X to Ryax, for all functions u from X to Ryax,
we define:

Py (u):=sup{fv e ¥ |v<u} .

Since ¥ is complete, Py (u) € ¥, and obviously, Py has all elements of ¥ as
fixed points. It follows that
P«;/ o P«;/ = P«// .

The projector Py can be computed from a generating family of ¥". Assume first
that ¥ is generated only by one function v € RX, | meaning that ¥ = Ryayv =
{\ | X € Rypay }- Define, for u € R

u/v :=sup{A € Ryax | u > Av} .
One can easily check that
u/v = inf{u(z) —v(z) |z € X} ,

with the convention that (+o00) — (+00) = (—00) — (—00) = 400. Of course,
Py (u) = (u/v)v. More generally, we have the following elementary result.

Proposition 1 ([5]). If ¥ is a complete subsemimodule of R, generated by
a subset 2 C R, we have

max’

Py (u) = sup (u/v)v .
veX
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When £ is finite and X = {1,...,n}, this provides an algorithm to decide
whether a function u belongs to #: it suffices to check whether Py (u) = u.

Ezample 1. We use here the notation of Section When ¥ is the complete
semimodule generated by the set of conventional linear maps « — p - z, Py (u)
can be written as

[Pr(](r) = sup (inf uly) —p-y) +p-o= @) @)

where u* is the Legendre-Fenchel transform of u. Hence, Py (u) is the lower-
semicontinuous convex hull of  ([20, Th. 12.2]).

When ¥ is the complete semimodule generated by the set of functions of the
form z — —||z — al|so, With @ € R™, it can be checked that

[Py (w))(a) = sup ((inf u) + ]y —all)~ 2 —all) = inf u(@)~[la—all
This is the “1-Lipschitz regularization” of u. More generally, one may consider
semimodules of maps with a prescribed continuity modulus, like Holder contin-
uous maps, see [21].

The projection of a vector of a Hilbert space on a (conventional) closed convex
set minimizes the Euclidean distance of this vector to it. A similar property
holds in the max-plus case, but the Euclidean norm must be replaced by the

Hilbert seminorm (the additive version of Hilbert’s projective metric). For any
X

scalar A € Ryax, define A\~ := —A. For all vectors u,v € R;._ ., we define
6n(u,v) == ((u/v)(v/u))™ ,
where the product is understood in the max-plus sense. When X = {1,...,n}

and u, v take finite values, 8§y (u,v) can be written as

O (u,v) = sup (u;—v;+v; —uy) ,
1<i,j<n

with the usual notation.

Theorem 1 (The projection minimizes Hilbert’s seminorm, [5]). If ¥ is
a complete semimodule of functions from a set X to Ryax, then, for all functions
u from X to Ryax, and for allv € ¥,

Om (u, Py (u)) < 6g(u,v) .

This property does not uniquely define Py (u), even up to an additive constant,
because the balls in Hilbert’s projective metric are not “strictly convex”.

Example 2. Consider

00 0-0005 1
A=1[1-20 0 15| , wu=]|0 (5)
0320 3 0.5
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The semimodule ¥ generated by the columns of the matrix A is represented in
Figure [ (left). A non-zero vector v € R3 __ is represented by the point that is
the barycenter with weights (exp(8v;))1<i<3 of the vertices of the simplex, where
G > 0 is a fixed scaling parameter. Observe that vectors that are proportional
in the max-plus sense are represented by the same point. Every vertex of the
simplex represents one basis vector e;. The point p; corresponds to the i-th
column of A. The semimodule ¥ is represented by the closed region in dark grey
and by the bold segments joining the points pi, p2, p4 to it.
We deduce from Proposition [I] that

0 0 0 —o0 0.5
Py(u) = (=1) |1| @ (=2.5) |=2| @ (=1.5) [0] @ (0) | 0 | ®(~2.5) |1.5
0 3 2 0 3

-1

=10

0.5

Since Py (u) < u, u does not belong to ¥". The vector u and its projection Py (u)
are represented in Figure[I] (right). The ball in Hilbert’s metric centered at point
u the boundary of which contains Py (u) is represented in light grey. The fact
that Py (u) is one of the points of ¥ that are the closest to u (Theorem [I) is
clear from the figure.

€3 €3
P2
b3
P4 P“// ( "
D1

el ex el €2

Fig. 1. A max-plus semimodule (left). A point u, its projection Py (u), and the corre-
sponding ball in Hilbert’s projective metric (right).

4 Separation Theorems

We first state separation theorems for complete subsemimodules and complete
convex subsets of R, since the results are simpler in this setting. Then, we
shall see how the completeness assumptions can be dispensed with.

Several max-plus separation theorems have appeared in the literature: the

first one is due to Zimmermann [2]. Other separation theorems appeared in [30],
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in [BI12], and, in the polyhedral case, in [I1I31]. We follow here the approach
of [5I12], in which the geometrical interpretation is apparent.
We call half-space of RX__ a set of the form

max
H={veRX |a-v<b-v}, (6)
where a,b € R, and - denotes here the max-plus scalar product:

a-v:=sup a(x) +v(x) .
reX

We extend the notation -~ to functions v € RX_ . so that v~ denotes the function

sending z € X to —v(z). The following theorem is proved using residuation
(or Galois correspondence) techniques.

Theorem 2 (Universal Separation Theorem, [5, Th. 8]). Let ¥ C R

max

denote a complete subsemimodule, and let u € Ryx,. \ . Then, the half-space

H ={v € Riay | (Pr(u)” v <u” v} (7)

m
contains ¥V and not u.

Since Py (u) < u, the inequality can be replaced by an equality in [@). A way to
remember Theorem [2is to interpret the equality

(Py(u))” - v=u"-v

as the “orthogonality” of v to the direction (u, Py (u)). This is analogous to the
Hilbert space case, where the difference between a vector and its projection gives
the direction of a separating hyperplane.

Example 3. Let ¥, A, and u be as in Example Pl The half-space separating u
from ¥ is readily obtained from the value of u and Py (u):

3
H={veR .| lv1 ®va @ (—0.5)v3 < (=1)vy D ve B (—0.5)vs} .
This half-space is represented by the zone in medium gray in Figure 2l

An affine half-space of RX . is by definition a set of the form

H={weRr lavec<b-vad} , (8)

X

max

where a,b € R, and ¢,d € Ryax. For any complete convex subset € of R

and u € R, we define
ve(u) = sup(u/v A1), Q% (u) :==sup(u/vAl)v ,
vEF vEF

where A denotes the pointwise minimum of vectors.
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Fig. 2. Separating half-space

Corollary 1 ([5, Cor. 15]). If € is a complete conver subset of R, . and if
u € RX,\E, then the affine half-space

H={veRy, | (Qe(w)” - v® (vg(u)” <u™ -vel} 9)
contains € and not u.

This corollary is obtained by projecting the vector (u,1) on the complete sub-
semimodule of Riax X Rpax generated by the vectors (vA, A), where v € € and
A € Ryax. The projection of this vector is precisely (Q«(u), v¢(u)). The opera-
tor u — (v (u))” Qe (u) defines a projection on the convex set ¢ [12]. (We note
that the scalar v (u) is invertible, except in the degenerate case where v cannot
be bounded from below by a non-zero scalar multiple of an element of %.)

We deduce as an immediate corollary of Theorem [21 and Corollary [l

Corollary 2. A complete subsemimodule (resp. complete convex subset) of R

is the intersection of the half-spaces (resp. affine half-spaces) of RX . in which
it 1s contained. O

We now consider subsemimodules and convex subsets arising from the max-plus
semiring Ry, .x, rather than from the completed max-plus semiring R,,.x. Results
of the best generality are perhaps still missing, so we shall restrict our attention
to subsemimodules and convex subsets of R, .. By analogy with convex analysis,
we call cone a subsemimodule of R?

max*

We equip R? . with the usual topology, which can be defined by the metric

max

d(u,v) := max |exp(u;) — exp(v;)], Vu,v € (RU{—oco})" .

1<i<n

A half-space of RZ,, . is a set of the form .22 = {v € R2,_ | a-v < b- v},

max max

where a,b € R} .. An affine half-space of R} . is a set of the form 2 = {v €

R la-v®e<b-vdd}, where a,b € R?. . and ¢,d € Ryax. Note that
the restriction to R™, of an (affine) half-space of R, need not be an (affine)
half-space of R

" > because the vectors a, b in (@) and (8) can have entries equal
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to 400, and the scalars ¢,d in ([8) can be equal to +o00. However, we have the
following refinement of Theorem [2 in the case of closed cones of R} ., which is

slightly more precise than the result stated in [12], and can be proved along the
same lines.

Theorem 3. Let ¥ be a closed cone of RY . and let w € RY, \ V. Then, there
exist a € RY . and disjoint subsets I and J of {1,...,n} such that the half-space
of R

max
H = {v € R | icraivi < Bjesajv;} (10)
contains ¥ and not u.

Further information on half-spaces can be found in [31].
3

max

Ezample 4. The restriction to R
Example [3 can be rewritten as:

of the separating half-space constructed in

H={veR, |1vy <va @ (—0.5)v3} ,

which is clearly of the form (I0). To illustrate the technical difficulty concerning
supports, which is solved in [I2] and in Theorem [3 above, let us separate the
point u = [—00,1,0]% from the semimodule ¥ of Example 2l We have Py (u) =

[~00,0,0]T, and the half-space of anax defined in Theorem [ is

3
{U € IRma,x | (+OO)U1 © v2 ©vs < ("’OO)'Ul S (_1)’02 (&) 1}3} .

Note that due to the presence of the 400 coefficient, the restriction of this half-
space to R is not closed. The proof of [I2] and of Theorem [J introduces a
finite perturbation of u, for instance, w = [, 1,0], where € is a finite number
sufficiently close to —oo (here, any € < 0 will do), and shows that the restriction
to R} .. of the half-space of R;ax constructed in the universal separation theorem

(Theorem [2]), which is a half-space of R”,,, separates u from ¥. For instance,

when € = —1, we obtain Py (w) = [~1,0,0]7, which gives the half-space of R3

max

%:{UER?’ | lvy @ vz > v2}

max
containing ¥ and not w.

Corollary 3. Let € C R, be a closed conver set and let uw € R\ €. Then,

max
there exist a € R] .., disjoint subsets I and J of {1,...,n} and ¢,d € Ryax,

with cd = 0, such that the affine half-space of R

max
I ={v e R}, | Bicraiv; ® ¢ < Bjesa;v; O d}
contains € and not u.

This is proved by applying the previous theorem to the point (u,1) € R%! and
to the following closed cone:

¥ = clo({(vA\,\) | v € €\ € Ry }) C REEL

max

We deduce as an immediate corollary of Theorem Bl and Corollary Bl
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n

Corollary 4. A closed cone of R} .

R} .« in which it is contained. A closed convex subset of R

of the affine half-spaces of RY, ... in which it is contained.

max

is the intersection of the half-spaces of

v ax S the intersection

5 Extreme Points of Max-Plus Convex Sets

Definition 2. Let € be a convex subset of R}, . An element v € € is an

extreme point of €, if for all u,w € ¥ and A\, € Ryax such that A& p =1,
the following property is satisfied

V=AM UW = v=uorv=w .
The set of extreme points of € will be denoted by ext(€).

Definition 3. Let ¥ C R}, be a cone. An element v € ¥ is an extreme
generator of ¥ if the following property is satisfied

v=udw, u,w €Y = v=uorv=w .

We define an extreme ray of ¥ to be a set of the form Ruyaxv = {A\v | A € Ripax}
where v is an extreme generator of V. The set of extreme generators of ¥ will
be denoted by ext-g (¥).

Note that extreme generators correspond to join irreducible elements in the
lattice theory literature.

We denote by cone (Z7) the smallest cone containing a subset 2" of R .,
and by co(Z") the smallest convex set containing it. So cone (Z") coincides with
span &, if the operator “span” is interpreted over the semiring R ax.

Theorem 4. Let ¥ C R} ... be a non-empty closed cone. Then ¥ is the cone
generated by the set of its extreme generators, that is,

¥ = cone (ext-g (¥)) .

The proof of Theorem Ml and of Corollary [l and Theorem [ below, can be
found in [I3]. After the submission of the present paper, a preprint of Buktovié,
Schneider, and Sergeev has appeared [32], in which Theorem [ is established
independently. Their approach also yields informations on non-closed cones.

Corollary 5 (Max-Plus Minkowski’s Theorem). Let € be a non-empty
compact convex subset of R, . Then € is the convexr hull of the set of its
extreme points, that is,

€ = co(ext(¥)) .

This is more precise than Helbig’s max-plus analogue of Krein-Milman’s theo-
rem [33], which only shows that a non-empty compact convex subset of R”,__ is
the closure of the convex hull of its set of extreme points. Unlike Helbig’s proof,
our proof of Theorem M and Corollary Bl does not use the separation theorem.
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If v is a point in a convex set ¢, we define the recession cone of € at point v
to be the set:

rec(%¢) ={u e Ry | v® lu € € for all A € Ryax} -

If € is a closed convex subset of R}, it can be checked that the recession cone

is independent of the choice of v € €, and that it is closed.

Theorem 5. Let € C R?

max

€ = co(ext(¥)) @ rec(€) .

be a closed convex set. Then,

Corollary [ suggests the following definition.

Definition 4. A max-plus polyhedron is an intersection of finitely many affine
half-spaces of R

max -

Theorem 6 (Max-Plus Minkowski-Weyl Theorem). The maz-plus poly-
hedra are precisely the sets of the form

co(Z") @ cone (%)

where Z°, % are finite subsets of R”,

max -

Note that our notion of max-plus polyhedra is more general than the notion of
tropical polyhedra which is considered in [I1]: tropical polyhedra can be identi-
fied with sets of the form cone (%) where ¢ is a finite set of vectors with only
finite entries.

Finally, we shall consider the max-plus analogues of simplicial convex cones,
which are related to the important notion of regular matrix. We need to work
again in the completed max-plus semiring, R .x, rather than in Ry,,x. We say
that a matrix A € R..» is reqular if it has a generalized inverse, meaning that

max
there exists a matrix X € Rﬁ:;: such that A = AXA. Regularity is equivalent
to the existence of a linear projector onto the cone generated by the columns (or
the rows) of A, see [34135].

A finitely generated subsemimodule ¥ of R_ .. is a complete lattice, in which
the supremum coincides with the supremum in R, , and the infimum of any
subset of ¥ is the greatest lower bound of this subset that belongs to #". The
following result extends a theorem proved by Zaretski [36] (see [37, Th. 2.1.29]
for a proof in English) in the case of the Boolean semiring.

n

nxp

Theorem 7 ([14]). A matriz A € R, is regular if and only if the subsemi-
module of R:;ax generated by its columns is a completely distributive lattice.

Of course, a dual statement holds for the rows of A. In fact, we know that the
semimodule generated by the rows of A is anti-isomorphic to the semimodule
generated by its columns [5].

As an illustration of Theorem [B consider the closed convex set 4 C R2,.
depicted in Figure Bl We have ext(%) = {a,b,c,d,e}, where a = [5,2]T, b =
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2

i 2 3 4 5 6 w1

Fig. 3. An unbounded max-plus convex set

i i
3 d 3 Recld
L) Y

—— =+ A T T I v =

Fig. 4. The sets co(ext(%)) and rec(%) of Theorem [ for the unbounded convex set
depicted in Figure [

[4,00%, ¢ = [3,2]T, d = [1,3]7, e = [2,5], and rec(%) = cone {[0,1]7,[2,0]"}.
Then,

% = co{a,b,c,d, e} & cone {[0,1]",[2,0]"}

by Theorem[Bl The sets co(ext(%)) and rec(€) are depicted in Figuredl The cone

rec(%) is a distributive lattice, since the infimum and supremum laws coincide
. 2 o . .

with those of R, ... Note that any n x 2 or 2 x n matrix is regular, in particular,

finitely generated cones which are not distributive lattices cannot be found in

dimension smaller than 3, see [34].
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Applications
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Abstract. We extend an earlier algebraic approach to Neighbourhood
Logic (NL) from domain semirings to lazy semirings yielding lazy semi-
ring neighbours. Furthermore we show three important applications for
these. The first one extends NL to intervals with infinite length. The sec-
ond one applies lazy semiring neighbours in an algebraic semantics of the
branching time temporal logic CTL*. The third one sets up a connection
between hybrid systems and lazy semiring neighbours.

1 Introduction

Chop-based interval temporal logics like ITL [5] and IL [3] are useful for spec-
ification and verification of safety properties of real-time systems. However, as
it is shown in [I5], these logics cannot express all desired properties, like (un-
bounded) liveness properties. Hence Zhou and Hansen proposed Neighbourhood
Logic (NL) [14], a first-order interval logic with extra atomic formulas. In [7]
NL has been embedded and extended into the algebraic framework of semirings.
But neither NL nor the algebraic version handle intervals with infinite length.
Therefore we transfer the neighbour concept to lazy semirings [I0]. This pro-
vides a combination of NL and interval logic with infinite intervals on a uniform
algebraic basis. Surprisingly, lazy semiring neighbours are not only useful for the
extension of NL; they occur in different situations and structures.

The paper is structured into two main parts. The first one presents the alge-
braic theory. Therefore we recapitulate the basic notions, like lazy semirings, in
Section 2l In Section Bl we define domain and codomain and give some important
properties. In the next section we introduce and discuss lazy semiring neighbours
and boundaries. That section contains the main contribution from a theoretical
point of view. The second part presents three different applications for the the-
ory. It starts by extending Neighbourhood Logic to intervals with infinite length
in Section Bl Afterwards, in Section [G] we show that in the algebraic character-
isation of the branching time temporal logic CTL* of [IT], the existential and
universal path quantifiers E and A correspond to lazy semiring neighbours. The
last application is presented in Section [ and shows how to transfer lazy semiring
neighbours to the algebraic model of hybrid systems presented in [§]; some of
them guarantee liveness, others non-reachability, i.e., a form of safety.

* This research was supported by DFG (German Research Foundation).
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© Springer-Verlag Berlin Heidelberg 2006
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2 Algebraic Foundations

A lazy semiring (L-semiring or left semiring) is a quintuple (S, +,-,0, 1) where
(S,4,0) is a commutative monoid and (S,-,1) is a monoid such that - is left-
distributive over + and left-strict, i.e., 0-a = 0. A lazy semiring structure is also
at the core of process algebra frameworks. The lazy semiring is idempotent if +
is idempotent and - is right-isotone, i.e., b < ¢ = a-b < a- ¢, where the natural
order < on Sis given by a <b <4 a+b = b. Left-isotony of - follows from its
left-distributivity. Moreover, 0 is the <-least element and a + b is the join of a
and b. Hence every idempotent L-semiring is a join semilattice. A semiring (for
clarity sometimes also called full semiring) is a lazy semiring in which - is also
right-distributive and right-strict. An L-semiring is Boolean if it is idempotent
and its underlying semilattice is a Boolean algebra. Every Boolean L-semiring
has a greatest element T.

A lazy quantale is an idempotent L-semiring that is also a complete lattice
under the natural order with - being universally disjunctive in its left argument.
A quantale is a lazy quantale in which - is universally disjunctive also in its right
argument. Following [T], one might also call a quantale a standard Kleene algebra.
A lazy quantale is Boolean if it is right-distributive and a Boolean L-semiring.

An important lazy semiring (that is even a Boolean quantale) is REL, the
algebra of binary relations over a set under relational composition.

To model assertions in semirings we use the idea of tests as introduced into
Kleene algebras by Kozen [9]. In REL a set of elements can be modelled as a
subset of the identity relation; meet and join of such partial identities coincide
with their composition and union. Generalising this, one defines a test in a (left)
quantale to be an element p < 1 that has a complement ¢ relative to 1, i.e.,
p+qg=1and p-q=0 = q-p. The set of all tests of a quantale .S is denoted
by test(S). It is not hard to show that test(S) is closed under + and - and has
0 and 1 as its least and greatest elements. Moreover, the complement —p of a
test p is uniquely determined by the definition. Hence test(S) forms a Boolean
algebra. If S itself is Boolean then test(S) coincides with the set of all elements
below 1. We will consistently write a, b, c... for arbitrary semiring elements and
p,q,71,... for tests.

With the above definition of tests we deviate slightly from [9], in that we do
not allow an arbitrary Boolean algebra of sub identities as test(S) but only the
maximal complemented one. The reason is that the axiomatisation of domain to
be presented below forces this maximality anyway (see [2]).

In the remainder we give another important example of an L-semiring (espe-
cially with regard to temporal logics like CTL* and hybrid systems). It is based
on trajectories (cf. e.g. [12]) that reflect the values of the variables over time and
was introduced in [§].

Let V be a set of values and D a set of durations (e.g. N, Q, R, ...). We
assume a cancellative addition 4+ on D and an element 0 € D such that (D, +,0)
is a commutative monoid and the relation x <y g Jz.x + 2z =y is a linear
order on D. Then 0 is the least element and + is isotone w.r.t. <. Moreover, 0
is indivisible, i.e., x +y =0 < z =y = 0. D may include the special value co.
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It is required to be an annihilator w.r.t. + and hence the greatest element of D
(and cancellativity of + is restricted to elements in D — {o0}). For d € D we
define the interval intv d of admissible times as

. ~ [0,d] if d# o0
intvd =gy {[O,d[ otherwise .

A trajectory t is a pair (d,g), where d € D and g :intvd — V. Then d is the
duration of the trajectory. This view models oblivious systems in which the
evolution of a trajectory is independent of the history before the starting time.

The set of all trajectories is denoted by TRA. Composition of trajectories
(d1,91) and (da, g2) is defined by

(d1 +da, g) if di # oo A g1(d1) = g2(0)
(di,91) - (d2,92) =ar { (d1,91) if di =0
undefined otherwise

with g(x) = g1(z) for all z € [0,d1] and g(z + d1) = g2(z) for all x € intv da.
For a value v € V, let v =4 (0,9) with g(0) = v be the corresponding
zero-length trajectory. Moreover, set I =45 {v|v € V}.
A process is a set of trajectories. The infinite and finite parts of a process
A are the processes inff A =4 {(d,g9) € A|d = oo} and finA =4 A —infA.
Composition is lifted to processes as follows:

A-B =g inffAU{a-blaecfinAbe B} .
Then we obtain the lazy Boolean quantale
PRO =df (P(TRA)v U, -, ®7 I) )

which can be extended to a test quantale by setting test(PRO) =4 P(I).

For a discrete infinite set D, e.g. D = N, trajectories are isomorphic to
nonempty finite or infinite words over the value set V. If V' consists of states of
computations, then the elements of PRO can be viewed as sets of computation
streams; therefore we also write STR(V') instead of PRO in this case.

Note that A € PRO consists of infinite trajectories only, i.e., A = inf A, iff
A-B = A for all B € PRO. We call such a process infinite, too. Contrarily, A
consists of finite trajectories only, i.e., A = fin A, iff A-0 = (). We call such a
process finite, too.

We now generalise these notions from PRO to an arbitrary L-semiring S. An
element a € S is called infinite if it is a left zero, i.e., a-b = a forall b € S,
which is equivalent to a - 0 = a. By this property, a - 0 may be considered as the
infinite part of a, i.e., the part consisting just of infinite computations (if any).
We assume that there exists a largest infinite element N, i.e.,

a<N &4y a-0=a.

Dually, we call an element a finite if its infinite part is trivial, i.e., if a- 0 = 0.
We also assume that there is a largest finite element F, i.e.,

a<F &g a-0=0.
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In Boolean quantales N and F always exisf] and satisfy N = T -0 and F = N,
where denotes complementation. Moreover, every element can be split into its
finite and infinite parts: @ = fina + inf a, where fina =g aMF and infa =4
a T N. In particular, T =N + F.

3 Domain and Codomain in L-Semirings

Domain and codomain abstractly characterise, in the form of tests, the sets of
initial and final states of a set of computations. In contrast to the domain and
codomain operators of full semirings and Kleene algebras [2] the operators for
L-semirings are not symmetric. Therefore we recapitulate their definitions [10]
and establish some properties which we need afterwards.

Definition 3.1. A lazy semiring with domain ("-L-semiring) is a structure
(S,"), where S is an idempotent lazy test semiring and the domain operation
"1 S — test(S) satisfies for all a,b € S and p € test(S)

a<'a-a (d1), p-a)<p (d2), "(a-B)<(a-b) (d3).

The axioms are the same as in [2]. Since the domain describes all possible starting
states of an element, it is easy to see that “laziness” of the underlying semiring
doesn’t matter. Most properties of [210] can still be proved in L-semirings with
domain. We only give some properties which we need in the following sections.
First, the conjunction of (d1) and (d2) is equivalent to each of

'a<p s a<p-a (lp), ‘a<p e p-a<0 (gla).

(lp) says that 'a is the least left preserver of a; (gla) that —'a is the greatest left
annihilator of a. By Boolean algebra, (gla) is equivalent to

p-'a<0& p-a<0. (1)
Lemma 3.2. [10] Let S be a "-L-semiring.

(a) "is isotone.
(b) "is universally disjunctive;
in particular 0 = 0 and '(a +b) = a +'b.

() 'a<0 & a<0. (Full Strictness)
(d) 'p = p. (Stability)
) (p-a) = p-a. (Import/Export)

(e
() (a-b) <'a.

We now turn to the dual case of the domain operation. In the case where we
have (as in full semirings) right-distributivity and right-strictness, a codomain
operation ' is easily defined as a domain operation in the opposite L-semiring
(i.e., the one that swaps the order of composition). But due to the absence of
right-distributivity and right-strictness we need an additional axiom.

! In general N and F need not exist. In [10] lazy semirings where these elements exist
are called separated.
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Definition 3.3. A lazy semiring with codomain ('-L-semiring) is a structure
(S, ), where S is an idempotent lazy test semiring and the codomain operation
1 S — test(9) satisfies for all a,b € S and p € test(S)

(cd2),

a<a-d (cdl), (a-p) <p
) >a +b  (cdd).

(@ -b) <(a-b) (cd3), (a+b)>a

(cd4) guarantees isotony of the codomain operator. As for domain, the conjunc-
tion of (cdl) and (cd2) is equivalent to

d<pea<a-p, (Irp)

i.e., a' is the least right preserver of a. However, due to lack of right-strictness —a'

need not be the greatest right annihilator; we only have the weaker equivalence

d<p&a--p<a-0. (wgra)

Lemma 3.4. Let S be a '-L-semiring.
(a) ' is isotone.
(b) " is universally disjunctive;
in particular 0" = 0 and (a +b)' = a' + 0.

(c)d <0& a<N
(d) p' = p. (Stability)
) =d - p. Import /Export
) (a-p)

Lemma B.2c) and Lemma[34(c) show the asymmetry of domain and codomain.

As in [10], a modal lazy semiring (ML-semiring) is an L-semiring with domain
and codomain. The following lemma has some important consequences for the
next sections, and illustrates again the asymmetry of L-semirings.

Lemma 3.5. In an ML-semiring with a greatest element T, we have

(a) p-a<0& a<pesa<pasa<p-T.

b)) a-p<a-0&d<psa<apssa<T- p

(c)a<F& (@<a-pesa-p<0) & (@<T pesa p<0).
Therefore, in general, a < a-p # a--p<0anda<T:-p %A a-—-p<0.

Proof.

(a) The first equivalence is (gla), the second (lp). a < p-a = a < p-T
holds by isotony of - and a < p- T = 'a < p by isotony of domain and
(p-T) = p-'T = p,since T > =1 by Lemma BZ(d).

(b) Symmetrically to (a).

(c) a<F = (a<a-p < a-—p<0)holds by (b)) and a-0<0 & a <F.
The converse implication is shown by setting p = 1, Boolean algebra and
definition of F:a<a = a¢--1<0 < a¢-0<0 & a<F.

The second equivalence follows from a < a-p <& a < T -p (see (b)). O

(c) says that we do not have a law for codomain that is symmetric to (a).
Further properties of (co)domain and ML-semirings can be found in [2/10].



212 P. Hofner and B. Moller

4 Neighbours — Definitions and Basic Properties

In [7] semiring neighbours and semiring boundaries are motivated by Neighbour-
hood Logic [IT4/15]. The definitions there require full semirings as the underlying
algebraic structure. In this section we use the same axiomatisation as in [7] to de-
fine neighbours and boundaries in L-semirings. Since the domain and codomain
operators are not symmetric we also discuss some properties and consequences of
the lack of right-distributivity and right-strictness. Note that in [7] the semiring
neighbours and boundaries work on predomain and precodomain, i.e., assumed
only (d1)—(d2) and (cd1)—(cd2), resp. Here we assume (d3)/(cd3) as well.

In the remainder some proofs are done only for one of a series of similar cases.

Definition 4.1. Let S be an ML-semiring and a,b € S. Then

(a) a is a left neighbour of b (or a < &b for short) iff ' <'b ,
(b) a is a right neighbour of b (or a < ©,.b for short) iff 'a < 8",
(c) a is a left boundary of b (or a < ®;b for short) iff 'a <'b |
(d) a is a right boundary of b (or a < ®,.b for short) iff ' < ' .

We will see below that the notation using < is justified. By lazy semiring neigh-
bours we mean both, left/right neighbours and boundaries. Most of the proper-
ties given in [7] use Lemma [B0@) in their proofs and a symmetric version of it
for codomain which holds in full semirings. Unfortunately, by Lemma [35|([b]) and
B @), we do not have this symmetry. Hence we have to check all properties in
the setting of L-semirings again. Definition [£1] works for all ML-semirings. How-
ever, most of the interesting properties postulate a greatest element T. Therefore
we assume the existence of such an element in the remainder.

Lemma 4.2. Neighbours and boundaries can be expressed explicitly as
Sb=T-b, Qb=0-T, &b="0b-T, & b=T-b.

Proof. We use the principle of indirect (in)equality.
By definition and Lemma B3] we get
a<®beod<bea<T-b. O

For nested neighbours we have the following cancellation properties.

Lemma 4.3.

(a) @b = b and Q. @b = Ob,
(b) ;@b = @b and Y. Qb = Yb,
(c) ®; &b = &b and V. V.b = &0,
(d) ©, b= @b and @, Yb = Vb

Proof. The proof of [7] can immediately be adopted, since it only uses the explicit

representations of neighbours and boundaries, which are identical for L-semirings

and full semirings. E.g., by definition (twice), p- T = p and definition again,
@ @b =0 -T)=T-0-T)=T-80 = &b. 0

Now we draw some conclusions when S is Boolean.
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Lemma 4.4. For a Boolean ML-semiring S, we have
(a) "'a<'a and —d' <d.
(c¢) If S is right-distributive, T -p = F-—p

Proof.

(a) By Boolean algebra and additivity of domain, 1 = T = (a+a) = a+a,
and the first claim follows by shunting. The second inequality can be shown
symmetrically.

(b) By Boolean algebra we only have to show that -p- T +p-T = T and
-p-TMNp-T = 0. The first equation follows by left-distributivity, the
second one by Boolean algebra and the law [10]

p-aflg-a=p-q-a. (2)
(c) By left and right distributivity, Boolean algebra and N being a left zero,

=F-(p+p+N=F+N=T.

Next, again by distributivity,

F-pnT-p=F-=pN(F+N)-p=F-=pn(F-p+N-p)
= F-—pnF-p)+(F-—pnN-p).

The first summand is 0, since the law symmetric to () holds for finite a
and hence for F. The second summand is, by p,—p < 1 and isotony, below
FMN =0 and thus 0, too. a

Similarly to [7], we now define perfect neighbours and boundaries.

Definition 4.5. Let S be a Boolean ML-semiring and a,b € S.

a) a is a perfect left neighbour o or a < [;b for short) i a-l—bSO7
(a) perfect left ghb fo ( ;b for sh )ff_'

a is a perfect right neighbour o or a < [,.b for short) i _|~'_a§07
(b) perf gh ghb £o( [@,.b for short) iff b
c) a is a perfect left boundary o or a < [Bl;b for short) i a-l—b§07
(c) perfect left b dary of b ( [®1;b for sh )ff'_
(d) a is a perfect right boundary of b (or a < [@,.b for short) iffd b <0.

From this definition, we get the following exchange rule for perfect neighbours.

a< bbb ba. (3)

Lemma 4.6. Perfect neighbours and perfect boundaries have the following ex-
plicit forms:
Eb=T-=b, Bb=-b-T, Bb=-bT, Bb=T--b.

Proof. By definition, shunting and Lemma [35I(D)
a<@bheod b<0ed<-boa<T-—b. 0
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Lemma 4.7. Fach perfect neighbour (boundary) is a neighbour (boundary):
Eb < @b b < @b, Bib < &b, B,b< &b .
Proof. The claim follows by definition, shunting, Lemma [ Z|@), Boolean algebra

and definition again:
a<Bh o d - b<0ed<-b=d<beoadb. |

Similarly to Lemma (3, we have cancellative laws for all box-operators. By
O0a = <&<Oa for all kinds of perfect lazy semiring neighbours, we have

Corollary 4.8.

(a) lrb = @rb and rlb = @lb,
(b) @lrb = rb and @rlb = lb,
(C) @l@lb = @lb and @r@rb = @rb,
(d) B, Bb = b and 0,00 = b

There are also cancellation rules for mixed diamond/box expressions, e.g.,
&, 0b = B;b and B; Qb = b . (4)

By straightforward calculations we get the de Morgan duals of right neigh-
bours and left boundaries, respectively.

@b = Eb and b= &b,

(5)
@lb = @lb and @lb = @lb.

Furthermore, we have the following Galois connections.
Lemma 4.9. We have ©®,a <b < a <[ and @a<b e a<b,b.

Proof. By de Morgan duality, Boolean algebra and the exchange rule (3]
@ra<be Ma<besb<Masa<@b. O

Since Galois connections are useful as theorem generators and dualities as theo-
rem transformers we get many properties of (perfect) neighbours and (perfect)
boundaries for free. For example we have

Corollary 4.10.

(a) @, ®; and ®;, B, are isotone.
(b) @, ®; are disjunctive and @, Bl are conjunctive.
(¢c) We also have cancellative laws:

@, Ma<a<0;®.a and &;B,a<a< B, P;a.

But, because of Lemma @), we do not have the full semiring de Morgan
dualities of left neighbours and right boundaries, respectively. We only obtain
Lemma 4.11. Let S be right-distributive.

(a) @b < mb and ®b< @b,

(b) ®.b< @b and Wb Puy.
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Proof. (a) By Lemma [£2 [£44@), isotony and Lemma [L.6]
The equation Bl;b < @b then follows by shunting. O

The converse inequations do not hold. For example, setting b = T implies
T =T-0=T-0=N=Fand ®,T = T--0 = T. But in general,
T < F is false (if there is at least one infinite element a # 0). Also, the Galois
connections of [7] are not valid for left neighbours and right boundaries, but one
implication can still be proved.

Lemma 4.12. Let S be right-distributive, then
@a<b=a<blb, ®ra<b=a<blb.

Proof. By Lemma [L.TTl@), Boolean algebra and the exchange rule (@)
@a<b=Ma<beb<MWa<sa<Bb. O

By lack of Galois connections, we do not have a full analogue to Corollary [4.10

Lemma 4.13.

(a) ®, ®,, O, and B, are isotone.
(b) If S is right-distributive, then ©;, ®, are disjunctive and [,., ©; are
conjunctive.

Proof.

(a) The claim follows directly by the explicit representation of (perfect) neigh-
bours and boundaries (Lemma [£.2 and Lemma [.0]).

(b) By Lemma [42] additivity of domain and right-distributivity we get
@(a+b) = T-I_(a+b) =T-(a+®) =T-Ta+T-b=@a+Pb. O

Until now, we have shown that most of the properties of [7] hold in L-semirings,
too. At some points, we need additional assumptions like right-distributivity.
Many more properties, like b' < ©,.b, can be shown. Most proofs use the explicit
forms for lazy semiring neighbours or the Galois connections (Lemma [£3]) and
Lemma However, since L-semirings reflect some aspects of infinity, we get
some useful properties, which are different from all properties given in [7]. Some
are summarised in the following lemma.

Lemma 4.14.

(a) @ZF: @TF: @ZF: @TF:T.

(b) b<N & @&b<0e ®.b<N.

(¢) @yN = @,N = N and ®N=0B;N=0.
db<NeF<be ®BI=T<0b=T.

Proof. First we note that by straightforward calculations using Lemma and
B4 we get
T-p<T-qep<qgep T<q-T. (6)
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(a) Directly by Lemma@2 and F = F' = 1, since 1 < F:
OF=T F=T-1=T.
(b) By Lemma [34 (@), left-strictness and definition of ©,;
b<SN& D' <00 -T<0-T e @b<0.
(c) By Lemma 6 and 'F = 1 we get
AN=T--N=T--F=T.0=N.
(d)Similar to (b). O

Note that (a) implies ©; T = @, T = &, T = &, T = T using isotony.
(c) shows again that the inequations of Lemma Tl cannot be strengthened to
equations.

Since the above theory concerning lazy semiring neighbours is based on lazy
semirings, it is obvious that one can use it also in the framework of lazy Kleene
algebra and lazy omega algebra [I0]. The former one provides, next to the L-semi-
ring operators, an operator for finite iteration. The latter one has an additional
operator for infinite iteration.

5 Neighbourhood Logic with Infinite Durations

Using the theory of the previous section, we can now formulate a generalisation
of NL, which includes infinite elements (intervals with infinite duration). Those
intervals are not included in the original Neighbourhood Logic of [T4/T5], i.e., if
we compose two intervals [a, b] and [b, ] (where intervals are defined, as usual,
as [a,b] =gqr {x]a <z < b,a <b}), it is assumed that the points of [b,c] are
reached after finite duration b—a. However, for many applications, e.g. for hybrid
systems, as we will see in Section[7] a time point co of infinity is reasonable. But
then the composition of the intervals [a, co[ and [b, ¢] never reaches the second
interval. This gives rise to an L-semiring.

Neighbourhood Logic and Its Embedding. In this paragraph the Neigh-
bourhood Logic [T4JT5] and its embedding [7] are briefly recapitulated.

Chop-based interval temporal logics, such as ITL [5] and IL [3] are useful for
the specification and verification of safety properties of real-time systems. In
these logics, one can easily express a lot of properties such as “if ¢ holds for
an interval, then there is a subinterval where 1 holds”. As shown in [I5], these
logics cannot express all desired properties. E.g., (unbounded) liveness properties
such as “eventually there is an interval where ¢ holds” are not expressible in
these logics. As it is shown in [I5] the reason is that the modality chop ™ is
a contracting modality, in the sense that the truth value of ¢ on [a, ] only
depends on subintervals of [a, b]:

¢ holds on |[a, b] iff
there exists ¢ € [a, b] such that ¢ holds on [a, c] and % holds on [c, b].
Hence Zhou and Hansen proposed a first-order interval logic called Neighbour-

hood Logic (NL) in 1996 [14]. In this logic they introduce left and right neigh-
bourhoods as new primitive intervals to define other unary and binary modalities
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of intervals in a first-order logic. The two proposed simple expanding modalities
&1 and Or¢ are defined as follows:

<19 holds on [a, b] iff there exists § > 0 such that ¢ holds on [a — §,a], (7)
¢ holds on [a, b] iff there exists § > 0 such that ¢ holds on [b,b+ 6], (8)

where ¢ is a formul of NL. These modalities can be illustrated by

¢ <>l¢ <>r¢ ¢
c a b a b d
where ¢ = a — 6 where d = b+ 6

With <,.($y) one can reach the left (right) neighbourhood of the beginning (end-
ing) point of an interval. In contrast to the chop operator, the neighbourhood
modalities are expanding modalities, i.e., <&; and <, depend not only on subin-
tervals of an interval [a,b], but also on intervals “outside”. In [I4] it is shown
that the modalities of [6] and [13] as well as the chop operator can be expressed
by the neighbourhood modalities.

In [7] we present an embedding and extension of NL into the framework of
full semirings. There, (perfect) neighbours and boundaries are defined on full
semirings in the same way as we have done this for L-semirings in Section [l
Consider the structure

INT —df (P<Int)a Ua I ®? ]1) 5

where 1 =4 {[a,a]} denotes the set of all intervals consisting of one single point
and Int is the set of all intervals [a,b] with a,b € Time and Time is a totally
ordered poset, e.g. IR. Further we assume that there is an operation — on Time,
which gives us the duration of an interval [a,b] by b — a. By this operation 1
consists of all 0-length intervals.

For the moment we exclude intervals with infinite duration. The symbol ;
denotes the pointwise lifted composition of intervals which is defined by

[a, d] ifb=c
undefined otherwise .

ot = {
It can easily be checked that INT forms a full semiring. In [7] we have shown

Oy holds on [a,b] < {[a,b]} < @, 14 ,
¢ holds on [a,b] < {[a,b]} < @1, ,

where I =g4¢ {i|7 € Int, ¢ holds on i}. This embedding gives us the possibility
to use the structure of a semiring to describe NL. Many simplifications of NL

and properties concerning the algebraic structure are given in [7].

2 The exact definition of the syntax of formulas can be found e.g. in [T4].
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Adding Infinite Durations. Now, we assume a point of infinity oo € Time,
e.g. Time = IR U {oo}. If there is such an element, it has to be the greatest
element. Consider the slightly changed structure

INT" =4 (P(Int),U,; 0,1) ,
where ; is now the pointwise lifted composition defined as
[a, d] ifb=cb# 0

[a,b] ; [c,d] =a5 < [a,00] ifb= o0
undefined otherwise .

Again, it is easy to check that INT® forms an L-semiring, which even becomes
an ML-semiring by setting, for A € P(Int),

A =4 {la,a]|[a,b] € A} and A =4 {[b,]|[a,b] € A,b # o} .

Note that INT? is right-distributive, so that all Lemmas and Corollaries of Sec-
tion @ hold in this model.

Thereby we have defined a new version NL? of NL which handles intervals with
infinite durations. NL" also subsumes the theory presented in [I6]. In particular,
it builds a bridge between NL and a duration calculus for infinite intervals.

6 Lazy Semiring Neighbours and CTL*

The branching time temporal logic CTL* (see e.g. [4]) is a well-known tool for
analysing and describing parallel as well as reactive and hybrid systems. In CTL*
one distinguishes state formulas and path formulas, the former ones denoting sets
of states, the latter ones sets of computation traces.

The language ¥ of CTL* formulas over a set @ of atomic propositions is
defined by the grammar

U oo= L|®| 0T | X | WUV |ED,

where X and U are the next-time and until operators and E is the existential
quantifier on paths. As usual,

- =g p— L, ANy =4 (9 — ),
eV =g o — Y, Ap =4 ~E-p.

In [I1] a connection between CTL" and Boolean modal quantales is presented.
Since these are right-distributive, again all the lemmas of the previous sections
are available. If A is a set of states one could, e.g., use the algebra STR(A) (cf.
Section [2]) of finite and infinite streams of A-states as a basis. For an arbitrary
Boolean modal quantale S, the concrete standard semantics for CTL" is gener-
alised to a function [ ]| : ¥ — S as follows, where [¢] abstractly represents the
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set of paths satisfying formula ¢. One fixes an element n (n standing for “next”)
as representing the transition system underlying the logic and sets

[L] =0,
[pl=p-T,
[ = 9] = el + [¥]
[Xel =n-[o]
[ Uyl ZJI;IO(nJ [] M k':l] n* - Je]) ,
[Eel =Te] - T

Using these definitions, it is straightforward to check that [p V] = [¢] + [¢],
[e A9l = [l N [¥] and [-¢] = [¢].

By simple calculations we get the following result.

Lemma 6.1. [T1)] Let ¢ be a state formula of CTL*. Then

Al = = ([¢])- T -

Hence we see that [Eg] corresponds to a left boundary and [A¢] to a perfect
left boundary, i.e.,

[Eel = @ilp] and [Ap] = By

With these equations we have connected lazy neighbours with CTL*. From
Lemma [£3] Corollary L8 and equations (@) we obtain immediately

[EE¢] = [Ey] , [AAg] = [Ag] ,
[EA¢] = [Ae] [AEL] = [Ey] -
The other two boundaries as well as all variants of (perfect) neighbours do not

occur in CTL* itself.
A connection to hybrid systems will be set up in the next section.

7 Lazy Semiring Neighbours and Hybrid Systems

Hybrid systems are dynamical heterogeneous systems characterised by the inter-
action of discrete and continuous dynamics. In [8] we use the L-semiring PRO
of processes from Section ] for the description of hybrid systems.

Hybrid systems and NL. In PRO the left/right neighbours describe a kind of
composability, i.e., for processes A, B,
A<®B iff Vae A:3be B:a-bis defined, 9)
A<®.B iff VaeA:3befin(B):b-a is defined. (10)
These equivalences are closely related to (@) and (&), respectively. @, and @,

each guarantee existence of a composable element. Especially, ®, # 0 guaran-
tees that there exists a process, and therefore a trajectory, that can continue
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the current process (trajectory). Therefore it is a form of liveness assertion. In
particular, the process ©,B contains all trajectories that are composable with
the “running” one. If ®,B = (), we know that the system will terminate if all
trajectories of the running process have finite durations. Note that in the above
characterisation of ©; the composition a - b is defined if either f(d;) = ¢(0)
(assuming a = (di, f) and b = (da2,¢)) or a has infinite duration, i.e., d = 0.
The next paragraph will show that left and right boundaries of lazy semirings
are closely connected to temporal logics for hybrid systems. But, by Lemma [£.3]
they are also useful as operators that simplify nestings of semiring neighbours.

The situation for right/left perfect neighbours is more complicated. As shown
in [7], @B is the set of those trajectories which can be reached only from B,
not from B. Hence it describes a situation of guaranteed non-reachability from
B. The situation with ®; is similar for finite processes, because of the symmetry
between left and right perfect neighbours.

Hybrid Systems and CTL*. Above we have shown how lazy semiring neigh-
bours are characterised in PRO. Although a next-time operator is not meaningful
in continuous time models, the other operators of CTL" still make sense. Since
PRO is a Boolean modal quantale, we simply re-use the above semantic equa-
tions (except those for X and U) and obtain a semantics of a fragment of CTL*
for hybrid systems. In particular, the existential quantifier E is a left boundary
also in hybrid systems. The operators F, G and U can be realised as

[Fol =4 F-IoB, Gy =ar ~-F-o, [pUy] =4 (fin[Gy]) - [¥] -

Of course all other kinds of left and right (perfect) neighbours and boundaries
have their own interpretation in PRO and in (the extended) CTL*, respectively.
A detailed discussion of all these interpretations is part of our future work (cf.

Section []).

8 Conclusion and Outlook

In the paper we have presented a second extension of Neighbourhood Logic. Now
this logic is able to handle intervals which either have finite or infinite length.
For this we have established semiring neighbours over lazy semirings. During the
development of lazy semiring neighbours it turned out that they are not only
useful and necessary for NL but also in other areas of computer science; we have
sketched connections to temporal logics and to hybrid systems.

We have only given a short overview over the connections between lazy semi-
ring neighbours, CTL* and hybrid systems. One of our aims for further work is
a more elaborate treatment of this. Further, it will be interesting to see if there
are even more applications for semiring neighbours.

Acknowledgement. We are grateful to Kim Solin and the anonymous referees
for helpful discussions and remarks.

3 On the right hand side F is the largest finite element.
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Abstract. Weak omega algebra and demonic refinement algebra are
two ways of describing systems with finite and infinite iteration. We
show that these independently introduced kinds of algebras can actually
be defined in terms of each other. By defining modal operators on the
underlying weak semiring, that result directly gives a demonic refinement
algebra of commands. This yields models in which extensionality does
not hold. Since in predicate-transformer models extensionality always
holds, this means that the axioms of demonic refinement algebra do not
characterise predicate-transformer models uniquely. The omega and the
demonic refinement algebra of commands both utilise the convergence
operator that is analogous to the halting predicate of modal p-calculus.
We show that the convergence operator can be defined explicitly in terms
of infinite iteration and domain if and only if domain coinduction for
infinite iteration holds.

1 Introduction

An omega algebra [2] is an extension of Kleene algebra [10] adding an infinite
iteration operator to the signature. Demonic refinement algebra is an extension
of a relaxed version of Kleene algebra (right-strictness, a - 0 = 0, does not hold
in general) adding a strong iteration operator to the signature. Demonic refine-
ment algebra was devised in [20] for reasoning about total-correctness preserving
program transformations. A structure satisfying all the axioms of omega algebra
except right strictness (called a weak omega algebra [14]) always has a greatest
element T. As one of the main contributions of this paper, we show that weak
omega algebra with the extra axiom Tz = T is equivalent to demonic refinement
algebra in the sense that they can be defined in terms of each other.

We then consider commands, that is, pairs (a, p) such that a describes the state
transition behaviour and p characterises the states with guaranteed termination.
Moller and Struth have already shown how the addition of modal operators on
the underlying semiring facilitates definitions of operators on commands such
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© Springer-Verlag Berlin Heidelberg 2006



Omega Algebra, Demonic Refinement Algebra and Commands 223

that they form a weak Kleene and a weak omega algebra, respectively [I4]. The
definitions of these operators use modal operators, defined from the domain
operator of Kleene algebra with domain []. To define a demonic refinement
algebra of commands, we need a strong iteration operator on commands [19)].
We define this operator with the aid of the above-mentioned result. The demonic
refinement algebra of commands gives rise to a model that is not extensional,
thus showing that the axioms of demonic refinement algebra do not characterise
predicate-transformer models uniquely.

The definition of infinite iteration and strong iteration on commands both
utilise the convergence operator of [I3], that is, the underlying structure is actu-
ally assumed to be a convergence algebra. The convergence operator is analogous
to the halting predicate of modal p-calculus [8]. As the third result in this pa-
per, we show that the convergence operator can be explicitly defined in terms of
infinite iteration and domain if and only if domain coinduction for the infinite
iteration operator is assumed to hold in general.

The historic development of this paper has it starting point in Kozen’s axioma-
tisation of Kleene algebra and his injection of tests into the algebra [I], render-
ing reasoning about control structures possible. As mentioned earlier, Cohen [2]
conservatively extends Kleene algebra with an infinite iteration operator. Von
Wright’s demonic refinement algebra, introducing the strong iteration operator,
was the first algebra that was genuinely an algebra intended for total-correctness
reasoning about programs. Desharnais, Moller and Struth’s domain-operator ex-
tension [4] was the seminal work for modal operators in Kleene algebra. The
domain operator was investigated in the context of refinement algebra in [I§].
Moller later weakened the axiomatisation to form left semirings and left Kleene
algebras [12]. The former is one of the most foundational structures found in
this paper.

The paper is organised as follows. We begin in Sect. 2 by the result concerning
the equivalence of top-left-strict weak omega algebra and demonic refinement
algebra, upon which in Sect. 3 we construct the demonic refinement algebra
of commands and relate it to the demonic algebras with domain of de Carufel
and Desharnais [3]. In Sect. 4 we give some remarks on refinement algebra in
the light of Sect. 3. Before concluding, we consider the explicit definition of the
convergence operator in Sect. 5.

2 Omega and Demonic Refinement Algebra

We begin by recapitulating some basic definitions. By a left semiring we shall
understand a structure (+,0, -, 1) such that the reduct (4, 0) is a commutative
and idempotent monoid, and the reduct structure (-, 1) is a monoid such that
- distributes over + in its left argument and is left-strict, i.e., 0-a = 0. A
weak semiring is a left semiring that is also right-distributive. A weak semiring
with right-strictness is called a full semiring or simply semiring. When no risk
for confusion arises - is left implicit. We define the natural order < on a left
semiring by a < b <4 a+b = b for all @ and b in the carrier set. With respect
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to that order, 0 is the least element and multiplication as well as addition are
isotone. Moreover, a + b is the join of @ and b.

A (weak) Kleene algebra is a structure (+,0,-,1,%) such that the reduct
(+,0,-,1) is a (weak) semiring and the star * satisfies the axioms

1+aa* <a*, 1+a*a<a®, (* unfold)

b+ac<c=ab<c, b+ca<c=ba* <c, (* induction)

for a,b and c in the carrier set of the structure. A (weak) omega algebra [14] is

a structure (+,0,-,1,*,*) such that the reduct (4,0,-,1,*) is a (weak) Kleene
algebra and the infinite iteration “ satisfies the axioms

a® = aa” , (w unfold)

c<bt+ac=>c<a”+a"b, (w coinduction)

for a,b and c in the carrier set of the structure. In particular, a* is the greatest

fixpoint of the function f(x) = ax. The element 1“ is the greatest element and

we denote it by T. Since, by the w unfold law, ¢“T is a fixpoint of f, we have

a® = a*T for all a. We call a weak omega algebra top-left-strict iff the equation
Ta =T holds for all a. In that case we get

a“b = a*Th = a“T = a” . (1)

In general omega algebra only the inequation a“b < a“ holds. The above deriva-
tion () strengthens it to an equation. In fact we have the following result.

Proposition 2.1. Top-left-strictness is equivalent to left w annihilation, i.e.,
To=T & Va-+a” <a“b).
Proof. The implication (=) follows from ([IJ), whereas (<) can be calculated by

(Va -+ a¥ < a“b)
= {seta=1F}

19 <19
< {1o=TFp
T<Tbh.
The other inequation (Tb < T) holds since T is the greatest element. O

A demonic refinement algebra [19] is a structure (+,0,-,1,*,%) such that the

reduct (+,0,-,1,*) is a weak Kleene algebra and the strong iteration operator
satisfies the axioms

a = aa” +1, (w unfold)

a¥ =a" +2%0, (w isolation)

c<ac+b = c<ab, (w coinduction)
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for a,b and c in the carrier set of the structure. It is easily shown that 1¢ is
the greatest element and satisfies 1a = 1¢ for all a in the carrier set [20]. This
element is again denoted by T.

In the remainder of this section we present one of our main contributions,
namely that top-left-strict weak omega algebra is equivalent to demonic refine-
ment algebra in the sense that they can be defined in terms of each other. This
is done in two steps: First we show that weak omega algebra subsumes demonic
refinement algebra, then we show the converse subsumption.

Lemma 2.2. Top-left-strict weak omega algebra subsumes demonic refinement
algebra.

Proof. Given a top-left-strict weak omega algebra, the strong iteration is defined
by a¥ =45 a* + a”. It is sufficient to show that this definition satisfies the
axioms of strong iteration; the other axioms of demonic refinement algebra are
immediate from the axioms of top-left-strict weak omega algebra.

1. w unfold:

aw

{ definition [}

a* +a®

= { * and w unfold }
aa* + 1+ aa”

= {| commutativity }
aa* 4+ aa” + 1

= { distributivity [}

a(a* +a*)+1
{ definition [}

aa” +1

2. isolation:

aw

{ definition [}
o+ a®
= { neutrality of 0 and (@) }
a*(1+0) + a*0
= { right-distributivity }
a* +a*0+a“0
= { left-distributivity [}
a* + (a* +a¥)0
= { definition [}
a* +a“0
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3. w coinduction:

c<a“b
< { definition }
¢ < (a*+a“)b
< { left-distributivity J}
c<a*b+a“b
< {@}
c<a*b+a*
<  { w coinduction [}

c<ac+b
O

In a concrete predicate-transformer algebra, the same definition of ¢ is made
by Back and von Wright [I]. In the present paper the definition is given in
an abstract setting for which (conjunctive) predicate transformers constitute a
model.

Lemma 2.3. Demonic refinement algebra subsumes top-left-strict weak omega
algebra.

Proof. Given a demonic refinement algebra, infinite iteration is defined as
a¥ =gq5 a*0. It is sufficient to show that this definition satisfies the axioms
for infinite iteration; the other axioms of the top-left-strict weak omega algebra
are immediate from demonic refinement algebra.

1. w unfold:

aw

{ definition [}
a“0
= { w unfold }}
(aa® +1)0
= { left-distributivity and neutrality of 1 |
aa®0+0
= { neutrality of 0 }
aa®0
{ definition [}

w

aa
2. top-left-strictness:

T<Ta
& {T=1}
T <1%a
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<  { w coinduction [}
T<T+a

< {join [}
true

Ta < T holds since T is the greatest element.
3. w coinduction:

c<a*b+a*

< { definition }
c<a*b+a*0

< { annihilation [}
c<a*b+ a*0b

< { distributivity [}
¢ < (a*+a*0)b

< { isolation }
c<a“b

<  { w coinduction [}
c<ac+b

The above lemmas directly yield the following theorem.

Theorem 2.4. Top-left-strict weak omega algebra and demonic refinement al-
gebra are equivalent in the sense that they can be defined in terms of each other.

3 The Demonic Refinement Algebra of Commands

So far, our semiring elements could be viewed as abstract representations of
state transition systems. We now want to introduce a way of dealing with sets
of states in an abstract algebraic way. This is done using tests. A test semiring
is a structure (S, test(S)), where S = (5,4+,0,-,1) is a semiring and test(S) is
a Boolean subalgebra of the interval [0,1] C S with 0, 1 € test(S). Join and
meet in test(S) coincide with + and -, the complement is denoted by —, 0 is the
least and 1 is the greatest element. Furthermore, this definition of test semiring
coincides with the definition on Kleene algebras given in [11]. We use a, b, . .. for
general semiring elements and p, q, . .. for tests.
On a test semiring we axiomatise a domain operator " : S — test(S) by

a<'a a, (d1)
"(pa) <p, (d2)
(a'b) < (ab) , (d3)

for all @ € S and p € test(S). Inequations (d1) and (d3) can be strengthened to
equations. Many properties of domain can be found in [4]. For example, we have
stability of tests and additivity of domain, i.e.,
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=0, (2)
(a+b) ="a+"D. (3)

With the aid of this operator, we can define modal operators by
a)p =ar (ap) and |alp =4 —|a)-p

This is the reason why we shall call a test semiring with a domain operator modal.
All the structures above extending a weak semiring are called modal when the
underlying weak semiring is modal.

Given a modal semiring S = (5, +, 0, -, 1) we define the set of commands (over
S) as COM(S) =4 S x test(S). Three basic non-iterative commands and two
basic operators on commands are defined by

fail =df (
skip =q4¢ (1,1)
loop =45 (0,0)
(a,p) [ (b,q) =4r (a+0b,pq)
(@.p): (b.) =ar (ab.p-[alg)
As noted by Moller and Struth in [I4] the structure (COM(S), [, fail, ; , skip)
forms a weak semiring. The natural order on the command weak semiring is
given by (a,p) < (b,q) < a <bAq < p. We will discuss below how it connects
to the usual refinement relation.
If S is even a weak Kleene algebra, a star operator can be defined by

1)

(a,p)* =4qr (a”,]a"]p)

and then (COM(S), [, fail, ; ,skip,*) forms a weak Kleene algebra [I4].

Defining an omega operator over the set of commands does not work as
simply as for star. To do this, we also need to assume that the underlying modal
omega algebra (S, +,0,-,1,* ,* ) comes equipped with a convergence operator [14]
A S — test(S) satisfying

la)(Aa) < Aa (A unfold)
g -lalp<p=2~ALa-]la*lg<p. (A induction)

In [I4] it is shown that Aa is the least (pre-)fixed point of |a]. The test Aa
characterises the states from which no infinite transition paths emanate. It cor-
responds to the halting predicate of the modal p-calculus [§].

The infinite iteration operator on commands can then be defined by

(avp)w =df (aw’ Aa- [a*]p) .

The greatest command is chaos =45 skip® = (T,0).

The semiring of commands reflects the view of general correctness as intro-
duced in [I7]. Therefore it is not to be expected that it forms a demonic refine-
ment algebra which was designed for reasoning about total correctness. Indeed,
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top-left-strictness fails unless it is already satisfied in the underlying semiring S,
since chaos; (a,p) = (Ta,0) = chaos iff Ta=T.

There is, however, another possibility. One can define a refinement preorder
on commands by

(a,p) E(byq) ©af ¢<pANgqa<bh.

This is the converse of the usual refinement relation: k C [ for any two commands
k,l means that k refines [. We have chosen this direction, since by straightforward
calculation we get the implication £k < [ = k C [. The associated equivalence
relation = is defined by

k=l&o4g EEINICEK.

Componentwise, it works out to (a,p) = (b,q) < p = g A pa = pb. The equiva-
lence classes correspond to the designs of the Unifying Theories of Programming
of [9] and hence represent a total correctness view.

It has been shown in [7] (in the setting of condition semirings that is iso-
morphic to that of test semirings) that the set of these classes forms again a
left semiring and can be made into a weak Kleene and omega algebra by using
exactly the same definitions as above (as class representatives).

Now top-left-strictness holds, since chaos = loop and loop is a left zero by the
definition of command composition. Therefore the set of =-classes of commands
can be made into a demonic refinement algebra. Let CCOM(S) be the set of all
these classes.

By Lemma the strong iteration of commands is

(a,p)” = (a,p)" [ (a,p)*,

and thus (CCOM(S), [, fail, ; ,skip,*,* ) constitutes a demonic refinement alge-
bra of commands. The above expression can be simplified by

(a,p)" [ (a,p)*
{| definition of * and “ on commands [}
(a*,[a"]p) [ (¥, Aa - [a*]p)
{ definition of [ }
(a* 4+ a¥,[a*]p- Da - [a*]p)
{ definition of ¥, commutativity and idempotence of tests [}
(a¥, Aa - [a*]p) .

Thus strong iteration of commands can also be expressed as
(a,p)* = (0¥, Aa-[a"]p) .

We conclude this section by relating the command algebra to the demonic al-
gebras (DA) of [3]. These are intended to capture the notion of total correctness
in an algebraic fashion. Since their axiomatisation is extensive, we do not want
to repeat it here. We only want to point out that a subalgebra of the command
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algebra yields a model of DA. This is formed by the =-classes of feasible com-
mands which are pairs (a,p) with p < 'a. So these model programs where no
miraculous termination can occur; they correspond to the feasible designs of [9].
In [7] it is shown that the set F(S) classes of feasible commands can isomor-
phically be represented by simple semiring elements. The mediating functions
are

E:F(S) — 5, D:S — F(S),
E((a,p)) =4 pa, D(a) =g (a,'a) .

Then one has E(D(a)) = a and D(E(a,p)) = (a,p). Moreover, the demonic
refinement ordering of [3] is induced on S by

aCbeg D@IDOb) < b<aAb-a<b
and demonic join and composition by

alb =q4 E(D(a)[] D®)) ="a-b-(a+b),
acb =g E(D(a);D(b)) la]b-a-b.

Using pairs (p,p) as demonic tests in F(S) one even obtains a DA with domain.
Further details are left to a future publication.

4 Two Remarks on Refinement Algebra

In this section we remark that demonic refinement algebra does not characterise
predicate transformer models uniquely. We also remark that an equivalence sim-
ilar to that of Theorem [Z4] cannot be established between general refinement
algebra [20] and a top-left-strict strong left omega algebra.

Characterisation of the predicate transformer models. To connect the
algebra of commands to predicate transformer models we first define
wp.(a,p).q =4r p-lalq

and get
wp.fail.g = 1 and wp.chaos.q = 0 .

Hence fail can be interpreted as magic in the refinement calculus tradition and
chaos as abort. Indeed, chaos is refined by every command and every command
is refined by fail. Furthermore, we have the implications, for commands k, [,

E<l=kCl = (Vpetest(S) » wp.k.p > wp.l.p) .

However, the command model of demonic refinement algebra is, unlike predicate
transformer models as presented in [I9/20], in general not extensional in that we
do not necessarily have the converse implications. In particular,

(Vp € test(S) * wp.k.p =wp.l.p) = k =1
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holds iff already the underlying semiring S is extensional, i.e., satisfies, for
a,be S,
[a] =[] =a=b.

Contrarily, in concrete predicate transformer models the elements are mappings
T,U : p(X) — p(X), where X' is any set. They can be seen as semantic values
that arise by applying the wp operator to concrete programming constructs.
Their equality is defined by

T=U &4 (VpepX)Tp="Up).

Hence in concrete predicate transformer models extensionality always holds.

Since the command model of DRA is non-extensional, this observation shows
that the DRA axioms do not restrict their models to algebras isomorphic to
predicate transformer algebras and hence do not uniquely capture this type of
algebras.

A similar move for general refinement algebra? A left Kleene algebra is
a left semiring extended with two axioms for *

14+aa*<a* and b+ac<c= a'b<ec,

laid down in Sect. 2. A left omega algebra is a left Kleene algebra extended
with an infinite iteration operator w axiomatised as in Sect. 2. Clearly, every left
omega algebra has a greatest element T, and along the lines above we call a left
omega algebra top-left-strict when T satisfies Ta = T. A general refinement
algebra [20] is a left Kleene algebra extended with the axioms for ¢ found in
Sect. 2, except the isolation axiom, i.e., a* = a* + a“0 does not hold in general.
A general refinement algebra becomes a demonic refinement algebra by adding
the other two axioms for * of Sect. 2, right-distributivity and isolation.

It is tempting to try to show that top-left-strict left omega algebra corresponds
to general refinement algebra in a similar way as top-left-strict weak omega
algebra corresponds to demonic refinement algebra (Theorem [24]). However,
this is not possible as the following argument shows.

Let X be any set and let T : p(X) — (X) be any predicate transformer. If
p,q € p(X) and T satisfies p C ¢ = T.p C T.q then T is isotondl. Tf T satisfies
T.(NicrPi) = Mier(T-ps), for any index set I, it is conjunctive. The isotone
predicate transformers constitute a model for general refinement algebra [20].
The reason why isolation is dropped is that it does not hold for isotone predicate
transformers in general [1J20]. Since isolation is an essential property needed for
proving w coinduction under the interpretation a“ =45 a“0, it is not possible
to prove that demonic refinement algebra subsumes top-left-strict strong left
omega algebra. For the same reason, one cannot define strong iteration as a* =gy
a* + a* since this is valid only for conjunctive predicate transformers [I]]. Le.,
one cannot prove that top-left-strict strong left omega algebra subsumes general
refinement algebra in an analogous way to the proof of Lemma

! In the literature these predicate transformers are usually called monotone [I]. How-
ever, in other contexts the term monotone can mean isotone or antitone.
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5 Making Convergence Explicit

In this section, we prove a result concerning the convergence operator of Sect. 3:
having a convergence operator such that Aa = —'a¥ is equivalent to having
w coinduction for the domain operator. Since Aa = —'a* does not hold in all
models of weak omega algebra [5], we also know that w coinduction for domain
does not follow from the axioms of omega algebra.

Proposition 5.1. Omega coinduction for the domain operator, i.e.,
p<(g+ap)=p<'(a” +a'q),
holds if and only if Na = —"a® does.

Proof. The convergence operator is given by the implicit axiomatisation of
Sect. @ It is unique by the fact that it is a least fixpoint. We show that —'a®
always satisfies the /A unfold axiom and that it satisfies the A induction axiom
if and only if w coinduction for the domain operator holds:

1. la]="a® < —la®

< { definition of | ] and Boolean algebra [}
=la)av < =fav

= { shunting [}
‘a* < (a)a®

< { definition of | ) |
"0 < '(a'a®)

& {3}
"0 < (aa®)

<  { w unfold }}
‘e <'a¥

& { reflexivity J}
true

2. q-lalp<p = —a¥[a*]g<p

< { Boolean algebra [}
—p < -lalp+ g = —p < e + —la’]q

< { definition of | ] and Boolean algebra [}
—p < la)=p+ g = —p < e + o) g

< { definition of | ) |
—p < (a=p) +=¢ = —p < a* +(a*~q)

& {set -p = rand ~¢ = s |
r<'(ar) +s5=1r <"a¥ +(a*s)

<  { @) and @) }

r<'(ar 4 s) = r <(a¥ + a*s)
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Assume now that w coinduction for the domain operator holds. By the above
calculations —'a* then satisfies both A unfold and A induction. Since these
axioms impose uniqueness, we have that Aa = —'a“. If, conversely, Aa = ='a%
is assumed then the implication in the first line of the above calculation for 2.
is true by A induction and hence w coinduction for domain holds. a

This means that in a command omega or demonic refinement algebra based on
an omega algebra where w coinduction for the domain operator holds, infinite
and strong iteration can be defined as

w

(a,p)* =ar (a”,='a® - [a*]p) and (a,p)* =ar (a,='a® - [a”]p) ,

respectively.

We finally note that the special case ¢ = 0 of the w coinduction rule for domain
(Prop. 1) has been termed cycle rule and used as an additional postulate in
the computation calculus of R. Dijkstra [6].

6 Conclusion

Top-left-strict omega algebra and demonic refinement algebra are equivalent in
the sense that they can be defined in terms of each other. In particular, results
from one of these frameworks can now be reused in the other. The equivalence
also facilitates the definition of a demonic refinement algebra of commands, yield-
ing a model in which extensionality does not hold. Since extensionality always
holds in predicate-transformer models, it can be concluded that demonic refine-
ment algebra does not characterise predicate transformers uniquely. A similar
equality between general refinement algebra and top-left-strict left omega algebra
as between demonic refinement algebra and top-left-strict weak omega algebra
cannot be shown. The demonic refinement algebra and the omega algebra of
commands are based on the convergence operator. In a modal demonic refine-
ment or omega algebra that satisfies domain coinduction for infinite iteration,
the convergence operator can be defined explicitly in terms of infinite iteration
and domain.

Having set up the connections between various algebraic structures allows
mutual re-use of the large existing body of results about Kleene/w algebra with
tests and modal Kleene/w algebra as well as demonic refinement algebra and
action systems. Having embedded the command algebras we can also apply the
general algebraic results to UTP and related systems.
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Semigroupoid Interfaces for
Relation-Algebraic Programming in Haskell
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Abstract. We present a Haskell interface for manipulating finite bi-
nary relations as data in a point-free relation-algebraic programming
style that integrates naturally with the current Haskell collection types.
This approach enables seamless integration of relation-algebraic formu-
lations to provide elegant solutions of problems that, with different data
organisation, are awkward to tackle.

Perhaps surprisingly, the mathematical foundations for dealing with
finite relations in such a context are not well-established, so we provide
an appropriate generalisation of relational categories to semigroupoids
to serve as specification for our interface.

After having established an appropriate interface for relation-algebraic
programming, we also need an efficient implementation; we find this in
BDD-based kernel library KURE of recent versions of the Kiel RelView
system. We show how this combination enables high-level declarative and
efficient relational programming in Haskell.

1 Introduction

After a small demonstration of relation-algebraic programming in Haskell, we
give a quick overview over the programmer’s interface to our relation library
in Sect. We then show in Sect. [[3 how standard relation-algebraic theo-
ries are not an appropriate specification for this kind of relation library; as a
solution to these problems, we define in Sect. 2] an appropriate generalisation
of the relation-algebraic framework. In Sect. [l we explain the options we offer
concerning support from the Haskell type system for relational programming;
we summarise our current implementation in Sect. [4l

1.1 Motivating Example: Dependency Graphs

One particularly useful visualisation aid when exploring software products is
a tool that produces a module dependency graph. This is, as such, not very
complex — most compilers can produce dependency output in a format that
can be used by the make utility; it is easy to parse this and then produce the
input format of a graph layout tool such as dot [9].

For extracting the dependency graph of the theorem prover Agda [5], which
is implemented in the pure functional programming language Haskell [23], my
tool HsDep [14] (also implemented in Haskell) takes 0.850 seconds (including the
dependency-generating call to the Glasgow Haskell compiler); dot then takes an
additional 45 seconds to produce a layout for this graph:

R.A. Schmidt (Ed.): ReIMiCS /AKA 2006, LNCS 4136, pp. 235-[250] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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Even at considerable magnification, the usefulness of this graph drawing is rather
lim